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CHAPTER 0: Inequalities

1. Introduction

Inequalities play an important role in many areas of economics. Unfortunately, this topic
is not usually covered in the typical Mathematics for Economists course so we will give
an introduction to this topic in this chapter, deriving the most important atiegs that

are used in applied economics.

In section 2, we mvide some proofs of theauchy Schwarz Inequalityhile section 3
provides a proof of th€heorem of the Arithmetiand Geometric Mean

Section 4introducesthe mean of order rwhich is a special case of the Constant
Elasticity of Substitution (or CES) functional form for a utility or production function.
Means of order r are required in order state SchidmilchOs Inequalityvhich is a
generalization of the Theorem of the ArithmetiacdaBeometric Means. SchidmilchOs
Inequality will be proven in section 5.

Section 6 introduces a type of mean or average that plays a prominent role in index
number theory: thevgarithmic mearof two positive numbers.

Section 7 establishes a few momgerties of the means of order r. In particular, we
look at limiting cases as r tends to plus or minus infinity.

Finally, section 8 concludes with a brief summary of methods that are used to establish
inequalities.

2. The Cauchy-Schwarz Inequality

Proposition  Cauchy(1821 373 - SchwarZ1885)Inequality.
Let x and y be Nlimensional vectors. Thén

(1) (y)* = (xXX)(Y'y).

Proof. Define the N by 2 matrix A as follows:

) A=[x, Y]

! This proof may be found in Hardy, Littlewood and Polya (1934; 16).



Define the 2 by 2 matrix B as follows:

T T
Xx x'y

T T
yx yy

(3)B=ATA=[xy]'[x,y] =

It is easily seen that B is a positive semidefinite matrix, since
(4) ZBz=ZA"Az = (Az)'(Az) =u'u! 0

wherez' = [z1,2] andthe N dimensional vector is defined as Az = xz+ yz. The
determinantal conditions for B to be positive semidefinite imply:

T T
Go Bl =", "7 = xxyly- &y
yx yy
and (5) simplifies to (1). Q.E.D.

Note that for (1) to be a strict inequality, (5) must be a strict inequality and hence B must
be positive definite. This in turn implies that we must have:

(6) ON#u= xa+yz, for (z1, ) # (0, 0),

and (6) in turn implies that both x and y must be nonzero and nonpropartibinas$ to
obtaina strict inequality in (1), we cannot have x = ky or y = kx for seglar k

The problem below provides an alternatpr@of for (1). The problems below and the
material in the following sections will provide many applications of the CaGclmyvarz
inequality.

Problems:

1. Assume x # Qand y # @ (the inequality (1) is triviallyrue if either x or y equals\,
and fa each real numbaéy, define fj\) as

() f(0) = (X +Ay) (X +Ay) =A%yTy + 2y + X'x ! 0.
The inequality in (i) is true becauge + Ay)'(x + Ay) = Sie1" (X + Ayi)? is a sum of
squares. Now use standard aéls techniques and minimizeé\j(with respect to\. Let

the minimizingA be denoted a&". Now calculate ') and it will turn out that the
inequality

i) f(r)'o



is equivalent to the Cauctchwarz Inequality (1) above(lt is not necessary to check
the second order conditions for thanimization problem associated with minimizing

f(n).)

2.Let Y andX be two N dimensional vectors; i.e., defif&=[Y1, ... Y] ; X" = [X4, ...
Xn]. Define the arithmetic mean of the, ¥nd X% as Y = (1/N)Sn=1" Yn and X =
(1/N)Sh=1" X, respectively. Now define the vectors y and x as Y and X except we
subtract the respective means from each vector; i.e., define:
My=Y-Y1y;x=X-X1y

where 1} is a vector of ones of dimension N. Now consider the following regression
models of y on x and on y:

(i)y=ox+u;

(i) x=py +v

where u and v are error vectors andndf are unknown parameter§Ve assume that x
= Oy and y= Oy. The least squares estimator far is the o which solves the
unconstrained minimization problem:

(iv) min (o)

where f is defined as

(v) f(a) = u"u = (y-0x)"(y-ax).

Theleast squares estimator f@ris thep  which solves the unconstrained minimization
problem:

(iv) min ;g(B)
where g is defined as
(V) gB) = V'V = (x-BY)" (x-By).

(a) Find the leassquares estimators for andf, o andp’. Check the second order
conditions for your solutions.

Thevariancedor Y and X and theovariancebetween Y and Jare defined as follows:
(vi) Var(Y) = y'y/N ; Var(X) = x'x/N ; Cov(Y,X) = x"y/N.

Thecorrelation coefficienp between Y and X is defined as follows:



(vii) p = Cov(Y,X)/[Var(Y)Var(X)]¥? = x"y/(x"x)"4y"y)*2.
Note thatp is well defined since we have assumed thaOx and y= Oy and hence (%)

> 0 and (Yy) > 0 and so the positive square t0X'x)*? and (Yy) are well defined
positive numbers.

(b) Prove that the correlation coefficient is bounded from below by minus one and from
above by plus one; i.e., show that:

(vii) -1<p=<1.

(c) Assume that the correlation coefficient betweeand X is positive; i.e., assume that
p > 0. Prove that:

(ix) o < 1/p".
(d) Under what conditions will (ix) hold as an equality?

(e) Assume that the correlation coefficient between Y and X is negative and derive a
counterpart inequality involving” andp” to (ix) above.

CommentThe result (ix) is reasonably well known in the literature; e.g., see Kendall and
Stuart (1967; 380) or Bartelsman (1995; 6Bpwever, the implications of the inequality
are rather important for applied economists. In mepplications, the magnitude afor

B is very important. Hence f is positive and a client wants an applied economist to
obtain a small estimate for the parametethen the applied economist will be tempted to
run a regression of Y on X but if thaesit wants a large estimate orand hence a small
estimate fo, then the applied economist will be tempted to run a regression of X on Y
in order to please the client.

3. TheTriangle Inequality The (Euclideanylistance(or norm) of an N dimemsnal
vector x from the origin is defined as

(i) d(x) = (x"x)"*?

Let x and y be two N dimensional vectors. Show that the following inequality is
satisfied:

(i) d(x+y) < d(x) + d(y).
Comment: This inequality dates back to Euclid.

4. Let A be an Noy N positivesemdefinite symmetric matrix and let x and y be tivo
dimensional vectors. Show that the following inequality is true.

(i) (x"Ay)* = (X" AX)(y "Ay).



Hint: Since A is symmetric, there exists an orthonormal matrix U such that:

(i) UTAU = A ;
(i) UTU = Iy
where A is a diagonal matrix which has the nonnegative eigenvalues @f,A\n,

running down its main diagonal and is the N by N identity matrix. Thus A can be
written as:

(iv) A = UAUT = UAYAY2UT = uAYUTUAYT = SS

whereAYis a diagonal matrix with the positive square roots of the eigenvaluedw
running down its main diagonal and S is siyenxmetric square root matriar A.

3. The Theorem of the Arithmetic and Geometric Mean

Let X = [X1,...,xu] be a vectoof nonnegative numbefsThe ordinary geometric meaof
the N numbersontained in the vector x idefined as (icxz...xN)”N and theordinary
arithmetic mearof these numbers tefined as (¥xo+...+xy)/N.

In this section, we will deal witlgeneralizedor weightedgeometric and arithmetic
meansof the N nonnegative numberg; x1 = 1,...,N. In ader to define these weighted

means, we firstdefine a vector ofpositive weightsa = [ou,...on]; 1.€. define the
components of the vector to satisfy the follsing restrictions’

(7)a.>>0y; o= En=lN on = 1.
Now we are ready to define tiaeighted geometric medy(x) as follows:
(8) Mo(X) = [Tn=1" X

In a similar fashion, we define theeighted arithmetic meavi1(x) as follows?

2 For consistency, we should define the column vector x @s.p&]’. When it is important to be precise,

we will consider all vectors to be column vectors and transpose them when requirebtelucasually
defining vectors of variables, we will often define the vector as a row vector.

3 Notation:a. >> Oy means that each component of the veat positive,a = Oy means that each

component ofr is nonnegative and > Oy meansy = Oy buta = Oy.

* The functions M(x) and M(x) should be defined as J{,c) and M(x,a) since these means depend on
the vector of weighte. as well as the vector of nonnegative variables x that is being averaged. However, in
all of our applications in this chapteme will hold the weighting vectoo. constant when comparing
various means and so for simplicity, we have followed the example of Hardy, Littlewood and Polya (1934;
12) and suppressed the veatofrom the notation.The subscripts 0 and 1 that appear is(Y1and M(x)

will be explained later: it will turn out that §fk) and M(x) are special cases of timeeans of order,r

M.(x), where r is equal to 0 and 1 respectively.



(9) Ma(X) = Sn=1" ctnXn.

Of course, if eacl, equals 1/N, then the weighted means defined by (8) and (9) reduce
to the ordinary geometric and arithmetic means of the x

Before we prove the main result in this section, we require a preliminary result.

(10) Proposition 2 Let the vector satisfy the restrictions (7)Define the N by N matrix
A by

(11)A=- 0 +oa’

where/ is an N by N diagonal matrix with nnth elememtfor n = 1,2,...,N.Then A is
a negéive semidefinite matrix.

Proof: It can readily be verified that A is symmetric. \Weed to show that for all z #
On, we have:

(12) Z'Az=Z[-H+00']z"0 or
Z'a0'z" 2" 12 or
(13) (a'2)*" Z'wz since Za =o'z

Sincea >> Oy, we can take th@ositive square root of eaak,. Let /'*denote the
diagonal N by N matrix which has tmelementy,*?*for n = 1, 2, . . ., N.Now define the
N dimensional vectors x and y as follows:

(14) x= 16"21y;y = 7%z

where 1 is an N dimensional vector of ones. Recall the CauShbliwarz inequalityl).
Substituting (14) into (1) yields:

(15) (I 012 1Y22) < (AN 16H2 1Y2 1)) (2" 16Y2 16V 2 2) or
(AN 0 2% < (IN' 16 W) (Z' 6 2) or
("2’ < (I o)(Z' & 2) or
(a'2’=<(Z' G 2) using (7)
which is (13). Q.E.D.

We note that to get a strict inegity in (13), we require z #Qand x not proportional to
y or using (14), we require z # kXor any scalar k.



Proposition 3 Theorem of the Arithmetic and Geometric Means
For every x >> Q andpositive vector of weighte which satisfies (¥, we have:
(16) Mo(X) = M1(x).

The strict inequality in (16) holdgnless x = k& for some k > 0 in which case (16)
becomes:

(17) Mo(klN) = M]_(klN) =k;
i.e., the weightedgeometric mean of N positive numbers is always less tthe

corresponding weightedrithmetic man, unless all of the numbers are dgirawhich
case theneans are equal.

Proof. Define the function of N variables f(x) for=Oy as follows:
(18) f(X) = Mo(X) = M1(X) = [Jn=1" X% = s otk

We wish to show that for every x>0,

(19) f(x) < 0.

One way to establish (L&r (19) is to solve the following maximization problem and
show that maximizing values of the objective function are equal to or less than O:

(20) maxx {f(x) : x = On}.

To begin ar proof, we show that pts ¥* which satisfy the first order necessary
conditions for maimizing the f(x) defined by (18(ignoring for now the nonnegativity
restrictions »= Oy) are sich that f() = 0.

Partially differentiating f defined by (8and setting the resulting piaft derivatives
equal to zero yields the following system of equations:

(21) $f(X)/$% = 0t Xn - Mo(X) — 0t = 0 ; n=1,..,Nor
(22) X= Mo(x) ; n=1,..N.

Thus if each ¥ equals a positive constant, k > 0 say, we will satisfy thé dirder
necessary conditions (Rfior maximizing f(x) in the irgrior of the feasible region. Thus
x° of the form:

® The equal weights case of this Theorem, wheig equal to (1/N)4, can be tracedatk to Euclid and
Cauchy (1821; 375) according to Hardy, Littlewood and Polya (1934; 17). For alternative proofs of the
general Theorem, see Hardy, Littlewood and Polya (19321)7



(23)¥ =kly: k>0
are such that:

(24) V,f(x®) =0y and
(25) f(X) = Mo(k1n) — M1(k1n) = k-k = 0.

where we have usdte restrictions in (7o derive (25).

We nowcalculate the matrixfesecond order parti@erivatives of f defined by (38

(26) $H(X)/BXnZ = —0tn X2 Mo(X) + 0tnZ Xn2 Mo(X) ; n=1,.,N;
(27) $HX)/$xi0x; = a0 XX Mo(X) ; i,

Thus the matrix of second order partial datives of f evaluated at x >>Can be
written asfollows:

(28) V2uf(x) = £ [~ d+ aa'] £ Mg(X)

where and are the véors x and a diagonalized into matrices. Note alsoNhét) > 0
for any x >> Q.

To determine the defiteness properties of thé,.f(x) defined by (28), look at:

(29) Mo(X) 2" V2uf(X)z = Z & [-d+ a0’ £ 7'z
=y [- @+ aa'ly wherejy/ 'z
<0

where the inguality follows using Proposition.2 The inequality in (29) will be strict
provided thay = Oy andy # k1y for any k.

Now let X >> Oy be an arbitrary positive vector which is not on the equal component ray;
ie.,

(30) X' >> 0y but x'# kil for any k.

Recall that if X = k1y for k > 0, then (25) implies ffx= 0. Hence to establish our resuilt,
we reed only show f(} < 0.

Recall Taylor's Theorem for n = Zr'he multivariate version of this Theorem yields the
following relationship between fx and f(X) where X is defined by (23) and'xis
defined by (30): there exists at such that 0 <t <dl an

(31) f(x") = f(x°) + V,f(x%)T(x*=x%) + (1/2)x -x%) V2 F((1-1)x° + txY) (x*-x°)
=0 + 0 (x*~x% + (1/2)(X-x°) V3 f((1-1)x° + ) (x*=x%)  using (24) and (25)



Figure 1
9
(1-t)x° +tx*

L <0 using(i) >0 and (29) for x = kand z = *-x".
X — X is not on this

dotted line  |n order for the inequalityx31) to be strict, we requivat

(32) & 1(x*-x%) = kly fbr any k where » (1-t)x° + tx*
x0—x* or equivalentlythat
- x = K[(1-t)x" + tx or any K.
(33) X' = x° = K[(1-)x° + tx] k
1

Using the factthatx’ = x*and 0 < t < Lit can be verified that (32) is true and hence the
inequality in (31) is strict.Thus we have jpwven (16). Q.E.D.

The geometry associated with the inequalities in (33) is illustrated in Figure 1 below.

We have established that the weighted geometric me#x) N4 strictly kess than the
corresponding weighted arithmetic mean(¥ for strictly positivex >> Qy, unless x has

all components equal, in which case the two means coincide and are equal to the common
component. It is useful to extend the Theorem to cover the case wisnonnegative

i.e., to cover the case where one or more components of the x vector are equal to zero.
But this is easily done. In this caseg(k) is equal to zero and k) is equal to or
greater than Qand strictly greater thanibx > Oy). Thus we have:

(34) 0 = Mp(X) < My(x) if x > @ and one or more components of x are equal to 0.

4. Means of Order r
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As in the previous section, we again assume that the vector of weidtds positive
components which sum to one; i.e., a&sumen satisfies conditions (7). We assume
initially that the number r is not equal to zero and the vector x has positive components
and define theveightedmean of order of the N numbers in x as follovfs:

(33) M(x) = [En=1N OnXn | .

It can be sen that thanean of order 1s the weightedrithmetic mean defined earlier by
(9). Itis easy to verify that the means of order r are (positively) linearly homogeneous in
the x variables; i.€.,

(34) Mi(AX) = AM((X) for every x >> @ and scalak > 0.

The functional form defined by (33) occurs frequently in the econom@satiitre. If we
multiply M(x) by a constant, then we obtain the CES (constant elasticity of substitution)
functional form popularized by Aow, Chenery, Minhas and Solow (1964)he context

of production theory.This functional form is also widely used as a utility function and it
also used extensively when measures of income inequality are constructed.

Three other propertiesf the mean®f order r whichare usefulare the following one
(we assume x >>\0and r= 0):®

(35) (X1, ....%) = [Ma(X",... ")
(36) Mo(X1,...,xn) = exp[Mu(InXy,...,.Inx)] ;
(37) M(Xg,...540) = UML)

Problem 5: Prove (35), (36) and (37)

We now consider the problems associated with extending the definitiof>)gffddm the
positive orthant (the set of x such that x 3§ ® the nonnegative orthant (the set of x
such that x= Oy). If r = O, there is no problem with making this extemssince in this
case, X tends to 0 asptends to zerand M(X) turns out to be a nice continuous function
over the nonnegative orthant.utdf r < 0, there is a problem sincg tends to + as x,
tends to zero in this caselowever, n this @ase, ve define M(x) to equal zero:

(38) Mi(x) =0 if r <0 and any component of x is 0.

It turns out that with definition (38), the means of order r are continuous functions over
the nonnegative drant even if r is less than 0. To see why this is the case, consider the

® Hardy, Littlewood and Polya (1934; 418) refer to this family of me® or averages as elementary
weighted mean values and study their properties in great detail. When they consider the case where the
weights are equal, they refer to the family of means as ordinary mean values.

" This is property (2.2.13) noted in Hardyiftlewood and Polya (1934; 14).

8 These properties may be found in Hardy, Littlewood and Polya (1934; 14).

10
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case wherer =1, N = 2,01 = %,02 = % and xtends to 0 with x> 0. In this case, we
have for x> 0:

(39) Ma(x1,X2) = [(%0)x " + (%)% ]
= 1/[(%)1/x1) + (%)(1/%)]
= xu/[(%) + (%) (4/X2)].

Taking the limit of the right hand side of (39) asapproaches 0 gives us the limiting
value of 0.

We will now calculate the vector of first order derivatives afX¥yland the maix of
second order derivatives of () for r= 0 and x >> Q.

Proposition 4 The matrix of second ord@artial derivatives of Mx) with respect to the
components of the vector ¥%xM,(x), is negative semidefinite for r " 1 armbsitive
semiddinite for r ! 1 for x >> (y and r= 0.

Proof: Differentiating M(x) with respect to xyields:
(40) aM,(x)/0xi = (/D) [Sn=t” X 1Y a1 6™ = [Shet™ onxn 1Yoy x™; i=1,...,N.
Differentiating (40 again with respect tqg yields
(41) 9°M,(x)/0xi? = [(1/r) =1][Sn=r" anXn' T2 1 2o xi
+ [ Shet o Ty (r-1)%2; i=1,.,N
- [r _1][2n:1N anxnr] (1/]’)—2{[ En:lN anxnl’] 0 Xil'—2 _ (XiZXizr_z} )

Differentiating (40) with respect tq for j # i yields:

(42) 9°M(X)/a%:0%; = [(1/1) =1][ =t o T 20 1 oy xi"
- _ (r _l)[zn:]-N aanr] (1/r)-2 OLiO(inr_lXjr_l.

Using (41) and (42 we can write the matrix of second argertial derivatives of Mx)
as follows:

(43) szxMr(X) — (r _1)[En:1N OLanr](l/r)_z{[ En:lN aanr] ﬂr/Z)!llwr/Z)!l_ ﬂ—laaTﬁ‘!l}

where #'tis a diagonal matrix which has nnth element equal,to'and £"/?'! is a
diagonal matrix which has diagonal elements equaltd% for n = 1,...,N.

We now wanto show that the matrix A defined as

(44) A = [En:lN anxnl’] ﬂr/Z)!llwr/Z)!l_ ﬂ—laaTﬁ‘!l

° We have already calculated these derivatives fgxMn Proposition 3.

11
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is postive semidefinite. A will be positive semdefinite if for every vector z, we have
T
zAz!0or

(45) [Enle Otanr]ZT B D7 5 ST a0 §'1z o
(aT-ﬁ‘!lz)z = [En:lN OLanr] ZT ﬂrlz)!l’w”z)!lz.

In order to establish (4pnote that:

(46) (0" §'12)? = (' "K' z)? usinga = @1y
- (]-NT./('jUZ /‘1/2 )A(r/2 ﬁ(rIZ)!lZ)Z
= (AN Y2 g2 R P12 7y since dagonal matrices commute
= (u'v)? with u’ = 1y" Y2 3" ?and v= /2111?22
< (UTu)(v'v) using the Cauchchwarz inequality

= (1NT_/('51/2 ﬁr/Z )A(r/2 _/('51/2 1N)(ZTf”2 ﬁ(rIZ)—l)'e(r/Z)!l /\1/22)

= (' 69 1n)(Z" K"/ b x7/2"'2)  since diagonal matrices commute
= (aT X' 1N)(2Tﬂr/2)!l@ fr211z) since 4" 6= o

= [Enle OLanr] ZT x;-)(r/z)!1,(-13-)(”2)!12

which establishes (44); i.e., A is positive semidefinite. Returning to (43), we have:
(47) VM) = (r-D)[ St o1 A,

Since A is positive semidefinite ang 1" anx.]*"-? is positive since we have assumed

that x >> Q, we see thaV%,M,(X) is positive semidefinite if ! 1 and is negatie
semidefinite if r " 1. Q.E.D.

The above Propositioshowsthat M(x) is a concave functiorof x over the positive
orthantif r " 1 and aconvex functioof x if r I 1.

5. Schlomilch’s Inequality

In this section, wahow that if x # k§, then M(x) increases as the parameter r increases.
In order to do this, we require a preliminary inequality.

Proposition 5Leta >> 0y, aTly =1andy >>f. Then
(48) f(y) = aTy In(@Ty) - Sn=1" anynIn yn " 0
and thanequality is strict if y # k.

Proof. We use the same technique of proof that we used in proving the Theorem of the
Arithmetic and Geometric Mean. We start out by attempting to maximize f(y) over the

12
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positve orthant. The first order necessary conditions for solving this maximization
problem are:

(49) 9f(y) / 9y, = an In(aTy) + (@Ty)(aTy) ot — anIn yn - anyn/yn; n=1,...N
= on In(aTy) —anlin yn
=0.

Equations (49) imply that In,y= In(a.Ty) for n=1,.. ., N. Thus solutions to (49) have
the form:

(50) y°=Kly; k>0,
Note that

(51) Vyf(y°) = Oy and
(52) () = aTkin In(aTkly) = Sn=tt ankInk=kInk-kInk=0

wherewe have used.T1y = 1. Now differentiate equations (4&gain in ordeto obtain
thefollowing second order partial derivatives of f:

(53)fi(y) = cui(er y) "o — 0t yi i=1,...N;:
(54) fi(y) = ai(a’y) oy ; =j. |

Equations (53) and (34an be rewrittemi matrix form as follows:

(55) VZ f(y) - _ p' 1/2@)/}—1/2 + ((XTy)_l(l(XT

where $~""2is a diagonal matrix with iith element equalyto’® fori=1,2,..., N. We
now show tha¥? f(y) is negative semidefinite; i.ene want to show thdor all z:
yi¥2fori=1, 2, ... N. Waow show thatv? f(y) is negative semidefinite; i.ewe

want to show thaor all z:

(56)- 2" ¥ Y2 77’z + Z(a'y) Taa'z< 0 or
(57) @'z’ =< (a'y) Z' p Y2 y7"%z for all z = O.
To prove (57, we will use the Cauch$chwarz inequality:

1l 1, N
(58) (@'2)2 = (2T 2 P21 1y)2 sincea = " 1y

1.1.1.1
=(zZTY 221 21021)2
Lo-1. 1.1 _ . .
=(ZT02yp 2p21 21))2 since diagonal matrices commute

ooo.i.-4. 1.1 ¢ 1. 1. 1.1
(@TE2p 2P E0 27) (1 292921 21y)

usingthe CauchySchwarznequalitywith x = ¢ "2 62z and u= $"* 7?1y

13
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= @p
=@ 209 22) (1L 1 p1y)
| ~ 1l

= (2T 20 P 27) (aTy)
sincea =!I 1y and y =1y

1
2

L1l T2, 1 1
(2029 27) (INT 21 2922 1y)

= Nl N

which is (57). The inequality (58)ill be strict providedthatx = ¢ Y2 /6"%z and u=

@ Y221y are not proportionabr /6"2z and $ /'*1y are not proportionabr 6%z

and &'"'*91,, are not proportionabr provided that z is not proportional yoNow let the

y vector h (58)be a ¥ = ki for k > 0 that satisfies the first order conditions (50) above
Thenthe strict inequality in (58) wilhold provided that z is not proportional tonkIVe

use this result thaz' VZ(k1n)z < O provided that is not equal to.1y for any scalai in
the last part of the proof below.

Now let y* be a positive vector that does not have all components equal; i.e.,
(59) y* >> 0y buty*# k1y for any k.

We need only show f{y < 0 to complete the proofApply Taylor@ Theorem to the f
defined by (48) and thé’yand y defined by (50) and (59 Thus there exists a t such that
O<t<1land

(60) f(y") = f(y°) + Vyf(y) (y*=y°) + (112)(y-y°) VA f((1-t)y° + ty") (y'=y°)
=0+ 0(y'-y%) + (12)(y=y)) V2 f((1-t)y° + ty)(y'-y®) using (51) and (52)
<0

where the inequality follows using (58) which implies thagf((1-t)y° + ty') is negative
semidefinite.

In order for the inequality (§to be strict,consider the behavior oféhfunction of one
variable t, g(t)= fly° + t(y* - y°)], defined for O< t < 1. Note that the first and second
derivatives of g(t) are given by(9 = (y* - yO)'Vily° + t(y* - y%)] and d(t) = (y* -
yOTVATY® + t(y' - YOy - y°) = 0 where the ineaality follows using (55X58). Since y

= kly by (50) andV,f(y®) = Oy by (51), we see that'@) = 0 and §(0) = (y* -
YO)TVAYO (Y - y%) <0 since §= kly and y - y° is not proportional to% i.e., to obtain
the strict inequality, we have used timequality that we established in the paragraph
above (59). The equality(@) = 0 and the inequalities'@®) < 0 and ¢(t) <0 for O<t =<

1 (along with the continuity of f and hence g)e sufficient to imply thag(t) is an
nonincreasing function fdd < t < 1 that is initially strictly decreasing for small t. Hence
g(0) = f(y?) > f(y") = g(1), which completes the proof.

Q.E.D.

Now we are ready for the main result in this section.
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Proposition 8 SchIsmilch® (1858) Inequality™® Let x >>0y but x # ki for any k > 0
and letr <s. As usual, we assume the weighting vecsatisfies (7). Then

(61)  Mi(x) < My(x).
If x = k1y for some k> 0, then M(x) = My(X) = k.
Proof. The second part of the theorem is easily verifietle first pat of the theorem,

(61), will be true if we can show that,M) is a monotonically increasing function of r or
equivalently if we can show th&t

(62) $In M(x)/$r > 0 for all r # 0x >> Oy, x # ki for any k > 0,0 >> Oy andaT1y = 1.

Recall that $&ar = $&Inc/$r = dInc Inc = ¢ Inc so that using definition (33), it can be
verified that the inequality @ is equivalent to

(63) $In Mr(X)/$r == rAN[Sn=1" anXn'] + FSn=t” X1 [ Shet onXe' INXe] >0 or
(64) rl[zn:]_N OLanr Ian] > F_Z[Enle (X.anr] In[zn:lN OLanr].

Sincer#0,4>0and®>0. Thus

(65) rSn=1" onXn] IN[Sn=t anXn'] = F Sn=t” onXn” INX] using (48) withy¥ X"
= [Sn=t onXn' 1 INX] using Inx' = r Inx,
= r_l[En:]_N O(anr Ian]

and (65) is a weak version of (64). But the inequality (§5trict provided that thg, =
X, are not all equal. This is the case sineehaveassumed x # ki and thus (6) is a

strict inequality.

We still need to establish (61) when r or s equal 0. We first consider the case where s > r
= 0. Let x >> Q with x = kly. Then we have:

(66) [Mo(X)]°= [[Tn=1" x*1° using definition (8)
= Mo(Xls,...,)Q\js)
< Ma(X%,....%°) by Proposition 3 since not all of theaxe equal
= Mg(X1,...,%)° using result (35)

Since s > 0, taking the 1/s root of both sides of (66) will preserve the inequhlik
establishes (61) forr =0 <s.

9See Hardy, Littlewood and Polya (1934; 26) for alternative proofs ®fésilt.
Y This is not quite equivalent to the desired result: we still have to deal with the cases where r or s are equal
to 0; i.e., we cannot differentiate,() defined by (33) with respect to r when r = 0.
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We now consider (61) whesr <0 = s. Again, lex >> Qy with x = kly. Then we have:

(67) M_(X) = UM (X272, using property (37
< Mol o™ ugg r > 0, x= k1ly and(66) which implies that
ML) > Mok s ™)
= Mo(X) using definition (8). Q.E.D.

The above Theorem shows that theighted harmomri meanof N positive numbers,
X1,...,Xn, Will always be equal to or less than the corresponding wesighrithmetianean;
i.e., we have for x >>\0

(68) M_1(x) = M1(Xx) or
(69) [2n=lN OLan_l]_l = 2n=1N anXn

and the inequality (69) is strict provided that theare not all equal to the same positive
number.

What happens ifree or more of the components of the x vector are equal to 0? Using the
continuity of the functions Mx) over the nonnegative orthant, it can be seen that (61)
will still hold as a weak inequality. It should be kept in mind that # ® and any
componenhof x is 0, then (38) implies that &) is equal to O.

Problems:

6. Suppose a Statistical Agey collects price quotes on a Ohomogeneocostnodity

(e.g. red potatoes) from N outlets during periods 0 and 1. Denote the vector of period t
price quotesby p' = [p1,....a1] for t = 0, 1. Anelementary price indeR(7, p) is a
function of 2N variables that aggregates this micro information on potatoes into an
aggregate price index for potatoes that will be a component of the overall consumer price
index (CPI). Examples of widely used functional forms for P areCiudi (1764)and
Jevong1865)formuleae defined by (i) and (ii) below

(i) Pe(p”,p") = Sh=1" (LN)(n/pn)
which is the equally weighteatithmeticmean of the N price ratios;

(i) Po(p%p") = [[Tn=1" (Pu'7pa0)]™
which is the equally weightegeometriomean of the N price ratios.

A very useful property for an elementary price index to satisfy ifirtteereversal test

(iii) P(p°,p") P(P"P?) = 1;

16
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i.e., suppose prices in periodrdvertedback to the base period prices pUnder these
conditions, we should end up at our starting point.

(a) Show that Kp°,p*) satisfies the time reversal test.
(b) Show that R(p°,p") has an upard bias; i.e., show that if gt kp°, then

(iv) Pe(p”,p") Pe(p'p?) > 1.
Hint: You may find (69 useful.

Comment Many Statistical Agencies are still using the biased Carli formula to aggregate
their price quotes at the lowest levelagfgregation. However, in the past decadweral
countries (Carda, the U.S. and the member countries of the EU for their harmonized
indexes) have switched toetldevons formula. The use of Rther than Pis thought to

have generated arpward bias in the CPI in th®1- 0.4% per year rangeFisher (1922;

66 and 83) seems to have been the first to establish the upward bias of the Carli index
and he made the following observations on its use by statistical agencies:

OIn fields other than index numbers it is often the best form of average to use. But we shatl tbee

simple arithmetic average produces one of the very worst of index numbers. And if this book has no other
effect than to lead to the total abandonment of the simple arithmetic type of index number, it will have
served a useful purpose.O IrvingHeir (1922; 280).

7. A general nean function M(x), is a function olN variables, defined for x >>\(Qhat
has the following three properties:

(i) M(k1n) = kfor k > 0 (mean value proper}y
(i) M(x) is acontinuoudunction; and
(iii) M(x) is increasingin its components; i.e., if x%, then M(X) < M(x®).

It is easy to see that theeighted means of order r, (M) defined by (33) satisfy
properties (i) and (ii). Show that they also satisfy property (iii).

Hint: Show that $M(x)/$x, > 0 for r # 0.

8. M(x) is asymmetric meaii M is a mean and has the following property:

(iv) M(Px) = M(x) where Px is a permutation of the components of x. Are the means of
order r symmetric meaf? If not, what conditions on will make M(x) a symmetric

mean?

9. M(x) is a homogeneous meadhit is a mean and satisfiesghHollowing additional
property:

(V) M(AX) = AM(x) for all A > 0, x >> Q.

If M(x) is a homogeneous mean, show that it also satisfies the following property:

17



18

(Vi) ao=min,{Xn:n=21,...,N}"M(X) " max n{Xn:n=1,...,N}=p.
This result is due to Eichhorn and Voeller (1976; 1H)nt: aly " X " P1n. Note that

properties (i) and (iii) for a mean M(x) imply that the following property also holds for
M:

(vii) M(x) = M(x?) if x* = X%

6. L’Hospital’s Rule and Logarithmic Means

In this section, weshow that lhe weighted geometric meany(M), is a limiting case of
the correspondoweighted mean of order r,,M), as r tends to zero. Before we do this,
we require a preliminargesult.

Proposition 7 LOHospita&}1696) Rule'? Suppose f(z) and g(z) are once continuously
differentiable functions of one variable z around an interval including z = b. In addition,
suppose f(b) = g(b) = 0 bgt(b) # 0. Then

(70) lim .. v f(z)/9(z) =t '(b)/g (b).

Proof Let z be close to but z # b. Then by thMean Value Theorem, there exist z
and z between z and b such that:

(72) f(z) = f(b) + f'(z)(z - b)

=f'(Z)z-b) since f(b) = 0;
(72) 9(z) = g(b) + 4z )(z-b)
=d(z )z-Db) since g(b) = 0.

Taking the ratio of (71) to (72and using the assumpt®ithat g'(b) # 0 and that the
derivative function §z) is continuous, we can deduce tg4t" ) = O using if z is close
enough to b and hence for b # Oand z close to lwe get:

(73)f(2)/9(z) =t '(Z)Ig(Z").

Now take limits on both sides of (73) as z amioes b. Since and z are between z
and b, zand z will tend to b and thus (JGollows, since botti ' and g are assumed to
be continuous functions. Q.E.D.

The following problems iuistrate a few of the uses of LOHosstRGe.

Problems:

12 See Rudin (1953; 82) for a proof of thesult.
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10. If x > 0, show that lim. o (X' = 1)/r = In x.

Hint: Use LOHospital@®ule with f(r)= X" - 1 and g(r)=r. Note that if h(r) = ¥= €™,
thenh'(r) = €™ Inx = X Inx.

Comment The function (k- 1)/r is known as théoxCox transformationand it is
widely used in statistics and econometrics as well as in the study of choice under
uncertainty.

11. Thelogarithmic nean L(x1, X2) of two positive numeérs x > 0 and % > 0, is defined
as follows:

(1) L(x1,%2) = [X1 = X2J/[InX 1 = Inx5] if X= X2 ;
= Xo if X1 = Xo.

Show that if 0 < X< X, then

(i) lim x3—=X2 L(X1,X2) = Xo.

Hint: Define f(x) = x1 — X2 and g(x) = Inx; — Inx, and apply LOHospitalOs Rule.
CommentThis result establishes the continuity of 1.x%) over the positive orthant.

12. Refer to problems-¥1 above and show that L(x.) defined in Proldm l1labove is
a homogeneous symmetric mean.

Hint: The definition of L(x,x2) in Problem 11 establishes property (i) in Problem 7.
Problem 1lestablishes the valigh of property (ii) in Problem 7. To prove prope(iy),

just show $L(X, x2)/$x, > 0for n = 1,2 (you can assume# xp). In the case of only two
variables, the symmetry property (iv) is just L(x2) = L(X2, x1) which you can verify.
Finally, verify the hanogeneity propertyyv), that was defineth problem 9.

Comment The logarithmic mean (sometimes called the Vartia mean) plays a key role in
index number theory; see Vartia (1976) and Diewert (1978).

7. Additional Properties of Means of Order r

Proposition 8 below justifies our notationg@), for the weighted geometric mean since
this Proposition shows thatd) is a limiting case of Mx) as r tends to 0.

Proposition 8 The limiting case of t weighted mean of order r,.(¥), as r tends to 0
is the weighted geometric meang®); i.e., fa x >> Qy, o >> Oy, o' 1y = 1:

(74) lim . o Mi(X) = Mo(X).

13 See Hardy, Littlewood and Polya (1934; 15) for a proof of this result.
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Proof. Proposition Gabove showed that k) is a nondecesing function of r. Since
M:(x) is a homogeneous mean, Problem 9 above shows tbgtiMbounded from above
and below; i.e., for & # 0;

(75) min, {Xn:n=121,...,N}" M(X) "max n{Xn:n=1,.,N}

The fact thatM,(x) is a nondeciasing function of r and is also bounded from above and
below is sufficient to imply the existence of limy M(x) and also that

(76) lim _ o In M((x) = In [lim ,_, o M(X)].

We now compute In Mx) for r # O:

(77) In Mi(X) = (LIN)IN[Sn=1" anxn'] = £()/g(r)
where g(r=r and f(r)= In[EnzlN onXn]. Note that:

(78) g(0)=0;
(79) f(0) = INSh=1" 00 (X)) = IN[Sp=1" and] =IN1 =0 usingSn=1" an = 1.

Now calculate the derivatives of f(r) and g(r) and evaluate them at r = O:
(80) d(r) =1 and hence
(81) d(0) = 1.
(82) £'(r) = [Snet onXn] =1 anXn” InX, and hence
(83) f/(O) = [zn:]_N an]_lzn:]_N an |an
= En:lN (ln |an USingEnle an = 1
Now apply LOHospitalOs Rule to (77) when r = 0. The resulting equation is:
(84) lim;_ o In My(x) = f'(0)/g (0) = Sn=1" atn INXn using (81) and (83).
We can exponentiate both sides of (84) and deduce that (74) holds. Q.E.D.

When N = 2 andr; = ap = 1/2, wecan graph the level curves {{(x¢): M(x1,x2) = 1}
for various values of; 1see Figure 2 below.
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Figure 2: Level Curves for the Symmetric Mean of Order r
21

r = —o Leontief

r = 0 Cobb Douglas

r =1 Linear

\ r = 2 Circle

We conclude with someesults on limiting cases of k) as r tends to plus or minus
infinity. The results in Proposition 9 are used in Figure 2.

Proposition 9 Hardy, Littlewood and Poly (1934; 15) The limits of M(x) as r tends to
plus or minus infinity aras follows:

(85 lim (.., M/(X) =maxn{xn: n=1,EN};
(86) lim . _. My(x) =min ,{xn: n=1,EN}

Proof. Let x > Qy and letxx = max, {x,: n = 1,E,N}. Thenusing the results iRroblem
9, we have:

(87) Mi(X) = Xx.
Since the xare nonnegative and tlg are positive, we have:
(88) OLkar = En:lN OLanr .

Now take he rth root of both sides of (88If r > 0, the inequality is preserved and so we
havein this case

(89) (cu)M X = [Snet™ anXn' 1" = M(X).

1r

Now take the limit of both sides of (3%s r tends to plus infinity and sing&)~ tends

to (ou)’ = 1, we find that
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(90) % < lim _. . M(x).
It can be seen that (87) and (90) imply)(85

Now consider (86). flone or more of thepxare zero, then Nk) equals 0 for all r < O;
recall (38) above. Hence if one or more of thare 0, thent is easy to verify tha{86)
holds. Thus we consider the case where xyartl letx, = min, {Xx,: n=1,E,N}. By
Prdblem 9, we have:

(9D Xk = M((X).

Since the xare positiveand thea, are positive, we again have (88)t now we assume
that r < 0, so thaivhen we take the rth root of each side of (88§ inequality is
reversed and so we have:

(92) ()Y X = [Snet™ X' 1" = Mi(X).

1/r

Now talke the limit of both sides of (92s r tends to minus infinity and sin@gg)™" tends

to (o)’ = 1, we find that
(93) % = lim . . M(X) = Xk

where the last inequality follows using (91). It can be seer{(@hatnd (93) imply86).
Q.E.D.

8. Summary of Methods used to Establish Inequalities

A careful look at the methods of proof that we have used to establish the validity of
various inequalities will show that we have basically used 3 methods:

* Transform the given inequality into a known inequality usingnany algebra.

* Transform the given inequality into the form f&x)0 for the domain of definition
for the inequality, say&S, and show that xwhich solvemax, {f(x) : xES} are
such that f(X) < 0.

* Consider the case where the last method leads to a teoo#inuously
differentiable objective function f(x) which has the following properties: (a) there
exist points x such that f(X) = 0 andvf(x’) = Oy; (b) the domain of definition set
S is convex and (cy*(x) is negative semidefinite for eackE®. Thenin this
case, we can use TaylorOs Theorem for n = 2 and establish the desired result, f(x)
< f(x") = 0 for all x=S.

It turns out that the three main inequalities that were established in this chapter (the
Cauchy Schwarz Inequality, the Theorem of thethhnietic and Geometric Means and
SchiSmilchOs Inequaljtyhave many applications in all branches of applied economics.

Problems
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13. Let ¢(z) be a monotonically increasing, continuous function of one variable that is
defined for z > 0 so thahe inversefunction for ¢, ¢-(y), is also a monotonically
increasing, continuous function gffor all yOs belonging to the rangegof As usual,
define the vector of weights = [, ... on] Which satisfies:

(i) o >> Oy and (i) T'a = 1.
We use the functiof in order to define the followinguasilinear mearfor all x >> Qy:**
(iif) M (%) = ¢ [ Sn=a" otnp(Xo)] -

Show that N(x) defined by (iii) is a general mean; i.e., it satisfies propertie§iifi)
listed in Problem 7 above.

Hint: You do not have to prove gdii), continuity, which is obvious.

Comment Note that if¢(z) = Z' for r > 0, then N)(x) reduces to the weighted mean of
order r, M(x) and if ¢(z) = Inz, then N(x) reduces to the weighted geometric mean,
Mo(x). Hardy, Littlewood and Polya (1934; 68how that if we require [(x) to be a
homogeneous medh then essentially, [x) must be a mean of ordet*.

14. Find a general mean function, M%), which isnot a quasilinear mean of the type
defined in Problem 13.
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