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CHAPTER 13: The Economic Approach to the Producer Price Index

1. Introduction

Producer Price Indexes provide price indeas to deflate parts of the system of national
accounts. As is well knownthere are three distinct approaches to the measurement of
Gross Domestic Product:

* the production approach;
* the expenditure or finalemand approach; and
* the income approach.

The production approatho the calculation of nominal GDP involves calculating the
value of outputs produced by an industry and subtracting the value of intermediate inputs
(or intermediate consumption to use thational accounting term) used in the industry.
This difference in value is called the industryfdse added. Summing these industry
estimates of value added leads to an estimate mwnatGDP. Producer Price Index

are used to separately deflémth industry outputs and industry intermediate inputs. A
Producer Price Index (PPI) is also used to deflate an industryOs nominal value added into
value added at constant prices.

The economic approach to the PPI begins not at the industry level, bihie at
establishment level. An establishment is the PPl counterpart kowaehold in the theory

of the Consumer Price Index. Amtablishment is an economic entity that undertakes
production Of productive activity at a specific geographic location in theunotry and has

the capability of providing basic accounting information on the prices and quantities of
the outputs it produces and the inputs it uses during an accounting period. In this chapter,
attention will be restricted to establishments that ua#erproduction under jar profit
motivation.

Production is an activity that transforms or combines material inputs into other material
outputs (e.g., agricultural, mining, manufacturing or construction activities) or transports
materials from one locatioi® another. Production also includes storage activities, which
in effect transport materials in the same location from one time period to another.
Finally, production also includes the creation of services of all f/pes.

There are two major problemstiv the above definition of an establishment. The first
problem is that many production units at a specific geographic locations do not have the

! See Eurostat, IMF, OECD, UN and the World Bank (1993) or Bloem, Dippelsman and Maehle (2001;
17).

2 Early contributors to this appaoh include Bowley (1922; 2), Rowe (1927; 173), Burns (1930:2507

and Copeland (1932:5).

3 See Hill (1999) for a taxonomy for services.



capability of providing basic accounting information on their inputs used and outputs
produced. These produmt units may simply be a division or a single plant of a large
firm and detailed accounting information on prices may only be available at the head
office (or not be available at all). If this is the case, the definition of an establishment is
modified to include production units at a number of specific geographic locations in the
country instead of just one location. The important aspect of the definition of an
establishment is that it be able to provide accounting information on prices and
quantities! A second problem is that while the establishment may be able to report
accurate quantity information, its price information may be baseduasyer prices that

are set by a head office. These transfer pricesnan@ed prices and may not be very
closely related to market pricés.

Thus the problems involved in obtaining the OcorrectO commodity prices for an

establishment are generally more difficult than the corresponding problems associated
with obtaining market prices for households. Howeverhis thapter, these problems

will be ignored and it will be assumed that representative market prices are available for

each output produced by an establishment and for each intermediate input used by the
same establishment for at least two accounting g&fio

The economic approach to PPIs requires that establishment output gatitele any

indirect taxes that the various layers of government might levy on the outputs produced
by the establishment. The reason for excluding these indirect taxes fisnisado not

get to keep these tax revenues even though they may collect them for governments. Thus
these taxes are not part of establishment revenue streams. On the other hand, the
economic approach to PPIs requires that establishment intermedist@ricesinclude

any indirect taxes that governments might levy on these inputs used by the establishment.
The reason for including these taxes is that they are actual costs that are paid for by the
establishment.

For the first sections of this chapt@m output price index, anintermediate input price

index and avalue added deflator will be definedfor a single establishment from the
economic perspective. In subsequent sections, aggregation will take place over
establishments in order to define pat@l counterparts to these establishment price
indexes.

* In this modified definition of an establishment, an establishment is generally a smaller collection of
producton units than girm since a firm may be multinational. Thus another way of defining an
establishment for our purposes is as follows: an establishment is the smallest aggregate of national
production units that is able to provide accounting informatioitsoimputs and outputs for the time period
under consideration.

® For many highly specialized intermediate inputs in a multistage production process using proprietary
technologies, market prices may simply not exist. Furthermore, there are severatiateoncepts that

could be used to define transfer prices; see Diewert (1985) and Eden (1998).

® As was argued in Chapter 1, the most reasonable concept for the market price for each commodity
produced by an establishment during the accounting periddriconsideration is the value of production

for that commodity divided by the quantity produced during that period; i.e., the price shouldrbewdy

defined unit value for that commodity.



Some notation is required. Consider the case of an establishment that produces N
commodities during 2 periods, say periods 0 and 1. Denote the peniga:t price
vector by B’ =[py1,....an'] and the corresponding perioduttput quantity vector by y =
[yd,...w for t = 0,1. Assume that the establishment uses M commodities as
intermediate inputs during periods 0 and 1. iAarmediate input is an input which is
produced by another estabiment in the country or is an imported (nondurable)
commodity! The period intermediate input price vector is denoted by ,p=[pyi....,Bm']

and the corresponding periothtermediate input quantity vector by X = [x1,...,xu'] for t

=0,1. Finallyitis assumed that that the establishment utilizes the servicegsrohity

inputs during periods 0 and 1. The periodpimary input vector utilized by the
establishment during period t is denoted by [z1',...,x'] for t = 0,1.

Note that it is asumed that the list of commodities produced by the establishment and the
list of inputs used by the establishmestains the same over the two periods for which

a price comparison is wanted. In real life, the list of commodities used and produced by
an establishment does not remain constant over time. New commodities appear and old
commodities disappear. The reasons for this churning of commodities include the
following ones:

* Producers substitute new processes for older ones in response to charlgégdrprizes and some of
these new processes use new inputs.

* Technical progress creates new processes or products and the new processes use inputs that were not
used in previous periods.

* There are seasonal fluctuations in the demand (or supply) of cotisodnd this causes some
commodities to be unavailable in certain periods of the year.

The introduction of new commodities will be discussed in a later chapter as will seasonal
commodities. In the presenth@apter, these complications are ignored ansgl #ssumed

that the list of commodities remains thene over the two periods undeowmsideration.

It will also be assumed that all establishments are present in both periods under
consideration; i.e., there are no new or disappearing establistinents.

" However, capital inputs or durable inputs are excluded fiwnlist of intermediate inputs. A durable

input is an input whose contribution to production lasts more than one accounting period. This makes the
definition of a durable input dependent on the length of the accounting period. However, by conaention,
input is classified as being durable if it lasts longer than 2 or 3 years. Thus an intermediate input is a
nondurable input which is also not a primary input. Durable inputs are classified as primary inputs even if
they are produced by other estahtignts. Other primary inputs include labor, land and natural resource
inputs.

® Rowe (1927; 174.75) was one of the first economists to appreciate the difficulties faced by statisticians
when attempting to construct price or quantity indexes of produdiitmthe construction of an index of
production there are three inherent difficulties which, inasmuch as they are almost insurmountable, impose
on the accuracy of the index, limitations, which under certain circumstances may be somewhat serious.
The first is that many of the products of industry are not capable of quantitative measurement. This
difficulty appears in its most serious form in the case of the engineering industry. ... The second inherent
difficulty is that the output of an industry, even wiguantitatively measurable, may over a series of years
change qualitatively as well as quantitatively. Thus during the last twenty years there has almost certainly
been a tendency towards an improvement in the average quality of the yarn and clotedofmydtize

cotton industry .... The third inherent difficulty lies in the inclusion of new industries which develop
importance as the years go on.O0 These three difficulties are still with us today: think of the difficulties
involved in measuring the outmubf the insurance and gambling industries; an increasing number of



When convenient, the above notation will be simplified to match up with our previous
notation used in earlier chapter3hus when studying the output price inde;%,amd y

will be replaced by pand ¢ when studying the input price index, pnd x will be
replaced by pand gand when studying the value added deflator, the composite vector of
output and input prices, fmxt]], will be replaced by ‘pand the vector of net outputs,
[y',-x] by df. Thus the appropriate definition forgnd ¢ depend®n the context.

To most practitioners in the field, our basic framework, which assumes that detailed price
and quantity data are available for each of the possibly millions of establishments in the
economy, will seem to be utterly unrealistic. Howeveg amswers can be directed back

at this very valid criticism:

* The spread of the computer and the ease of storing transaction data has made the assumption that the
statistical agency has access to detailed price and quantity data less unrealistic. védipehation
of businesses, it is now possible to calculate price and quantity indices of the type studied in chapters 3
and 4 above using very detailed data on prices and quantities.

* Even ifitis not realistic to expect to obtain detailed price and gualsta for every transaction made
by every establishment in the economy on a monthly or quarterly basis, it is still necessary to
accurately specify theniverse of transactions in the economy. Once the target universe is known,
sampling techniques céde applied in order to reduce data requirements.

2. An Overview of the Chapter

In this section, a brief overview of the contents of this chaptle given. In section

3-6, the economic theory of theuput price index for an establishment is outéd. This
theory is primarily due to Fisher and Shell (1972) and Archibald (1977). Various bounds
to the output price index are developed along with some useful approximations to the
theoretical output price index.

After reviewing some mathematics in sent7, n section 8 DiewertOs (1976) theory of
superlative indexes is outlined. A superlative index is one that can be evaluated using
observable price and quantity data but under certain conditions, it can give exactly the
same answer that the theoratioutputprice index studied in sectiornvduld give.

In later sectionsthe theory of the outputripe index outlined in section i3 adapted to
apply b intermediate input price indeg (section 10)and to value added deflators
(section 11) All of these theoretical economic in@d=sxare developed for a single
establishment or production unit that can provide detailed price and quantity data.

industries produce outputs that are one of a kind and hence price and quantity comparisons are necessarily
difficult if not impossible and finally, the huge increases in research andogeveht expenditures by

firms and governments have led to ever increasing numbers of new products and industries.

® An early study that computed Fisher ideal indexes for a distribution firm in Western Canada for 7 quarters
aggregating over 76,000 inventatgms is Diewert and Smith (1994).



In section 12 aggregation over establishments is utaleen to obtain inke national
output price index, which will typically be the countryOs flagship PPIn section 13the
national intermediate input price index is studied and in section ldaggregation over
establishments or industries takes place to obtaindti@:al value added deflator.

In section 15relationships between the output price index, the intermediate input price
index and the value added deflator are studied in more detail while section 16 looks at the
double deflation method for constructing a real value added deflator. In sectitwe 17, t
problem of aggregating establishmeatue added deflatorisito a national value added
deflator is sidied

In section 18 the national value added deflatw related tothe GDP deflator for
components of final demandn particular, we look for conitions that will imply that the
two deflators are exactly equal to each other.

Finally, section 19 concludes this chapter with some additional material on midyear
indexes. Recall that this type of index was introduced in the consumer corgegtian
5 of chapter 7.

3. The Fisher Shell Output Price Index and Observable @inds

In this subsection, we present autline of the theory of the output price index for a
single establishment that was developed by Fisher and Shell (1972) and Archibald
(1977). This theory is the producer theory counterpart to the theory of the cost of living
index for a single consumer (or household) that was first developed by the Russian
economist, A. A. KonYs (1924). Thesemamic approaches to price inégsxrely on the
assumption of (competitive)optimizing behavior on the part of economic agents
(consumers or producers). Thus in the case of the output price index, given a vector of
output prices pthat the agent faces in a given time period t, it is assumed that the
corresponding hypothetical quantity vectdrig the solution to a revenue maximization
problem that involves the producerOs production function f or production ptissibét.
(Hereafter the termsalue of output and revenue are usettrchangeablyinvenory
changes being ignored).

In contrast to the axiomatic approach to index number theory, the economic approach
doesnot assume that the two quantity vectofsagd d are independent of the two price
vectors § and g. In the economic approach, the ipdr0 quantity vector bis
determined by the producerOs period 0 production function and the period O vector of
prices {8 that the producer faces and the period 1 quantity vettsrdetermined by the
producerOs period 1 production function f and thiegé vector of prices’p

Before the output price index is defined for an establishment, it is first necessary to
describe the establishmentOs technology in period t. In the economics literature, it is
traditional to describe the technology of a firmindustry in terms of a production

1 Since we aggregate only over establishments that have a for profit motivation (which can include
publicly owned enterprises), a better term for the national aggregate might heiness sector output
price index.



function, which tells us what the maximum amount of output that can be produced using
a given vector of inputs. However, since most establishments produce more than one
output, it is more convenient to describe the distamentOs technology in period t by
means of aroduction possibilities set, S. The set Sdescribes what output vectors g can

be produced in period t if the establishment has at its disposal the vector of irputs v
[X,z], where x is a vector of inteediate inputs and z is a vector of primary inputs. Thus

if [q,v] belongs to &' then the nonnegative output vector q can be produced by the
establishment in period t if it can utilize the nonnegative vector v of inputs.

Let p= (p,Ep n) denote a vectoof positive output prices that the establishment might
face in period t and let # [x,z] be a nonnegative vector of inputs that the establishment
might have available for use during period t. Then the establishreni@s function
using period t teclology is defined as the solution to the following revenue
maximization problem:

(1) R(p,v)= maxq{In=1" prth : (4,V)ES}.

Thus R(p,v) is the maximum value of outpuE,=1" pun, that the establishment can
produce, given that it faces the vector ofpat prices p and given that the vector of
inputs v is available for use, using the period t technatogy.

The period t revenue function' Ban be used to define the establishmept@sd ¢
technology output price index P* between any two periods, sagripd 0 and period 1, as
follows:

(2) P(’ptv) = R(p"v)/R(p°V)

where §and g are the vectors of output prices that the establishment faces in periods 0
and 1 respectively and v is a reference vector of intermediate and primary*inpiuls.

= 1 so that there is only one output that the establishment produces, then it can be shown
that the output price index collapses down to the single output price relative between
periods 0 and 1,.p/ p.°. In the general case, note that thipat price ndex defined by

(2) is a ratio of hypothetical revenues that the establishment could realize, given that it
has the period t technology and the vector of inputswotdx with. The numerator ir2§

1 We write this as [, ¥S' in what follows.

12 The function Ris known as th&DP function or thenational product function in the international trade
literature (see Kohli (1978)(1991) or Woodland (1982). It was introduced into the economics literature by
Samuelson (1953). Alternative terms for this function include: (i)gthes profit function; see Gorman
(1968); (i) therestricted profit function; see Lau (1976) and McFadden (1978); and (iiilpthéable profit
function; see Diewert (1973) (1974€)993). The mathematical properties of the revenue function are laid
out in these references and in Diewert (1974b).

13 This concept of the output price index (or a closely related variant) was defined by Fisher and Shell
(1972; 5658), Samuelson and SwamoF4; 588592), Archibald (1977; 6@81), Diewert (1980; 46@61)

(1983; 1055) and Balk (1998; &®). Readers who are familiar with the theory of the true cost of living
index will note that the output price index defined by (2) is analogous tautheost of living index which

is a ratio of cost functions, say CH)/E(u,) where u is a reference utility level: R replaces C and the
reference utility level u is replaced by the vector of reference variables (t,v). For references to the theory of
the tue cost of living index, see KonYs (1924), Pollak (1983) or the earlier chapters.



is the maximum revenue that the establishment couldhattidifaced the output prices of
period 1, P, while the denominator ir2} is the maximum revenue that the establishment
could attain if it faced the output prices of period 9, Plote that all of the variables in

the numerator and denominator funoBaire exactly the same, except that the output

price vectors differ. This is a defining characteristic of abonomic price index: all
environmental variables are held constant with the exception of the prices in the domain
of definition of the price inelx.

Note that therera a wide variety of price indexes of the forg) flepending on which
reference technology t and reference input vector v that is chosen. Thus there is not a
single economic pricéendex of the type defined by2): there is an entirgumily of
indexes.

Usually, interest lies in two special cases of the general definifiche output price

index @): (i) P(p°,p*,v°) which uses the period 0 technology set and the input vettor v
that was actually used in period 0 and (fijp®p*,v) which uses the period 1 technology

set and the input vector' vthat was actually used in period 1. Létand d be the
observed output vectors for the establishment in periods 0 and 1 respectively. If there is
revenue maximizing behavior on the paftthe establishment in periods 0 and 1, then
observed revenue in periods 0 and 1 should be equal®@ \® and R(p V%)
respectively; i.e., the following equalities should hold:

(3) RE’VY) = Sn=1" plan’ and BV =3t prian

Under these revenue maximizing assumptions, Fisher and Shell (19B8) Zhd
Archibald (1977; 66) have sheowthat the two theoretical indes, B(p’,p*v°) and
PY(p°,p',v") described in (i) and (ii) above, sayighe following inequalitie$4) and b):

4) P pt V0 = R(p'VO)/RY(p°\°) using definitior2}
=R(p' V) Sh=1" P’ using3)
= et pilonShet” plan’ since s feasible for the maximization
problemhich defines Rp*v®) and so Bp',v°) = Sn=1" puge’
= PP’ p" )

where R is the Laspeyres (1871) price index. Similarly,:

(5) P phvh) = RY(p L VY/RY(P VY using definitior}
Tt Po G IRY(P%VY) using )
< St Pl Shet” plant since g is feasible for the maximization
problemhich defines Bp°v') and so Rp° V') = Sn=t prlgn’
= Pe(p’,p" )

where B is the Paasche (1874) mridndex. Thus the inequalityd) says that the
observable Laspeyres indek output prices Pis alower bound to the theoretical output
price index B(p° p',v°) and the inequality5) says that the observable Paasche index of
output prices P is anupper bound to the theoretical output price inde¥(#,p*,v). Note



that these inequalities are in theposite direction compared to their counterparts in the
theory of the true cost of living indéX.

It is possible to illustrate the twanequalities (4) and5] if there are only two
commodities; see Figure 1 below, which iséxd on diagrams due to Hicks (1940; 120)
and Fisher and Shell (1972; 57).

Figure 1: Bounds to the Paasche and Laspeyres Output Price Indexes
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In Figure 1, he inequality 4) is illustrated for the case of two outputs that are both
produced in both periods. The solution to the period 0 reveraxémization problem is

the vector §and the straight line through B represents the revenue line that is just tangent
to the period O output production possibilities s&y% = {(q1,0,V)ES’}. The curved

line through § and A is the frontier to the@roducerOs period O output production
possibilities set %v°). The solution to the period 1 revenue maximization problem is the
vector ¢ and the straight line through H represents the revenue line that is just tangent to
the period 1 output production gmibilities set, §v*) = {(q1,6,v)ES'}. The curved line
through d and F is the frontier to the producerOs period 1 output production possibilities
set $(v)). The point § solves the hypothetical maximization problem of maximizing
revenue when facinthe period 1 price vector = (p,p.') but using the period 0
technology and input vector. This is given BY{R\V%) = pi'a.”” + p'a,’” and the dotted

line through D is the corresponding isorevenue lidenpt p'g = RO(p',v°). Note that

the hypahetical revenue line through D is parallel to the actual perioglv&énue line
through H. From4), the hypothetical Fisher Shell output price indeXp®p*\v0), is

!4 This is due to the fact that the optimization problem in the cost of living theory is aieosization
problem as opposed to our present revemuwemization problem. e method of proof used to derive (4)
and (5) dates back to KonYs (1924), Hicks (1940) and Samuelson (1950).



Rp' V) [pla’ + p.lap°] while the ordinary Laspeyres output price index isdf +

P [pal + plal]. Since thedenominators for these two indexare the saméhe
difference between the index is due to the differences in their numerators. In Figure 1,
this difference in the numerators is expressed by the fact thatottesl revenue line
through C lieshelow the parallel revenue line through D. Now if the producerOs period 0
output production possibilities set were block shaped with verteX ttaq the producer
would not change his or her production pattern in resptmsechange in the relative
prices of the two commodities while using the period 0 technology and inputs. In this
case, the hypothetical vectdt quould coincide with & the dottedine through D would
coincide with the dottedine through C and thette output price index’g°,p*,v°), would
coincide with the ordinary Laspeyres price index. However, block shaped production
possibilities sets are not generally consistent with producer behavior; i.e., when the price
of a commodity increases, produceengrally supply more of it. Thus in the general
case, there will be a gap between the points C and D. The magnitude of this gap
represents the amount ofbstitution bias between the true index and the corresponding
Laspeyres index; i.e., the Laspeyradax will generally bédess than the corresponding

true output price index,’@°,p*,\°).

Figure 1 can also be usadillustrate the inequality5) for the two output case. Note that
technical progress or increases in input availability have causedetiod @ output
production possibilities set'&?) = {(q1,®) : [0, V'] belongs to § to be much bigger

than the corresponding period 0 output production possibilities °6e) S {(q., @) :
[a1,00,v°] belongs to §.*° Secondly, note that the dashétes through E and G are
parallel to the period O isorevenue line through B. The pdirsajves the hypothetical
revenue maximization problem of maximizing revenue using the period 1 technology and
inputs when facing the period 0 price vectd=p(p.°,p,°). This is given by Bp®v?) =

p gt + pXget and the dashed line through G is the corresponding isorevenue'tine p

+ ;g = RY(pP° VY. From 6), the theoretical output price index using the period 1
technology and inputs is {lu.t + plop']/R'(p°v) while the ordinary Paasche price
index is [p'ont + praR)/[plont + papY]. Since tle numerators for these two indesxare

the same,the difference between the indsxis due to the differences in their
denominators. In Figure 1, this diféace in the denominators is expressed by the fact
that the revenue line through E lieSow the parallel cost line through G. The magnitude

of this difference represents the amounsudfstitution bias between the true index and

the corresponding Paascimlex; i.e., the Paasche index will generallygbeuter than

the corresponding true output price index using current period technology and inputs,
PY(p°,p'.v}). Note that this inequality goes in the opposite directimrthe previous
inequality, @). The reason for this change in direction is due to the fact that one set of
differences between the two indesctakes place ithe numerators of the two index(the
Laspeyres inequalities) while the other set takes place in the denominators of the two
indices (the Paasche inequalities).

> However, validity of the inequality (5) does not depend on the relative position of the two output
production possibilities sets. To obtair ttrict inequality version of (5), we need two things: (i) we need

the frontier of the period 1 output production possibilities set to be OcurvedO and (ii) we need relative
output prices to change going from period 0 to 1 so that the two price lineght®oand H in Figure 1 are
tangent talifferent points on the frontier of the period 1 output production possibilities set.



10

There are two blems with the inequalities (4) ansl){

» There arerwo equally valid economic price indes, B(p°,p'v°) and P(p°, p* VY,
that could be used to describe the amount of price change that took placenbetwee
periods 0 and 1 whereas the public will demand that the statistical agency produce a
single estimate of price change between the two periods.

* Only one sided observable bounds to these two theorepicae indexes® result from
this analysis and what arequired for most practical purposes ase sided bounds.

In the followingsection, it will be shown how a possible solution to these two problems
can be found.

4. The Fisher Ideal hdex as anApproximation to an Economic Output Price Index

It is posible to define a theoretical output price index that falls.cen the observable
Paasche and Laspeyres price indices. To do this, first define a hypothetical revenue
function, R(p,), that corresponds to the use ofeaweighted average of the technolog

sets $and Sfor periods 0 and 1 as the reference technology and that useseighted
average of the period 0 and period 1 input vectdend V as the reference input vector:

(6) R(Per) = maxq {{ Sn-1" Pt : [0, (T-a)V" + av]E[(1- 0)S’+ aS']}.

Thus the regnue maximization problem ir6) corresponds to the use of a weighted
average of the period 0 and 1 input vectdramnd V where the period 0 vector gets the
weight -o and the period 1 vector gets the weighand an OaverageO is used @f th
period 0 and period 1 technology sets where the period O set gets the weigimdlthe
period 1 set gets the weight, wherea is a number between 0 and’1The meaning of

the weighted averagechnology set in definitior6] can be explained in teemof Figure

1 as follows. Asx changes continuously from 0 to 1, the output production possibilities
set changes in a continuous manner from the%e?) $whose frontier is the curve which
ends in the point A) to the set(8) (whose frontier is the cue which ends in the point

F). Thus for anyo between 0 and 1, a hypothetical establishment output production
possibilities set is obtained which lies between the base period(gdtahd the current
period set §'). For eachy, this hypothetical dput production possibilities set can be
used as the constraint set for a theoretical output price index.

The newrevenue function defined by) is now used in order to define the following
family (indexed byo) of theoretical net output price indexes:

(7  P@BpLo) = RE a)/RE0).

The Laspeyres output price index is a lower bound to the theoretical ifg8»'R/°) while the Paasche
output price index is anpper bound to the theoretical indeXg®,p*,v?).
'Whena=0, R(p,0) = B(p,\’) and wheru = 1, R(p,1) = Rp,\}).
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The important advantage thieoretical output price indexes of the form defined by (2)

or (7) have over the traditional Laspegrand Paasche output price inedeX and B is

that these theoretical index dealadequately withsubstitution effects; i.e., when an
output price increases, the producer supply should increase, holding inputs and the
technology constarf

Diewert (1983; 1060061) showed that, under certain conditfSnshere exists am
between 0 ash 1 such that the theoreticaltput price index defined byr) lies between
the observable (in principle) Bsche and Laspeyres output inelex® and R ; i.e., there
exists am such that

(8) R<P@p.a)<P or R=<PEp.a)s=P.

The fact that the Paasched Laspeyres output price in@sxprovide upper and lower
bounds to a OtrueO output pricé,B{j) in (8) is a more useful and important result than
the one sided bounds on the Otinef@es that were derived in (4) ars) @bove. If the
observable (in prinple) Paasche and Laspeyres ireleare not too far apart, then taking
a symmetric average of these inésxshould provide a good approximation to an
economic output price index where the reference technology is someehdtgveen the
base and current period technologiddsing an axiomatic approach, Proposition 2 in
chapter 1 suggested that the geometric average was @bestds resultled to the
geometric mean, the Fisher price index, P

9) R p"da) = [P’ p ) Pe(p°. Pt a)] M2

Thus the Fisher ideal price index receives a fairly strong justification as a good
approximation to an unobservable theoretical output price iffdex.

18 This is a normal output substitution effect. However, empirically, it will often happen that observed
period to period decreases in prax@ not accompanied by corresponding decreases in supply. However,
these abnormal OsubstitutionO effects can be rationalized as the effects of technological progress. For
example, suppose the price of computer chips decreases substantially going faamOpieril. If the
technology were constant over these two periods, we would expect domestic producers to decrease their
supply of chips going from period 0 to 1. In actual fact, the opposite happens but what has happened is that
technological progress h&sd to a sharp reduction in the cost of producing chips which is passed on to
demanders of chips. Thus the effects of technological progress cannot be ignored in the theory of the
output price index. The counterpart to technological change in the thiethigy cost of living index is taste
change, which is often ignored!

¥ The proof is essentially the same as the proof of Proposition 1 in chapter 4. Diewert adapted a method of
proof due originally to KonYs (1924) in the consumer context. Sufficienitimorsdon the period 0 and 1
technology sets for the result to hold are given in Diewert (1983; 1105). Our exposition of the material in
this chapter also draws on Chapter 2 in Alterman, Diewert and Feenstra (1999).

201t should be noted that Fisher (192®nstructed Laspeyres, Paasche and Fisher output price indexes for
his U.S. data set. Fisher also adopted the view that the product of the price and quantity index should equal
the value ratio between the two periods under consideration, an idea #iegduy formulated in Fisher

(1911, 403). He did not consider explicitly the problem of deflating value added but by 1930, his ideas on
deflation and the measurement of quantity growth being essentially the same problem had spread to the
problem of deflahg nominal value added; see Burns (1930).
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The bounds given by (4), (5) an@)(are the best bounds that can beawmied on
economic output price indegs without making further assumptions. In the next
subsection, further assumptions are made on the two technology ’setsl $ or
equivalently, on the two revenue functions)(fv) and R(p,v). With these extra
assimptions, it is possible to determine the geometric average of the two theoretical
output price indices that are of primary intere§¢p®p*,v%) and P(p°,p*,vY).

5. The TSrnqvist Index as an Approximation to an Economic Output Price hdex

An alternatie tothe Laspeyres and Paasche indexes defined above in (4))amdHle
Fisher index defined byd} above is to use the TSrnqvist (1936)(1937) Theil (1967) price
index R, whose natural logarithm is defined as follows:

(10) In R(P°p",a’.a) = Sn=1" (172)(s° + s In (pn'/pn)

where § = p'g./Sk=1" pdge is the revenue share of commodity n in the total value of
sales in period t.

Recall the definition of the period t revenue functiof(pR), defined earlier by1j
above. Now assume thatet period t revenue function has the followingnsiog
functional form®* ;i.e.,for t = 0,1 assume that

(12) In R(p,v) =00 + Sn=t o' INpy + Sin=a™ B IV + (1/2) Sh=t™ Sz ot Inpn Inpy
+ Enle mzllvI+K Bnmt In Pn In Vm + (1/2) EmzllvI+K Ekle+K Ymkt |an Ind

where thex,' coefficients satisfy the restrictions:
(12)Sh-N o =1 fort=0,1
and thea, and theBnm coefficients satisfy the following restrictiofs:

(13) 3=V anf =0 fort=0,1and F 1,2,EN;
Sn=t P =0 fort=0,1and m=1,2,EM.

The restrictions (12) and18) are necessary to ensure thad(pR) is linearly
homogeneous in the components of the output price vectoriph(\gha property that a
revenue function must satiéfy. Note that at this stage of our argument the coefficients
that characterize the technology in each period @bspOs angOs) are allowed to be
completely different in each period. It shouldoalse noted that the translog functional
form is an example of Aexible functional fornf* i.e., it can approximate an arbitrary
technology to the second order.

2 This functional form was introduced and named by Christensen, Jorgenson and Lau (1971). It was
adapted to the revenue function or profit function context by Diewert (1974a).

22t is also assumed that the symr);lenondition&xnjt = ajnt for all n,j and for t = 0,1 ang, = Ykmt for all

m,k and for t = 0,1 are satisfied.

2 See Diewert (1973) (1974a) for the regularity conditions that a revenue or profit function must satisfy.

24 The concept of flexible functionfdrm was introduced by Diewert (1974a; 113).
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A result in Caves, Christensen and Diewert (1982; 1410) can now be adapted to the
present comxt: if the qudratic price coefficients inl(l) are equal across the two periods

of the index number comparison (i.et.q,-0 = (lnjl for all n,j), then the geometric mean of

the economic output price index that uses period 0 technology and the penipdtO i
vector ¥, P(p°,p',v°), and the economic output price index that uses period 1 technology
and the period 1 input vectot, P (p°,p*,vY), is exactly equal to the T&rnqvist output price
index R defined by {0) above,; i.e.,

14) R(P°p-d’a) = [P(p°p"v0) P(p°pt V)2

The assumptions required for this result seem rather weak; in particular, there is no
requirement that the technologies exhibit constant returns to scale in either period and our
assumptions are consistent with technoldgigeogress occurring between the two
periods being compared. Because the index number formukaekuctly equal to the
geometric mean of two theoretical economic output price indices and it corresponds to a
flexible functional form, the TSrnqvist outpyirice index number formula is said to be
superlative, following the terminology used by Diewert (1976).

In the following sectiog additional superlative output price formulae are derived.
However, this section concludes with a few words of cautiorherapplicability of the
economicapproach to Producer Price Inésx

The above economic approacheshi® theory of output price indeg have been based on

the assumption that producers take the prices of their outputs as given fixed parameters
that they annot affect by their actions. However, nenopolistic supplier of a
commodity will be well aware that the average price that can be obtained in the market
for their commodity will depend on the number of units supplied during the period. Thus
under nonompetitive conditions when outputs are monopolistically supplied (or when
intermediate inputs are monopsonistically demanded), the econappimach to
producer price indess breaks down. The problem of modeling nhoncompetitive behavior
does not arise ithe economi@pproach to consumer price ingexbecause, usually, a
single household does not have much control over the prices it faces in the marketplace.

The economic approhcto producer output price index can be modified to deal with
certain monopastic situations. The basic idea is due to Frisch (1936]15)4and it
involves linearizing the demand functions a producer faces in each period around the
observed equilibrium points in each period and then calculating shadow prices which
replace markeprices. Alternatively, one can assume that the producer is a markup
monopolist and simply adds a markup or premium to the relevant marginal cost of
production” However, in order to implement these techniques, econometric methods
will usually have to bemployed and hence, these methods are not really suitable for use
by statistical agencies, except in very special circumstances when the problem of

% See Diewert (1993584590) for a more detailed description of these techniques for modeling
monopolistic behavior and for additional references to the literature.
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noncompetitive behavior is thought to be very significant and the agency has access to
econometric resources

Problem

1. Let R(p,v) be defined by (11) for t = 0,1 and define the logarithms of the two Fisher
Shell output price indexes as

@) In P’ p" V%) = In{R(p" V2)IR(p° V)l
(i) In PY(p° ptvY) = In{R*(p* VH/RY(p° vh)}.

Suppose that the followgnrestrictions on the parameters of the two translog revenue
functions hold:

(i) o = ap forall 1= n,j< N.
Show that
(iv) In P°(p°,p",V°) + In P{(p%p' V) = [Vinp In RO(P°VO) + Vi In RY(p VY] [In p* = In p°).

Hint: You may find it usail to use DiewertOs (1976; 118) quadratic identity studied in
chapter 1, which implies the following two equations in the present context.:

V) In {R°(p VIR PPV} = (1/2) Vinp In R(p°,V°) + Vinp In R(p", V)] "[In p - In P ;
(vi) In {RY(p" VH/RY (R VH} = (1/2)[ Vinp In RY(P°VY) + Vigp In R VY] [In p* - In p°].

6. Homogeneous Separability and the Output Pricendex

Instead of representing the period t technology by a'stieSperiod t technology IS now
represented by fictor requirements function Fiie., v = Ft(ql, b, E ,gn; V2, V3, E

,\Vm+k) IS set equal to the minimum amount of input 1 that is required in period t in order
to produce the vector of outputs=dq;,...,a] given that the amountg,ws, E v wsk Of

the remaining inputs are available for use. It is assumed that a linearly homogeneous
agglzr(aegator function f exists for outputs; i.e., assume that functions f'amai€ such

tha

(15) B(Q,Va,...,Vu+k) = G(f(Q),V2,...,usk);  t=0,1.

% This method for justifying aggregation ox@mmodities is due to Shephard (1953:78). It is assumed
that f(g) is an increasing ,positive and convex function of q for positive g. Samuelson and Swamy (1974)
and Diewert (1980; 43842) also develop this approach to index number theory.
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In technical tems, t outputs are said to be homogeneously weakly separable from the
other commodities in the production functfdnThe intuitive meaning of the separability
assumption that is defined b$Rg) is that amwutput aggregate Q = f(qa,...,q\) exists; i.e., a
measure of the aggregate contribution to production of the amowuaotghe first output,

gz of the second output, ..., and gf the Nth output is the number Q = f@,...,on).

Note that it is assumed that the linearly homogeneous output aggregatafdrdoes

not depend on t. These assumptions are quite restrictive from the viewpoint of empirical
economic& but strong assumptions are required in order to obtain the existence of output
aggregate?’

It turns out that thevutput aggregator function f has a correspondingnit revenue
function, r, defined as follows:

(16) r(p)= max {Jn=1" Pt : f(a) = 1}

where p= [py,....a] and q= [gy,...,an]. Thus r(p) is the maximum revenue that the
establishment can make, given that it faces the vectoutptibprices p and is asked to
producstg a combination of outputs,[g,ov] = g that will produce a unit level of aggregate
output:

Let Q> 0 be an aggregate level of output. Then it is straightforward to shoth that

(17) max {Zn=1" puthn : f(0) = Q} =maxy {Tn=1" pron : (L/Q)f(q) = 1}
= max, {Sn=1" prain : f(@/Q) = 1}
using the linear homogeneity of f
= Q max { 3=t Piaw/Q : f(@/Q) = 1}
= Q max {Sn=1" putn : f(u) =1}  letting u= g/Q
=Qr(p) using definition1).

Thus r(p)Q is the maximum revenue that the establishment can make, given that it faces
the vector of output prices p and is asked to produce a combination of outputey]oF
g that will produce théevel Q of aggregate output.

2" This teminology follows that used by Geary and Morishima (1973). The concept of weak separability
dates back to Sono (1945) and Leontief (1947). A survey of separability concepts can be found in
Blackorby, Primont and Russell (1978).

28 Suppose that in period €he vector of inputs &produces the vector of outputd qOur separability
assumptions imply that the same vector of inplitsould produceny vector of outputs q such that f(q) =

f(q%. In real life, as q varied, we would expect that the correspgridput requirements would also vary
instead of remaining fixed.

29 The assumptions on the technology of the establishment that we make in this section are considerably
stronger than the assumptions that we made in previous sections, where we made tiditgepara
assumptions at all.

30|t can be shown that r(p) has the following mathematical properties: r(p) is a nonnegative, nondecreasing,
convex and positively linearly homogeneous function for strictly positive p vectors; see Diewert (1974b) or
Samuelson ahSwamy (1974). A function r(p) isnvex if for every strictly positive band § and number

A such that 0= A = 1, rQp+(1-2)p?) = AM(PH+@A-Mr(p?). A function r(p) ispositively linearly
homogeneous if for every positive vector p and positive numbemwe have ip) =Ar(p).

31 For additional material on revenue and factor requirements functions, see Diewert (1974b).
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Now recall the output revenue mamzation problem defined byl] above. Using the
factor requirements functiomefined by {5) in place of the period t production
possibilities set ‘Sthis revenue maximization problem canrberitten as follows:

(18) R(p,v) = max {Tn=1" Pt : Vi = G(f(Q),Va,..., Wk}
= mad, Q{Enle Prln © Vi = G(Q, V... M) 5 Q = f(a)}
= max {r(p)Q : vi = G(Q,Va,..., W)}

where thelast equality flows using (17). Now make assumptior®;(i.e., that the
observed period t output vector splves the period t revenue maximizatigmoblems,
which are given by18) undermur separability assumptionss), with (p,v) = (hv") fort

=0,1. Using 18), the following equalities result:

19 Q =f(q) ;t=01;
(20) R(p'\V) =r(p)Q' ; t=0,1.

Consider the following revenue maximization problem which uses the period 0
technology, the period 1 output price vectbapd the peod 0 vector of inputs&:

(21) R(p' V%) = max, oS-t puich: vi° = G(Q, v°.v3".E v mic®) ; Q = ()}
= max, of Jn=1" Prith: vi° = GA(Q° v v’ E v nik®) ; @ = f(q)}
since @ will be the only Q that satisfiethe constraint¥ = G(Q, w°,v22,E v msk°)
= mag {Sn=1" prth - @ = f(a)}
=r(P)Q° usingl7)withp=pgand Q=3

Now using the first equality in (20) and the last equality2h)(in order toevaluatetie
base period version of the theoretical output price index, P(p°,p*,V°), defined above in

(4):

(22) P°p' V9 = R(p" VIR (V)
=1(P)Q/ r(P)Q"
= r(p)r(pY).

Note that thebase period output price indeR(p’,p",v°) no longer depends on the base
period input vector & it is now simply a ratio of unit revenue functions evaluated at the
period 1 prices pin the numerator and at the period 0 prickmphe denominator. Thi

is the simplification that the separability assumptions on the technologies for the two
periods imply.

Using the same technique of pfdbat was used to establisBl], it canbe shown that
underthe separability assumptionss),:

(23) R(p°vY) = r(p)Q".

Now the second equality in (20) an2Bj can be used in order to evaludte current
period version of the theoretical output price index P*(p°,p',v') defined above ing):
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(24) P°p' V) = Ri(p" V)R (VY
r(pi)Qll r(p’)Q*
= r(p)r(pY).

Again, the current period output price indeXg®p*,v') no longer depends on the current
period input vector ¥ it is again the ratio of unit revenue functions evaluated at the
period 1 pricep’ in the numerator and at the period O prickm the denominator.

Note that under our present homogeneous weak separability assumptibrisebuodtical
output price indexes defined in (4) ary) €ollapse down to the same thing, the ratio of
unit revenues pertaining to the two periods under consideratior¢f).>

Underthe separability assumption5) on the establishment techogies for periods 0
and 1, (3), (19) and20Q) can be rewritten in order to obtain the following decompositions
for establishment revenues in periods 0 and 1:

(25) R’V = Sn=1" poltn” = r(@)f(@”) ;
(26) R(p"V) = Sn=1" pu'an” = r(p)f(a).

The ratio of unit revenues, Mr(p®), has already been identified as the economic output
price index under ur seprability assumptions,16), so if the ratio of establishment
revenues in period 1 to revenues in perio® Q" pnlon Sn=1 pras, is divided by the
output price index, the correspondingplicit output quantity index, Q(F,p%d”.q") is
obtained:

27) QP .0 = [Sn=1" Pr'th 7Sn=1" Pt VIr(p*)/r(p%)] = f(a)/f(a°).

Thus under the separability assumptions, the economic output quantity index is found to
be equal to f®/f(q°).*

Now a position has been reached to apply the theory of exact mdekers. In the
following subsections, some specific assumptions will be made about the functional form
for the unit revenue function r(p) or the output aggregator function f(q) and these specific
assumptions will enable price index number formulae thatexactly equal to the
theoretical output price index, f{jfr(p°), to be determined. However, before this, it is
necessary to develop the mathematics of the revenue maximization problems for periods
0 and 1 in a bit more detaiThis is done in the nésection.

Problem

%2 The separability assumptions (15) play the same role in the economic theory of output price indexes as
the assumption of homotheficeferences does in the economic theory of cost of living indexes.

33 Note that under the separability assumptions (15), the output price index defined by (24) simplifies to the
unit revenue function ratio fr(p®) which dependsnly on output prices (ahnot quantities of inputs) and

the corresponding quantity index isi{f(q®) which dependsnly on quantities of outputs produced during

the two periods under consideration.
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2. Assume that f(q) is increasing and continuous in g ferGy. Show that the unit
revenue function r(p) defined by (16) above has the following propertiessrfefined
over the set of strictly positive price vectors p >y d@nhdis a (i) nonnegative, (ii)
nondecreasing, (iii) convex and (iv) positively linearly homogeneous function

7. The Mathematics of the Revenue Maximization ®®blem

In subsequent material, two additional results from economic theory will be needed:
WoldOs Iddity and HotellingOs Lemma. These two results follow from the assumption
that the establishment is maximizing revenue during the two periods under consideration
subject to the constraints of technology. WoldOs Identity tells us that the partial
derivative of an output aggregator function with respect to an output quantity is
proportional to its output price while HotellingDs Lemma tells us that the partial
derivative of a unit revenue function with respect to an output price is proportional to the
equilibrium output quantity. These two results enable specific functional forms for the
aggregator function f(qg) or for the unit revenue function r(p) to keecto biateral

price and quantity indes, PPp-d’.q) and Q(S,p'd,q), that depend on the
observable price and quantity vectors pertaining to the two periods under consideration.
In particular, WoldOs Identity29), is used to stablish 89) and (51) below while
Hotelling®s Lemma, (35), is used to establish (45) and (56).below

Wold’s (1944; 69-71) (1953; 145)ldentity is the following resuff. Assume that the
establishment technologies satisfe separability assumption$s) for periods 0 and 1.
Assume in addition that the observed period t output vetgmies the period t revenue
maximization poblems, which are defined by&) under our separability assumptions,
with (p,v) = (3,v) fort=0,1. Finally, assume that the output aggregator function f(q)
is differentiable with respect to the components of q at the pdirgadyd. Then it can

be showr that the following equations hold:

(28) P Skt peat = [9F(q) o)l Sh=t" peat of(q)/oge; t=0,1; n=1EN

wheredf(q')/dq, denotes the partial derivative of the revenue function f with respect to
the nth quantityy, evaluated at the period t quantity vectbr g

34 Actually, Wold derived his result in the context of a consumer utility mizzition problem but his result
carries over to the present production context.

% To prove this, consider the first order necessary conditions for the strictly positive Vetiaodye the
period t revenue maximization problem, max 2n=lN Pnh : fQu... ) = f(Od,....q) = Q}. The
necessary conditions of Lagrange fortajsolve this problem are! p A' Vi(q') where)' is the optimal
Lagrange multiplier an&f(q") is the vector of first order partial derivatives of f evaluated.aiNgw take
the inner product of both sides of this equation with respect to the period t quantity Vectorsglve the
resulting equation fok'. Substitute this solution back into the vector equatienip Vf(q') and we obtain
(28).
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Since the output aggregator function f(q) has been assumed to be lireradgémeous,
Woldosg Identity2@) simplifies into the following equations which will prove to be very
useful:

(29) p73n=1" plad = [f(Q)agn/f(q’) ; n=1EN:t=0,1.

In words, @9) says that the vector of period t establishment output priaisiged by
period t establishment revenuBs-1" pdad is equal to the vector of first order part
derivatives of the establishment output aggregator functii(p') =
[0f(q")/ap,....0f(q")/aqn] divided by the period t output aggregator functior)f(q

Under assumption8) andour separability assumptionss), d solves the following
revenue maixnization problem:

(30) max {Tn=1" Pn'th : f(Cls,-..,n) = (0. ")} = r(P)Q'; t=0,1

where Q= f(q") and thelast equality follows using2Q). Consider the period t revenue
maxmization problem defined by30Q) above.Hotelling’s (1932; 594) Lemma is the
following result. If the unit revenue function ¥)gs differentiable with respect to the
components of the price vector p, then the period t quantity vetisregual to the
period t production aggregaté times the vector ofirfst order partial derivatives of the

unit re\[/ﬁenue function with respect to the components of p evaluated at the period t price
vector p; i.e.,

(31) a' = Qar(p)/apn; n=1EN:t=0,1.

To explain why 81) holds, consider the following argument. Because it is being
assumed that the observed period t quantity vectsolges the revenue maximization
problem that corresponds to )@, then § must be feasible for this maximization
problem so it is necessary that (¢ Q. Thus §is a feasible solution for the following
revenue maximization problem where the general price vector p has replaced the specific
period t price vector'p

(32) r(p)Q'= max; {n=1" pnthn : f(qu.E.q n) = Q}
= En=1N pntQHt

where the inequality follows from the fact that=g(o',E,q n)) is a feasible (but usually
not optimal) solution for the remue maximization problem i8%). Now define for each
strictly positive price vector p the function g(p) asdais:

(33)  g(P)= Sn=1" putin - 1(P)Q

% Differentiate both sidesf the equation #q) = Af(q) with respect td\. and then evaluate the resulting
equation ak =1. The equation,n=1" f,(q)g, = f(q) results where,fq) = 9f(q)/9qy.
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where as usual, ® (p1,E,p n). Using (30) and33), it can be seen that g(p) is maximized
(over all strictly positive price vectors p) at p £ pThus the first order necessary
conditions for maximizing a differeiable function of N variables holdyhich simplify

to equations3l).

Combining equations (19), (25) arebj, yields the following equations:

(34) Zn=1" pran = r(P)f(A) = r(P)Q fort=0,1.
Combining equations (31) an84), yields the following system of equations:
(35) ' /Zn=1" P = [Ar(p)/apalr(p) ; n=1EN;t=0,1.

In words, 85) says that the vector of period t establishment outpdisided by period t
establishment revenu&-1" pac is equal to the vector of first order partial derivatives
of the establishment unit revenue functér(p') = [or(p)/dp.....or(p)/opn] divided by
the period t unit revenue function ip

Note the synmetry of equatins (35) with equations29). It is these two sets of
equations that shall be used in subsequent material.

8. Superlative Indexes: The Fisher Ideal Index

Suppose the producerOs output aggregator function has the following functiorfal form:
(36) f(awE,qn) =[St Sk=1" & aad?; a=aq foralliand k.
Differentiatingthe f(q) defined by36) with respect to;gields the following equations:

(37) #(q) = (1/2) Bir" =1 a Gad % 231" @ G ; i=1,EN
= =1 ax G/ f(Q) using6)

where f(q) = of(q)/0g. In order toobtain the first equation in37), the symmetry
conditions, @ = g; are needed. Now elmmte the second equani in 37) at the observed
period t quantity vector'e (g.',E,q «') and divide both sides of the resulting equation by
f(q). We obtain the following equation:

(38) H(@)(Q) = Sk=1" ak o'/ [f(q")] t=0,1:i=1,E,N.

Assume revenue maximizing behavior for the producer in periods O and 1. Since the
aggegator function f defined by36) is linearly homogeneousna differentiable,
equations Z9) will hold (WoldOs Identity). Now recall the definition of Figher ideal
price index, P definedby (9)above. If the period 1 revenues atwided by the period 0

3" The material in this section is an adaptation of the material presented in sectichaptef 4 to the
producer context from the consumer context.
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revenues and then this value ratio is divided pyttien the Fisher ideal quantity index,
Qr, results:

(39) Q(p°p"da) = [Si=1" pla/Sia” pla)Pe(p”pha’ )
— Ei=lN p0qi1/2k:1N pkOqKO] 1/2 [2i=1N pil(1i1/2k=1N pquk0]1/2
=Fi=t" fi(@a @] [ proitIier” pa] usingZ9) for t =0
= Biea @) @O 3’ par’ /3" prlar'TH2
=Bt fi@)a @ 31" fi(ah)al MahHH? using20) fort =1
=Fie1" Jier a a2 13" S an o'’ /[f(q 1% using 68)
= Lle[lg(qo)l.;]llzl [1/[f(gD]AY? using @6) and canceling terms
= f(d)/f(a).

Thus under the assumption that the producer engages in revenue maximizing behavior
during periods 0 and 1 and has technologies im@e0 and 1 that satisfy the separability
assumptions 1), then the Fisher ideal quantity index @ exactly equal to the true
quantity index, f(§)/f(q°).%®

The price index that corresponds to the Fisher quantity ingexsi@g the product test

(16) in chapter 1lis the Fisher price index:Rlefined by 9) in the present chapter_et

r(p) be the unit revenue function that corresponds to the homogeneous quadratic
aggregator function f defieby (36). Then using (25), (26) argBy], it can be seen that

(40) R(p°p"..q") = r(p)/r(p°).

Thus under the assumption that the producer engages in revenue maximizing behavior
during periods 0 and 1 and has production technologies that stiesfgeparability
assumptions1’) during periods 0 and 1,theretkisher ideal price index:Fs exactly

equal to the true price index, Hfs(p°).

A twice continuously differentiable function f(q) of N variables=q(gs,E,q ) can
provide asecond order approximation to another such function f*(q) around the point g*

if the level and all of the first and second order partial derivatives of the two functions
coincide at g*. It can be showithat the homogeneous quadratic function f defined by
(36) can provide a second order approximation to an arbitrary f* aroundsaiotly
positive) point g* in the class of linearly homogeneous functions. Thus the homogeneous
quadratt functional form defined by3@) is aflexible functional form.*° Diewert (1976;

117) termed an index number formula(fd,p*,a’,q") that wasexacrly equal to the true
quantity index f(4)/f(q®) (where f is a flexible functional formy superiative index
number formula.** Equation 89) and the fact that the homogeneousdeatic function f

3 For the early history of this result in the consumer context, see Diewert (1976; 184).

% See Diewert (1976; 130) and let the parameter r equal 2.

“ODiewert (1974a; 133) introduced this ternthe economics literature.

*L Fisher (1922; 247) used the tesmperlative to describe the Fisher ideal price index. Thus Diewert
adopted FisherOs terminology but attempted to give some precision to FisherOs definition of superlativeness.
Fisher defined aimdex number formula to be superlative if it approximated the corresponding Fisher ideal
results using his data set.
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defined by 86) is a flexible functional form shows that thisher ideal quantity indexQ

is a superlative index number formula. Since the Fisher ideal price ip@dsoPsatisfies

(40) where r(p) is the unit revenue function that is generated by the homogeneous
quadratic utility function, Pis also a superlat index number formula.

It is possible to show that the Fisher ideal price index is a superlative index number
formula by a different route. Instead of starting with the assumption that the producerOs
output aggregator function is the homogeneausdetic function defined by36), start

with the assumption that the producerOs unit revenue function is a homogeneous
quadratic* Thus suppose that the producer has the following unit revenue function:

(41) r(.Epn) = [Siet" Skt b pip]
where tle parametersybsatisfy the following symmetry conditions:
(42) bk =hq foralliandk.

Differentiating (p) defined by 41) with respect to;yields the following equations:

(43) 1(p) = (L2)Si=1" Sk=1" b pipk] ™2 23 k=1 bk i ; i=1EN
= k=1 bk pe /r(p) usingHl)

where 1(p) = ar(p)/op;. In order to obtain therit equation in43), it is necessary tase
the symmetry conditions4®). Now evduate thesecond equation i) at the observed
period t price vector'p= (p.,E,p n') and divide both sides of the resulting equation by
r(p). The following equations result:

(44) 5(EYr(EY) = Skt bic p /()] ts10;i=1,E,N.

As revenue maximizing behavior is assumed for the producer in periods 0 and 1 and
since the unitevenue function r defined byX)is differentiable, equation8%) will hold
(HotellingOs Lemma). Now recall the definition of the Fisteali price index, P
defined by 9) above:

45) R(P°p.a%q) = [Siet” pla% Skt pladl? [Diet” prla Y Si=r pla]M?

=Bt pinE)rE M [Sie prlo e pla]H using3d) fort=0
=B pn@)r (O N[Sk=r” plait 131" pilai1M?

=B pin(O)r N2 [T pri(ph)r(p] Y using36) for t = 1
=Fi=1" et b pIp (P12 (311" Skt b pIr(pH]F1H? using 44)
= [1ﬂ/))[/r((ﬁ) Y2 1 1r(Eh1A Y2 using?) and canceling terms
=r(p/r(p).

2 Given the producerOs output aggregator function r(p), it is possible to modify a technique in Diewert
(1974a; 112) and show that the m@mponding output aggregator function f(q) can be defined as follows: for

a strictly positive quantity vector g, f(g)max, {Eile pigi : r(p) = 1}. See part (e) of problem 3 below.



23

Thus under the assumption that the producer engages in revenue maximizing behavior
during period 0 and 1 and has technologies that satiefyseparability assumptionks)

and the functional form for the unit revenue function that corresponds to the output
aggregatr function f(q) is given by4l), then the Fisher ideal price indexi® exactly

equal to the true price index, fgr(p%).*

Since the homogeneous quadratic unit nexgefunction r(p) defined by4{l) is also a
flexible functional form, the fact that the Fisher ideal price indexxctly equals the
true price index r(/r(p®) meanshat R is asuperiative index number formula.**

Suppose that theilxoefficients in 41) satisfy the following restrictions:
(46) bk = bbx fori,k =i,E,N

where the N numbers bBre nonnegate. In thisspecial case o#(), it can be seen that
the unit revenue function simplifies as follows:

(47) r(PE,pn) = [Siea" Sk=r bibk pip]
= [Di=1" bipi Skea b pd M2
=it bipr

Substituting (47)nto Hotelling®s Lemma1) yields the following expressions for the
period t quantity vectors'.q

(48) q' = Q ar(p)/opn = Q AalEN:t=0,1.

Thus if the producer has the output aggtor function that corresponds to the unit
revenue function defined byll) where the jp satisfy the restricdns @6), then the
period 0 and 1 quantity vectors are equal to a multiple of the veet@tE b \); i.e., d

= bQ% and d¢ = bQ". Under thee assumptions, the Rir, Paasche and Laspeyres
indexes, R, P- and R, all coincide. However, the output aggregator function f(q) which
corresponds to this unit revenue function is not consistent with normal producer behavior
since the output producthiopossibilities set in this case is block shaped and hence the
producer will not substitute towards producing more expensive commodities from
cheaper commodities if relative prices change going from period O to 1.

Problem

3. Suppose(p) is a (i) nonnegave, (i) nondecreasing, (iii) convex and (iv) positively
linearly homogeneous function fors0y. The function r(p) can be used to define an

3 This result was obtained by Diewert (1976; 4133} in the consumeroatext; see also section 4 of
chapter 4 above.

4 Note that we have shown that the Fisher indeis Rxact for the output aggregator function defined by
(36) as well as the output aggregator function that corresponds to the unit revenue function dé€fitied by
These two output aggregator functions do not coincide in general. However, if the N by N symmetric
matrix Ai of the @ has an inverse, then it can readily be shown that the N by N matrix B of thél b

equal A~.
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output possibilities set, S, that corresponds to the set of nonnegative output vedigrs q
that can be proaiedby Q units of aggregate input as follows:

(i) S(Q) = {a: p'a = r(p)Q for every p= Oy but p= Ox; g = On}.

If g* is strictly positive so that g* >>and g* belongs to the frontier of S(Q*) for some
Q* > 0, then Q* = f(g*) where f is the factor regeinents function that corresponds to
the given unit revenue function r(p). Thus since g* belongs to the frontier of S(Q*),
using definition (i), it must be the case that

(i) p'g* = r(p)Q* for every p= Oy but ps= Oy.
It must also be the case that theristsxa p* > @ such that
(iii) p* 'g* = r(p*)Q*.

(a) Explain why (iii) must hold. Hint: if it does not hold, then (ii) holds with a strict
inequality for every p= Oy but p= Oy. Under these conditions, can g* belong to the
frontier of S(Q*) as was assuni

(b) Show that the following condition is equivalent to (ii):
(iv) r(p)Q* = 1 for all p= Oy such that pg* = 1.

Hint: Use the fact that r(p) is homogeneous of degree one and note that we assumed that
a* >> On.

(c) Use part (b) to show that the Q* thairesponds to g* satisfies the following
equation:

(v) min, {r(p): p= Oy and gg* = 1}Q* = 1.

Thus if the minimum in (v) is positive, we have the following formula for f(g*) in terms
of the unit revenue function r(p):

(vi) f(@*) = Q* = L/minp {r(p): p'g* = 1; p= On}.
(d) Show that the following condition is equivalent to (ii):
(vii) p'q* = Q* for every p= Oy such that r(p) = 1.

Hint: Since both sides of (ii) are homogeneous of degree one in the components of the
price vector p, we can make a conveniantmalization on the prices. In (iv), we
normalized the left hand side of (ii); now we normalize the right hand side of (ii).

(e) Use part (d) to show that the Q* that corresponds to g* satisfies the following
equation:
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(viii) f(g*) = Q* = max, {p'g*: r(p) = 1; p= On}.
9. Quadratic Mean of Order r Superlative Indexes

It turns out that there are many other superlative index number formulae; i.e., there exist
many quantity inderes Q(B,p%,d°,q") that are exactly equal to fj¢f(q°) and many price
indexes P(B,p.o".q") that are exactly equal to Hjr(p®) where the aggregator function f

or the unit revenue function r is a flexible functional féfmTwo families ofsuperlative
indexes are defined below.

Suppose that the producerOs output aggregatdiofutis thefollowing quadratic mean
of order r aggregator function:*

(49) fr(ql,E,q N) = [Ei:lN Ekle ax qir/2 qkrlz]llr

where the parameterg gatisfy the symmetry conditionsy & & for all i and k and the
parameter r satisfies the restrictio= 0. Diewert (1976; 130) showed that the aggregator
function f defined by 49) is a flexible functional form; i.e., it can approximate an
arbitrary twice continuously differentiable linearly homogeneous functional form to the
second order. Note thathen r = 2, % equals the homogeneousagiratic function
defined by 86) above.

Define the quadratic mean of order r quantity indéky)
(50) AE°p'd,d) = {Z1" 8° (47a”)"H " { T 8™ (a7’

where ¢ = p'g/Sk=1" pd'o is the period t revenue share for output i as usual. It can be
verified that when r = 2, Gimplifies into @, the Fisher ideal quantity index.

Using exactly the same techniquasveere used in the previous sectidrcan be shown
that Q is exact fortie aggregator function tlefined by 49); i.e.,

(51) Q°p".d’.a) = (@) (@.

Thus under the assumption that the producer engages in revenue maximizing behavior
during periods 0 and 1 and has techn@sghat satisfy assumption$5) where te

output aggregatofunction f(q) is defined by4@), then the quadratic mean of order r
quantity index Q is exactly equal to the true quantity index(cf)/f'(q%).*" Since Qis

exact for f and f is a flexible functional form, the quadratic mean ofesrr quantity

index Q is asuperlative index for each r= 0. Thus there are an infinite nuarbof
superlative quantity indes.

%> This section is an adaptatiof the consumer theory material presented in section 5 of chapter 4 to the
producer context.

“ This terminology is due to Diewert (1976; 129).

" See Diewert (1976; 130).
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For each quantity index '‘Qthe product te$t can be used in order to define the
correspondingmplicit quadratic mean of order r price index P*:

(52) P*p°p.d’q) = Em’j prat D= pla Q% pa”, )}
= ™ (p*)/r *(p°

where F* is the unit revenue function that corresponds to the aggregator funttion f
defined by 49) above. br each 0, the implicit quadratic mean of order r price index
P* is also a superlative index.

When r = 2, Qdefined by §0) simplifies to @, the Fisher ideal quantity index antt P
defined by §2) simplifies to B, the Fisher ideal price index. Whe= 1, Q defined by
(50) simplifies to:

(53) QE°p"a’a) = {S=1" s° (@Y%) = 5T (G0
=[S pra /S platK Si= plalata®) A S pita(g o) %
=[S pla S pOa S po@%a) AN S pia ey
= [Sier" pra/Si=s pladld Sied pialat) 3= poa’aH)t?
=[S prla/Siea Pl Pw(p’.p'a’a)

where Ry is theWalsh (1901)(1921price index defined previously by (20) inhapter 3.
Thus P* is equal to R, the Walsh price index, and hence it is also a superlative price
index.

Suppose the producerOs unit revenue function is the following quadratic mean of order r
unit revenue functiof’

(54) F(PLE,pn) = [Ji=1" Sk=1" bic p"2 pi 1

where the parameterg Isatisfy the symmetry conditionsi b b for all i and k and the
parameter r satisfies the restrictiors 0. Diewert (1976; 130) showed that the unit
revenue function'rdefined by $4) is a flexible functional form; i.e., it can approximate
an arbitrary twice continuously differentiable linearly homogeneous functional form to
the second order. Note that when r =%?equals the homogeneousagiraticfunction
defined by 41) above.

Define the quadratic mean of order r price indelyP
(55) Fg(po,pl,qo’ql) = {EiZIN S0 (pil/piO)l’/Z} 1r {Eile S1 (nl/piO)—r/Z} _1r

where 8 = p'g'/Sk=1" pdax' is the period t revenue share for output i as usliatan be
verified that when r = 2,'Bimplifies into R, the Fisher ideal price index.

8 The product test asks that the product of the price index times the quantitgiag the corresponding
value ratio between the two periods under consideration; recall equation (1) in chapter 3.

“9 This terminology is due to Diewert (1976; 130). This functional form was first defined by Denny (1974)
as a unit cost function.
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Using exactly the same techjoes as were used in the previous secitatan be shown
that P is exact for the unit revenue functidrdefined by §4); i.e.,

(56) Pp%pa’a) = r(pHr(?).

Thus under the assumption that the producer engages in revenue maximizing behavior
during periods 0 and 1 and has techn@sghat satisfy assumption$5) where the
output aggregator function f(q) corresponds touhi revenue function'(p) defined by

(54), then the quadratic mean of order r price indeig 8actly equal to the true output

price index, (pY)/r'(p°).>° Since Pis exact for'rand f is a flexible functional form, that

the quadratic mean of ordemprice index Pis asuperlative index for each = 0. Thus

there are an infiniteumber of superlative price indes.

For each price index'Rhe product testan be used in order to define the corresponding
implicit quadratic mean of order r quantity index Q™:

(57) F*P°p"d.aY) = 3t plat D= pla® P(°ph o)}
= f*(p?)/f™*(p°)

where f* is the aggregator functiorhat corresponds to the unit revenfumction f
defined by 54) above! For each & 0, the implicit quadratic mean of order r quantity
index Q* is also a superlative index.

When r = 2, Pdefined by §5) simplifies to B, the Fisher ideal price index and*Q
defined by §7) simplifies to @, the Fisher ideal quantity index. When =P defined
by (565) simplifies to:

(58) P(’p'a’a) = {Jia" s° (pYp )" e s (0P A

[Sies" pirai /S poa Siea” pla’(mp) A Si= pilat(ptpd) %
[Siea" prot/Si=" pla’K Si=a a%p %) A Siea at(p%pt) 3

[Sies" pirai/Si=1" poaA et ot ()Y 31" a%(ppi) Y3

[Siea" o Si=a" plalQuw(p’.pt.’.a)

where Q is theWalsh quantity index defined previously by (40) in chapter Thus Q*
is equal to @, the Walsh (1901) (1921) quantity index, and hence it is also a superlative
guantity index.

Essentially, the economic approach to index number theory provides reasonably strong
justifications for the use of the Fisher price indexdEfined by 9), the TSrnqgvistTheil
price index R defined by 10), the implicit quaditic mean of order r price index P*
defined by $2) (when r = 1, this index is the W8k price index defined by20) in

0 See Dewert (1976; 133.34).
*1 The function ¥ can be defined by using as follows: ¥(q) = max, { 31" pai : r(p) = 1}; see problem
3 above.
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chapter 3) and the quadratic mean of ordprice indexs P defined by §5). Itis now
necessary to ask if it matters which one of these formula is chosen as ObestO.

10. The Economic Intermediate Input Price Index for an Establishment

We now turn our dtentionto the economic theory of thetermediate input price index

for an establishment. This theory is analogous to the economic theory of the oigput pr
index explained in sectiondbove but now uses th@nt cost function or theconditional

cost function C in place of the revenue functidh that was used in section 30ur
approach in this section turns out to analogous to the KonYs (1924) theory for the true
cost of living index in consumer theory.

Recall that the set' Slescribes whabutput vectors y can be produced in period t if the
establishment has at its disposal the vector of inpuis[x;z], where x is a vector of
intermediate inputs and z is a vector of primaryuisp Thus if [y,x,ZES, then the
nonnegative output vectorgan be produced by the establishment in period t if it can
utilize the nonnegative vector x of intermediate inputs and the nonnegative vector z of
primary inputs.

Let pc = (p,Ep xm) denote a positive vector of intermediate input prices that the
establishrent might face in period t, let y be a nonnegative vector of output targets and
let z be a nonnegative vector of primary inputs that the establishment might have
available for use during period t. Th&-1" the establishment@snditional cost
function using period t technology is defined as the solution to the following intermediate
input cost minimization problem:

(59 Ct(px,y,Z)E MiN y { Sm=1" PrxmXm (y,X,Z)ESt}-

Thus C(py,y,z) is the minimum intermediate input cas, pxmXm, that the establishme

must pay in order to produce the vector of outputs y, given that it faces the vector of
intermediate input prices,@nd given that the vector of primary inputs z is available for
use, using the period t technoloty.

In order to make the notation ftine intermediate input price index comparable to the
notation used in earlier chapters for price and quantity indexes, in the remainder of this
section, the intermediate input price vectprgxreplaced by the vector p and the vector of
intermediate quaittes x is replaced by the vector g. Thu$pgQy,z) is rewritten as

C(p.y.2).

The period t conditional cost functiorf €n be used to define the econonmyé®d ¢
technology intermediate input price index P* between any two periods, say period 0 and
period 1, as follows:

(600 P(p°ply.z) = C(p'y.2)/C(p°y.2)

2 See McFadden (1978) for the mathematical properties of a conditional cost function. Alternatively, we
note tha -C'(p,,y,z) has the same mathematical properties as the revenue furlatiefnBd earlier in this
chapter.
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where 8 and g are the vectors of intermediate input prices that the establishment faces
in periods 0 and 1 respectively, y is a reference vector of outputs that the establishment
mustproduce and z is a reference vector of primary inputd.M = 1 so that there is

only one intermediate input that the establishment uses, then it can be shown that the
intermediate input price index collapses down to the single intermediate input price
relative between periods 0 and 1¥/p.°. In the general case, note that the intermediate
input price index defined by (§0s a ratio of hypothetical intermediate input costs that
the establishment must pay in order to produce the vector of outputen,that it has

the period t technology and the vector of primary inputs v to work with. The numerator
in (60) is the minimum intermediate input cost that the establishment could attain if it
faced the intermediate input prices of period 1, while thedenomingor in (60 is the
minimum intermediate input cost that the establishment could attain if it faced the output
prices of period 0,% Note that all variables in the merator and denominator of (60

are held constant except the vectors of inteliate input prices.

As was the case with the theory of the output price index, there are a wide vapietg of
indexes of the form (60depending on which (%) reference vector ishosen; (the
reference technology is indexed by t, the reference bugmior is indexed by y and the
reference primary input vector is indexed by z). As in the theory of the output price
index, two special cases of the general definition of themadiate input price index

(60) are of interest: (i) ¥p° p*,y°,2%) which uses the period 0 technology set, the output
vector Y that was actually produced in period 0 and the primary input vettbazwas

used in period 0 and (ii)*®",p",y*,z) which uses the period 1 technology set, the output
vector y that was actusyl produced in period 1 and the primary input vecfothat was

used in period 1. Let°gand d be the observed intermediate input vectors for the
establishment in periods 0 and 1 respectively. If there is cost minimizing behavior on the
part of the prodcer in periods 0 and 1, then the observed intermediate input cost in
periods 0 and 1 should be equal %y’ and C(p'y'.Z") respectively; i.e., the
following equalities should hold:

(61) Co(po’yo’zo) = Em=1M pmoqm0 and é(pl’yl’zl) = Em=1’vI pmlqml-

Under these cost minimizing assumptions, adapt the arguments of Fisher and Shell (1972;
57-58) and Archibald (1977; 66) can again be adapted te shat the two theoretical
indexes, B(p°, p', y°,2°) and P(p°,p'.y'.z") described in (i) and ifi above, satisfythe
following inequalities (62) and (63

62 PE°p-y°.2) = Cp'y°.2)IC(p’y°.2) using definition (69
="y’ L) Sm=1" P O’ using assmption (67
= Em=1’vI pm1Qm0 /Em=1'vI meQmo
since § is feasible for the minimizatioproblem which defines

%3 This concept of the intermediate input price index is analogous to the import price index which was
defined in Alterman, Diewert and Feenstt&99). If we omit the vector of primary inputs from (60), then

the resulting intermediate input price index reduces to the physical production cost index defined by Court
and Lewis (19433; 30).
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definesC’(p',y°,2%) and so &p',y°.2%) < Sm=1" Pm G’
= P(p°p"d.q)

where R is the Laspeyres intermediate input price index. Similarly,:

(63) P(p°.pty..2) = CHptyh,2)CHpl v using definition (60
= Jm=1" P G IC(P%Y",Z) using (6}
= Emle prn1le/2m:1M mele
since g is feasible for the minimizatigproblem which
definesC'(p%,y",z") and so &p°y", 7)) < Sm=1" P Om®
= Pe(p’.p"0’.q)

where B is the Paasche prigadex. Thus the inequality (§Zays that the observable
Laspeyres index of intermediate input pricesi® anupper bound to the theoretical
intermediate input price index°®°p*y°2°) and the inequality (§3says that the
observable Paasche index of intermediate input prigesisPa lower bound to the
theoretical intermediate input price indeXp®,p*,y*,z"). Note thathese inequalities are

the reverse of our earlier inequalities (4) an®)(that was found for the output price
index’* but our new inequalities are analogous to their counterparts in the theory of the
true cost of living index.

As was the case in sectidrabove, it is possible to define a theoretical intermediate input
price index that fallderween the observable Paasche and Laspeymtermediate input
price indexes. To do this, first define &pothetical intermediate input cost function,
C(pw), tha corresponds to the use of anweighted average of the technology séts S
and S for periods 0 and 1 as the reference technology and that useswaighted
average of the period 0 and period 1 output vectbengl Y and primary input vectors

Z° and Z as the reference output and primary input vectors:

(64) C(po) = Min g { Sin=1" Proim © [, (2-)y° + ay?, (1-)2° + az']€[(1-0) S+ ST},

Thus the intermediate input o minimization problem in (64corresponds to the
intermediate output target{&)y° + ay* and the use of an average of the period 0 and 1
primary input vectors’zand 2 where the period 0 vector gets the weight: and the
period 1 vector gets the weightand an OaverageO is used of the period 0 and period 1
technology sets where thermel O set gets the weightd and the period 1 set gets the
weight a, wherea is a number between 0 and 1. The new intermediate input cost
function defined by (6¢4can now be used to define the followifagnily of theoretical
intermediate input price indexes:

(65 P(F,p"a) = C(p',a)/C(P’,0).

> This is due to the fact that we are now dealing wittost minimization problem instead of a revenue
maximization problem as before.
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Adapting the proof of Diewert (1983; 108@61) shows that there exists @tetween 0
and 1 such that the theoretical intermediapaiirprice index defined by (§4ies between
the observable (in principle) Padne and Laspeyres intermediate input price indiges, P
and R ; i.e., there exists am such that

66 RL=<P(@ploa)< P or R=PEplo)= R .

If the Paasche and Laspeyres indices are numericialbg to each other, then jaeélls

usthat a Otrue® economic intermediate input price index is fairly well determined and a
reasonably close approximation to the OtrueO index can be found by taking a symmetric
average of Pand R such as the geometric average which again leads to Irving®she
(1922) ideal price index,/Pdefined earlier by9).

It is worth noting that the above theory of the economic intermediate input price indices
was very general; in particular, no restrictive functional form or separability assumptions
were made on thiechnology.

The translog technologgssumptions used in sectionabove to justify the use of the
TSrngvist Theil output price index as an approximation to a theoretical output price index
can be adapted to yield a justification for the use of the T&hdwheil intermediate
input price index as an approximation to a theoretical intermediate input price index.
Recall the definition of the period t conditional intermediate input cost function,
Cl(py,y,z), defined by (5pabove. Replace the vector ofdénhediate input prices, fpy

the vector p and define the N+K vector u as [y,z]. Now assume that the period t
conditional cost function has the followingnslog functional form : fort=0,1 :

(67) In C(p,u) =ag + Im=1" otm' IN P+ Tja" ™ B IN 1+ Sin=1"" Tj=a" 0 IN I
+ Em:lM En:lNJrK ﬁmnt In pminu, +(1/2) EnleJrK Ek:lN+K Ynkt In uy In ug

where thex,' and thex, coefficients satisfy the following restrictions:

(68) otmj' = o' forallm,jard fort = 0,1; vy =ykn  for all k,n and for t = 0,1;

(69) St am' =1 fort=0,1;

(70 3= o' =0 fort=0,1and m=1,2,E,M;

(71) S B =0 fort=0,1and n=1,2,E,N+K.

The restrictions (69]71) are necessary tensure that '(b,u) is linearly homogeneous in

the components of the intermediate input price vector p (which is a property that a
conditional cost function must satisfy). Note that at this stage of our argument the

coefficients that characterize thecti@ology in each period (theOspOs angOs) are
allowed to be completely different in each period.
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Adapting again the result in Caves, Christensen and Diewert (1982; 1410) to the present
context> if the quadatic price coefficients in (§7are equal @oss the two periods
where an index number comparison (ioemo = O(.mjlfor all m,j) is being made, then the
geometric mean of the economic intermediate input price index that uses period O
technology, the period 0 output vectd; gnd the period O wéor of primary inputs &
P(p°p'y°,2%), and the economic intermediate input price index that uses period 1
technology, the period 1 output vector, mnd the period 1 primary input vectadr, z
PY(p°,p'.y".2Y), is exactly equal to the TSrnqvist intermexde input price index-Pdefined

by (10) abové®. i.e.,

(72) Pr(p%ptdlah) = [P(p%p"y°.20) PH(p° Pty 2] 2.

As was the caswith our previous resuliLf), the assumptits required for the result (¥2

seem rather weak; in particular, there is requirement that the technologies exhibit
constant returns to scale in either period and our assumptions are consistent with
technological progress occurring between the two periods being compared. Because the
index number formula Pis exactly equal tothe geometric mean of two theoretical
economic intermediate input price index and this corresponds to a flexible functional
form, the TSrnqvist intermediate input index number formula is said tegeelative.

It is possible to adapt the analysis of tlupait price index tht was developed in sections

8 and 9above to the intermediate input price index and show that the two fanfilies o
superlative output price index, P+ defined by 62) and P defined by $5), are also
superlative itermediate input pce indexs. However, the details are omitted here since

in order to derive these results, rather restrictive separability restrictions are required on
the technology of the establishméht.

In the following section, the analysis pretzhin sectiors 36 is modified to provide an
economic approach to the value added deflator.

11. The Economic Approach to the Value Added Deflator for an Etablishment

Attention is now turned to the economic theory of tlaue added deflator for an
establishment. This thepis analogous to the economic theory of the outpoepndex
explained in section 8bove but now therofit function rt is used in place of the revenue
function R that was used in section 3

% See problem 1 above for the method of proof. The Caves, Christensen and Diewert translog exactness
result is slightly more general than a similar translog exactness resultdh obtained earlier by Diewert

and Morrison (1986; 668); Diewert and Morrison assumed that all of the quadratic terms in (67) were equal
to each other during the two periods under consideration whereas Caves, Christensen and Diewert assumed
only thatoy,’ = a* for all m,j.

% Of course, in the present context, output prices are replaced by intermediate input prices and the number
of terms in the summation of terms defined by (10) is changed from N to M.

° The counterpart to our earlier separabilitgsamption (15) is now: 1z= F(y,X,Z,... %) =
GY(y,f(x),22,...,%) for t = 0,1 where the intermediate input aggregator function f is linearly homogeneous
and independent of t.
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Recall that the set' Slescribes what output vectors y daa produced in period t if the
establishment has at its disposal the vector of inputs [x,z], where x is a vector of
intermediate inputs and z is a vector of primary tapuThus if [y,x,ZES, then the
nonnegative output vector y can be produced by ttebleshment in period t if it can
utilize the nonnegative vector x of intermediate inputs and the nonnegative vector z of
primary inputs.

Let p = (py.Epy) and p = (pa,Epxm) denote positive vectors of output and
intermediate input prices that the edigtiment mightface in period t and let z be a
nonnegative vector of primary inputs that the establishment might have available for use
during period t. Thethe establishmentQgoss) profit function or net revenue function

using period t technology idefined as the solution to the following net revenue
maximization problem:

(73) 7(pyPx,2) = MaxXy{ Tn=1" Pyyn = Sm=1" PanXim © (¥,X,Z2)ES}

where as usual, ¥ [y1,...,)n] IS an output vector and % [Xy,...,Xx] iS an intermediate
input vector. Thust'(py,px,z) is the maximum output revenu8-1" Pynyn, less
intermediate input cosB, pxmXm, that the establishment could generate, given that it
faces the vector of output priceg gnd the vector of intermediate input pricesapd
given that the veor of primary inputs z is available for use, using the period t
technology?®

In the remainder of thisection, theret output price vector p is defined as p [py, p] and

the net output quantity vector q is defined as & [y, —-x]. Thus all output and
intermediate input prices are positive, output quantities are positive but intermediate
inputs are indexed with a minus sign. With these definitin'fs,,p.,z) can be rewritten
asm'(p,2).

The period t profit functiont' can be used to define the ecoy@weriod ¢ technology
value added deflator P between any two periods, say period 0 and period 1, as féftows

(74 P@°p'z) = o'(p'2)'(p°2)

where B and g are the N+M dimensional vectors of net output prices that the
establishment faces eriods 0 and 1 and z is a reference vector of primary inputs. Note
that all variables in the muerator and denominator of (j7dre held constant except the
vectors of net output (output and intermediate input) prices.

As was the case with the theorytbé output price index, thereeaa wide variety of price
indexes of the form (J4depending on which (t,z) reference vector that is chosen. The

*8 The profit functiont' has the same mathematical properties as the revenctioh R.

%9 |f there are no intermediate inputs, this concept reduces to ArchibaldOs (1977; 61) fixed input quantity
output price index. In the case where there is no technical progress between the two periods, this concept
reduces to DiewertOs (198@54161) (net) output price deflator. Diewert (1983; 1055) considered the
general concept, which allows for technical progress between periods.
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analysis follows that of the output price index in s@tB8. As in the theory of the output
price index, ingrest lies in two special cases of the general definition ofahe added
deflator (74: a theoretical index which uses the period 0 technology set and the primary
input vector 2 that was used in period 0 and one that uses the period 1 technolagy set
the primary input vector'zhat was used in period IThese two theoretical indexes are
defined as follows:

(75)P°(0°.p",2°%) = n°(p" )", ;
(76) PY(p°,p'.2") = w'(p",2)/n'(p°,2")

where g8 = [p,% pd and g = [p,’, p’] are the period and 1 vectar of output and
intermediate input prices facing the establishmenie observable Laspeyres index of
output and intermediate input prices B shown to be dower bound to P(p°p',2°)
defined by (75)and the observable Paasche index ¢puiiand intermediate input prices
Pp is anupper bound to PY(p°,p*,z") defined by (76§’ These inequalities go in the same
direction as the earlier inequalities (4) ang) that were obtained for the output price
index.

As was the case in sectionadove, it is possible to define theoreticalvalue added
deflator that fallsherween the observable Paasche and Laspeyres value added deflators.
To do this, ahypothetical net revenue function, m(p,a), is defined that corresponds to an

o weighted averagefahe period 0 and 1 technology sets andrameighted average of

the primary input vectors and 2 is used as the reference primary input vector.

Following the arguments made for the output price indethe Paasche and Laspeyres
indexes are numeridlg close to each other, then a OtrueO economic value added deflator
is fairly well determined and a reasonably close approximation to the OtrueO index is a
symmetric average of Fand B such as the geometric average which again leads to
Irving FisherOsdeal price indexX?

The translog technology assumpisothat were used in sectiorabove to justify the use
of the TSrnqvist Theil output price index as an approximation to a theoretical output price

" In order to derive the counterpart to the inequality (4), we require that the hypothetical or unobserved
value added =" pltn’ = Sn=1’ Py Yn — Sm=1" Pan Xm® b€ positive. In order to derive the counterpart to

the inequality (5), we require that the hypothetical value agied™ pi'a.’ = Sn=t" Py Yo = Smet”

PanXm’ be positive. If the periods 0 andate quite distant in time or if there are dramatic changes in
output or intermediate input prices between the two periods, it can happen that these hypothetical value
added sums are negative. In this case, one can try and use the chain principletinboeddr up the large

price and quantity changes that occurred between periods 0 and 1 into a series of smaller changes. With
smaller changes, there is a better chance that the hypothetical value added series will remain positive. This
seems consistentith the advice of Burns (1930; 256) on this topic. Under certain circumstances, Bowley
(1922; 4) raised the possibility of a negative nominal value added. Burns (1930; 257) noted that this
anomaly will generally disappear as we aggregate across estaiishor industries.

%9 Burns (1930; 24447) noted that the Laspeyres, Paasche and Fisher value added deflators could be used
to deflate nominal net output or value added into real measures. Burns (1930; 247) also noted that that a
Fisher ideal productio aggregate built up as the product of the Laspeyres and Paasche quantity indexes
(the OindexO method) would give the same answer as deflating the nominal value added ratio by the Fisher
price index (the Odeflating® method).
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index can be adapted to yield a justification foruke of the TSrnqgvist Theil value added
price index as an approximation to a theoretical value added deflator. Recall the
definition of the period t net revenue functiaf(p,,px,z), defined by (7Babove. All that

is required is to replace the vectafoutput prices pand the vector of intermediate
input prices p by the vector = [py,p] and assume that the period t net revenue function
has theranslog functional form. Following the argument for the output price index, if the
guadratic price coeffients are equal across the two periods, TSrnqgvist value added
deflator is exactly equal tthe geometric mean of the two theoretical indexes defined by
(75) and (76) aboveBecause the index number formulaisctly equal to an underlying
flexible fundional form, the TSrnqvist value added deflator formulaugerlative. As

was the case with the output price index the assumptions required for this finding seem
rather weak; in particular, there is no requirement that the technologies exhibit constant
returns to scale in either period and our assumptions are consistent with technological
progress occurring between the two periods being compared.

It is possible to adapt the analysis of the output price indexaths developed in sections

8 and 9above tothe value added deflator and show that the two familiesupérlative
output price indexesP* defined by 62) and P defined by §5), are also superlative
value added deflatof8. In order to derive these results, rather restrictive separability
restictions are required on the technology of the establishfent.

Attention is now turned to the problems involved in aggregating over establishments in
order to form national output, intermediate input and value added deflators.

12. Aggregation over EstabBhments: The National Output Price hdex

Assume now that there are E establishments in the economy. The goal in this section is
to obtain a national output price index that compares output prices in period 1 to those in
period 0 and aggregates over dlltbe establishments in the economy (or a sector of the
economy).

® The value added aggregatamétion that corresposdto (49) in section 9 is now(y¥,x). For this
functional form, we must have all quantities positive and hence the prices of the outputs must be taken to
be positive and the prices of intermediate inputs must be negative foraittaass result (51) to hold. For

the unit net revenue function that now corresponds to (54) in section 9, we must have all prices positive,
output quantities positive and intermediate input quantities negative for the exactness result (56) to hold.

. The counterpart to our earlier separability assumption (15) is now:=zF(y,X,2,....%) =
G'(f(y,X),22....,%) for t = 0,1 where the output and intermediate input aggregator function f is linearly
homogeneous and independent of t. This type of sepayasbumption was first made by Sims (1969).
Under this separability assumption, the family of value added deflators defined by (74) simplifies to
r(p")/r(p%) where theunit net revenue function is defined by r(p¥ maxq { Sn=t"" Patn : f(G,---,Qsm) = 1.

Note that these deflators are independent of quantities. Under this separability assumption, the quantity
index that corresponds to this real value added deflator'ig!j(§(y°,x%) and thus this index depenadsly

on quantities. Sims (1977; 129 phasizes that if we want our measures of real net output to depend only
on the quantity vectors of outputs produced and intermediate inputs used, then it will be necessary to make
a separability assumption. Since these separability assumptions arestecyive from an empirical point

of view, we have tried to develop economic approaches to the PPI that do not rely on separability
assumptions.



36

For e = 1,2,....E, let®p= (p.5Ep\° denote a positive vector of output prices that
establishment e might face in period t and fee\[x%z°] be a nonnegative vector of
inputs that estdishment e might have available for use during period t. Denote the
period t technology set for establishment e By ®s in section 3above,the revenue
function for establishment e can be definedsing the period t technology as follows:

(77) R(P°VO) = maxq{ Sn=1" pah : (. V)ESY; e=1,.,E;t=0,1

Now define thewational revenue function R(p",...,i5,v%,...,\F) using period t technologies
as the sum of the period t establishment revenue functiddefited by (7Y

(78) R(p',....0V%...\F) = Sett RE(P°VO).

We smplify the notation by defining the national price vector p as[p....,d] and the
national input vector v as¥ [v*,...,\F]. With this new notation, ®"....,,v',...,\F) can

be written as Rp,v). Thus Rp,v) is the maximum value of outpBe1™ Sn=1" pnard,

that all establishments in the economy can produce, given that establishment e faces the
vector of output prices®pand given that the vector of input§is available for use by
eshblishment e, using the period t technologies.

The period t national revenue functiohcBn be used to define thetional output price
index using the period t technologiesetween any two periods, say period 0 and period
1, as follows:

(79 PE’ptv) = R(p" V)IR("v)

where 8 = [p°p®,...F and g = [p*p?...,FY are the national vectors of output
prices that the various establishments face in periods 0 and 1 respectively=and v
[viV4...\F] is a reference vector of intermiate and primary inputs for each
establishment in the econorffy. The numeator in (79 is the maximum revenue that the
economy could attain (using inputs v) if establishments faced the output prices of period
1, p', while the denominator in (J9s the maimum revenue that establishments could
attain (using inputs v) if they faced the output prices of period.ONpte that all of the
variables in the numerator and denominator functions are exactly the same, except that
the output price vectors differ.

As was the case of a single &tishment studied in section &ove, therera a wide
variety of price indegs of the form (7Pdepending on which reference technology t and
reference input vector v that we choose. Thus there is not a single economiodanc

of the type defined by (J9there is an entirgmily of indexes.

As usual, interest lies in two special cases of the general defioitidme output price
index (79: (i) P°(p°,p*,v°) which uses the period 0 establishment technology sethand t
input vector ¥ that was actually used in period 0 and (if{p®p",v') which uses the

® This concept for an economy wide producer output price index may be found in Diewert (2001).
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period 1 establishment technology sets and the input vettibrav was actually used in

period 1. Let & and § be the observed output vectors for the estaikstis in periods

0 and 1 respectively for e = 1,...,E. If there is revenue maximizing behavior on the part of
each establishment in periods 0 and 1, then the sum of observed establishment revenues
in periods 0 and 1 should be equal t§pRv% and R(p' V') respectively; i.e., the
following equalities should hold:

(80) Ro(pO:VO) = Ee=1E En=1N pneoqneo and F\;(plavl) = EeclE En=1N pnelqnel-

Under these revenue maximizing assumptions, adapting the arguments of Fisher and
Shell (1972; 5%68) and Archibald(1977; 66), Diewert (2001) showethat the two
theoretical indegs, B(p°,p',v°) and B(p°p',v!) described in (i) and (ii) above, satighe
following inequalities (81) and (§2

61 P(p°p"v%) = R VAR’V using definition (79
= R V) Se=it Snet po %™ using (8D
> Ee=1E En=1N anIQneO/EeﬂE En=1N pneoqneo
since §°is feasible for thenaximization problem which defines
Reo(pellveo) and so Ro(pel,ve(b > Enle pnelqneo fore = 1,...,E
= P(P°.p"a"a)

where R is the Laspeyres output price index, which treath @mmodity produced by
each establishment aseparate commodity. Similarly:

(82) P(p°,p" V1) = R (p*VH/RY(P° VY using definition (39
= Set” o=t P o TRY(PO VY using (B0
< 26:1E En:lN pnelqnel/ze:lE 2n=1N pneoqnel
since §'is feasible for thenaximization problem which defines
R(p*°v®Y and so B(p°v®Y) = St plgttfore = 1,... E
= Po(p’,p',0’.r)

where B is the Paasche output price index, which treats each commodity produced by
each establishment as a separate codimyn Thus theinequality (8) says that the
observable Laspeyres index of output pricesid a lower bound to the theoretical
national output price index’@°,p*\°) and the inequality (§2says that the observable
Paasche index of output prices BB anupper bound to the theoretical national output
price index B(p°,p*,vY).

It is possible to relate the Laspeyres typ@onal output price index %p° p',v°) to the
individual establishment Laspeyres type output price in@sxB(p®°,p*v*9) defined as
follows:

(83) peo(peo’ pel’ve()) = Reo(pel’veo)/ReO(peO’VeO) — Reo(pel’ve())/znle pneoqneo; e=1,.., E

where the establishment period 0 technology revenue functi@hseRe defined above
by (77) and assumptions (B@ere used to establish the second set oélécs; i.e., the



38

assumption that each establishmentOs observed period 0 reYenllps’.°, are equal

to the optimal revenues ®R*°v®%. Now definerhe revenue share of establishment e in
national revenue for period 0 as

(84) &O = Enle pneOCIneo/EizlE Enle pniOQniO ; e=1,..,E.

Using the definition of the Laspeyres type national output price ind&X,v°),
definition (81 for (t,v) = (0,V), we have

(85) P(p°p'v") = Sext REPLVY St RV
— Ee':lE Reo(peO’VeO) [Reo(pelyveo)/ReO(peO’VeO)] /EezlE Reo(peO’VeO)
= Sei S RAP™VIRHPV V)] using (84
= Y1 & PV using (83

Thus theLaspeyres type national output price index P(p°,p'\°) is equal to dase period
establishment revenue share weighted average of the individual establishment Laspeyres
e0 el, e

type output price indexes Peo(p P V).

Of course, it is also possible to relate the Paasche rypenal output price index
P(p%p'v) to the individual establishment Paasche type output price index
Pi(p®° p* v®Y) deined as follows:

(86) Fﬁl(peo,pﬂ,vﬂ) = Rel(pel’vel)/Rel(peO’Vel) — 2n=1N pnelqnellRel(peO,vel) : e = 1,...,E

where the establishment period 1 technology revenue functignseRe defined above
by (77) and we used assumptions)(89 establish th second set of equalities; i.e., the
assumption that each establishmentOs observed period 1 reYenllps g, are equal
to the optimal revenuesRo® VY. Now definethe revenue share of establishment e in
national revenue for period I as

(87) Sel = Enle pneIQnﬂ/Ei:lE Enle pnilqnil ; e=1,..,E.

Using the definition of the Paasche type national output price ind&X,@vY),
definition (82), we have

(88) Pl(po,pl,vl) = Ee':lE Rel(pel,vel)/ EezlE Rel(peolvel)
— 1/[26:1E Rel(peo,vel)/ Ee:lE Rel(pel’vel)]
— 1/[Ee:1E R81(pel,Vel)[Re1(peO,Vel)/Rel(DE1,Vel)]/ 2@:1E R61(pel,V61)
— 1/Ee=1E Sel [Rel(pel’Vel)/Rel(peONel)]_1 USing (87
— {Ee:lE Sal [Pel(peo,pel’vel)]_l} -1 US|ng (83

Thus the Paasche type national output price ind¢p’,p*,v') is equal toa period I

establishment revenue share weighted harmonic average of the individual establishment

Paasche type output price inésx®(p®° p™,v*).
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As was the case in sectionahove, it is possible to define a national output price index
that falls berween the observable Rache and Laspees national output price indes.

To do this, first ahypothetical revenue function, RY(p%0), is defined for each
establishment that corresponds to the use of aeighted average of the technology sets
S*° and $*for periods 0 and 1sathe reference technology and that uses. areighted
average of the period 0 and period 1 input vect8tsand V' as the reference input
vector:

(89) R°(p°,a0) = maxq {Sr=1 P : [0, (1-a)v® + av']E[(1-0)SP+ ST} ; e = 1,...,E.

Once the estailshment hypothetical revenue fuimects have been defined by (8%e
intermediate technology national revenue function R(p,...,J-V%,...,\F) can be defined as
the sum of the period individual intermediate technology establishment revenue
functions R as follows

(90 R(p,....F",0) = Set™ RY(p%,1).

Again, simplify the notation by defining the national price vector p as[p',....5].
With this new notation, Rlp..,0,a) can be written as R@@). Now use the national
revenue function definedyb(90) in order to define the following family afeoretical
national output price indexes:

(91) P(F.p"a) = R(p" a)/R(P,).

As usual, the proof of Diewert (1983; 106061) can be adapted to show that there
exists am. between 0 and 1 such that adhetical national outp price index defined by
(91) lies between the observable (in principle) Paasche and yraspeational output
price indexes defined in (88) and (8% and R ; i.e., there exists am such that

92 R=<P(@pto)s P or B =<P@Epa)= A .

If the Paasche and Laspeyres iredeare numericallglose to each other, then [92lls

us that a OtrueO national output price index is fairly well determined and a reasonably
close approximation can be found to the Otruéé€x iy taking a symmetric average of

PL and B such as the geometric average which again leads to Irving FisherOs (1922) ideal
price index, P defined earlier by9).

The above theory fothe national output price indes is very general; in particularp
restrictive functional form or separability assumptions were made on the establishment
technologies.

The translog technology assungpts that weraised in section &bove to justify the use

of the TSrnqvist Theil output price index for a single essdiphent as an approximation

to a theoretical output price index for a single establishment can be adapted to yield a
justification for the use of a national TSrngvist Theil output price index as an
approximation to a theoretical national output price index
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Recall the definition of the national period t national revenue functiofp,vR =
R(p%,....F V... \F), defined earlier by (78above. Assume that the period t national
revenue function has the followinginslog functional form : fort=0,1 :

(93) In R(p,v) =00’ + Sn=a"F o’ In pr + Sin=i™ ™ Bt In i
+(1/2) Sh=tE D=Vt Inpn In g+ St St ™ B In py I iy
+ (1/2) Si=a™E 1 MO 5N vin In v

where thex,' ceefficients satisfy the restrictions:
(94) Sh-1"Faf=1 fort=0,1
and theow,' andpnm ceefficients satisfy the following restrictios:

(95 Jj="F o' =0 fort=0,1and n=1,2,ENE;
St Bom =0 fort=0,1and m = 1,2,,(M+K)E.

Note that the nationabutput price vector p in (93has dimension equal to NE, the
number of outputs times the number of establishments; ie[pp....;N; PN+1,---[2N; --o)
PEON+L--ooNE] = [Prheen N P oop P Similarly, the mtional input
vector v in (93 has dimension equal to (M+K)E, the number of intermediate and primary
inputs in the economy times the number of establishnfient&he restrictions (94) and

(95) are necessary to ensure thipR) is linearly homogeneous in the components of
the output price vector p (which is a property that a revenue function must satisfy). Note
that at this stage of our argument the coefficients that characterize the technology in each
period (theaOspOs angOs) arallowed to be completely different in each period. We
also note that the translog functional form is an examplefkfiile functional fornt*:

i.e., it can approximate an arbitrary technology to the second order.

Define the national revenue share fetablishment e and output n for period t as follows:
(96) = Pl YSiea” S plg " ; n=1,..N;e=1,.E;t=0,1.
Using the above establishment revenue shares and the establishment output price

relatives, p®/p.°°, we can define the logarithm of thetional Térngvist (1936)(1937)
Theil (1967)output price index Pr as follows:

1t is also assmed that the symmetry conditions' = o' for all n,j and for t = 0,1 angh' = ykm for all

m,k and for t = 0,1 are satisfied.

%21t has also been implicitly assumed that each establishment can produce each of the N outputs in the
economy and thatach establishment uses all M+K inputs in the economy. These restrictive assumptions
can readily be relaxed but only at the cost of notational complexity. All that is required is that each
establishment produces the same set of outputs in each period.

% In fact the assumption that the period t national revenue funcijpyv)Rhas the translog functional form
defined by (93) may be regarded as an approximation to the true technology since (93) has not imposed any
restrictions on the national technolothat are implied by the fact that the national revenue function is
equal to the sum of the establishment revenue functions.
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(97) In Pr(p°p",0",0") = Se=t™ et (1/2)(5°° + 9 In (057,

Recall TheilOs (1967) weighted stochastic appré@dhdex number theoryhat was
explained in section 4 of Chapter In the present context, the discrete random variable

R takes on the NE values for the logarithms of the establishment output price ratios
between periods 0 and 1, In{p:.°9, with probabilities (1/2)(s° + s°Y. Thus the right

hand side of (97can also be interpreted as thenn of this distribution of economy wide
logarithmic output price relatives.

A result in Caves, Christensen and Diewert (1982; 1410) can be adapted testna pr
context: if the quadta price coefficients in (93are equal across the two periods where
we are making an index number comparison (b(f;(.), = ocijl for all i,j), then the
geometric mean of the national output price index that uses periodridlegy and the
period 0 input vectory P(p°,p*,v°), and the national output price index that uses period
1 technology and the period 1 input vectdr R{(p°,pt VY, is exactly equal to the
TSrngvist output price index-Rlefined by (9Y above,; i.e.,

98) Pr(p°p-aa") = [P(p°p"v0) PH(p° Pt V)] M2

As usual, the assumptions required for this result seem rather weak; in particular, there is
no requirement that the technologies exhibit constant returns to scale in either period and
our assumptins are consistent with technological progress occurring between the two
periods being compared. Because the index number formutaekactly equal to the
geometric mean of two theoretical economic output price index and this corresponds to a
flexible functional form, we say that the TSrnqvist national output price index number
formula issuperlative following the terminology used by Diewert (1976).

There argour important results in this section which can be summarized as follows.
Define thenational Laspeyres output price index as follows:
99 RE"P da) = Ser” Sret’ P Teet” St o

Then this national Laspeyres output price indexliswar bound to the economic output
price index B(p°,p'\°) = R (p* VO)/R(p°,v°) where thenational revenue function’®,\°)
using the period 0 technology and input vectbiswdefined by (77) and (78

Define thenational Paasche output price index as follows:

(100 P(p°,p"a,0") = Jemt” Tt Pt Seet” St o

Then this ational Paascheutput price index is ampper bound to the economic output
price index B(p°,p',vY) = RY(p"v})/RY(p°,v') where the national revenue functiof{({Rv')
using the period 1 technology and input vectoiswdefined by (77) and (J8

Define he national Fisher output price index Pr as the square root of the product of the
national Laspeyres and Paasche iredegefined above:
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(10D P(p°p"d”.q") = [P p"a.q") Pe(pC Pt a)] ™

Then usually, the national Fisher output price index gl a good approximation to an
economic output price index that is based on a revenue function that uses a technology
set and an input vector that is intermediate to the period 0 and 1 technology sets and input
vectors.

Under the assumption that the jeri0 and 1 national revenue functions have translog
functional forms, then the geometric mean of the national output price index that uses
period 0 technology and the period 0 input vecfo®(p°,p',\*), and the national output
price index that uses ped 1 technology and the period 1 input vectoP¥(p°,p',vY), is

exactly equal to the TSrnqvist output price index Eefined by (9Y above; ie., we have

the equality (98

This section concludes with an observation. Economic justifications havetesemted
for the use of the national Fisher output price indexp’®",o’,q") defined by (101

above and for the use of the national TSrnqvist output price ingl@ ,o°,q") defined
by (97 alove. The results in section 3 of chapteit®@ve indicat that for Onormaline

series data, these two ind=xwill give virtually the same answer.

13.The National Intermediate Input Price Index

The theory of the intermediate input price index for a single establishment that was
developed in section 10 abowwan be extended to the case where there are E
establishments in the economy. The techniques used for this extension are very similar to
the techniques used in section 12 above, so it is not necessary to replicate this work here.

The observable natioh&aspeyres index of intermediate input prices is found to be an
upper bound to the theoretical national intermediate input price index using period 0
technology and inputs and the observable national Paasche index of intermediate input
prices B is alower bound to the theoretical national intermediate input price index using
period 1 technology and inputs.

As was the case in section 10 above, it is possible to define a theoretical national
intermediate input price index that falsrween the observabl®aasche and Laspeyres
national intermediate input price indexes. Usuallyjilvénal Fisher intermediate input

price index Pr defined as the square root of the product of the national Laspeyres and
Paasche indexes will be a good approximation to tloeauic intermediate input price
index. Such an index is based on a national cost function that uses establishment
technology sets, target establishment output vectors and establishment primary input
vectors that are intermediate to the period 0 and 1 ¢tdoiw sets, observed output
vectors and observed primary input vectors.

The translog technology assumptions that were used in section 10 above to justify he use
of the TSrnqvist Theil intermediate input price index for a single establishment as an
approxinmation to a theoretical intermediate input price index for a single establishment
can be adapted to yield a justification for the use of a national TSrnqvist Theil
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intermediate input price index as an approximation to a theoretical national intermediate
input price index.

14. The National Value Added @flator

In this section, it is the theory of thelue added deflator for a single establishment
developed in section 1dbove that is drawn on and extended to the case where there are
E establishments in ¢heconomy. The techniques that we use for this extension are again
very similar to the techgues that we used in section Bbove, except that an
establishment net revenue function® is used in place of establishment revenue
functions R

The observiale Laspeyres index of net output prices is shown tobea bound to the
theoretical national value added deflator based on period 0 technology and inputs and the
observable Paasche index of net output prices isppar bound to the theoretical
natioral value added deflator based on period 1 technology and inputs.

Constructing industry indes, such as Laspeyres and Paaschean fiodividual
establishment indexes and national ir@exom individual industry indess requires
weights. It should be notdlatestablishment shares of national value added are used for
national value added deflators whereasiblishment shares of the national value of
(gross) outputs produced were used in section 12 for national output price irdex
Results supporting thase of FisherOs ideal index and the T3rnqvist index arise from
arguments similar to those presented for the national output price index.

Recall TheilOs (1967) weighted stochastic approach to index number tiovyas
explained in section 4 of Chaptér If his approach is adapted to the present context,
then the discrete random variable R would take on the (N+M)E values for the logarithms
of the establishment net output price relatives between periods 0 and¥/p®fp with
OprobabiliiesO (W& + ). Thus under this interpretation of the stochastic
approach, it would appear that the right hand side of the TSrnqvist Theil index could be
interpreted as theean of this distribution of economy wide logarithmic output and
intermediate inpt price relatives. However, in the present context, this stochastic
interpretation for the TSrnqgvist Theil net output price formula breaks down because the
OsharesO (1/2ff+ s are negative when n corresponds to an intermediate input.

15. Relatonships betweenthe Output Price, Intermediate Input Price and Value
Added Deflators

Let the vectors of output price, output quantity, intermediate input price and intermediate
input price vectors for an establishnférin period t be denoted by'py, p and %
respectively for t = 0,1. Suppose a bilateral index number formula P is used to construct
an establishment output price index, 2g",y°,y"), an establishment intermediate input
price index, P(&,p},x°xY), and an establishment value addedlader, P(J.p".d".q"),

where as usual, g [p,,p] and d = [y',-x] fort=0,1. Two related questions arise:

% Instead of OestablishmentO, we could substitute the words OindustryO or Onational economyO.
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* How is the value added deflator related to the output price index and the intermediate
input price index?

* How can the output price indexdithe intermediate input price index be combined in
order to obtain a value added deflator?

Answers to the above questions can be obtained if use is made of the two stage
aggregation mrcedure explained in section 3 of chapter 9.

In the present applicatn of the two stage aggregatioropedure explained in section 3
of chapter 9, let M= 2 and the price and quantity vectof$gnd §" that appeared in that
chapterare now defined as follows:

(102 pt=p'; ?=pi;dt=y"; %= x'; t=0,1.

Thus the first group of commodities that is being aggregated in the first stage of
aggregation are the outputsof the establishment and the second group of commodities
that is being aggregated B.-1* p the first stage of agggation are (minus) the
intermediate inputsx' of the establishment.

The base period first stage aggregate prices and quantj?iemdDQO, that appeared in
equation (& of chapter @are now defined as follows:

(103 P°=P%=1;Q°%= 3= pyn’; Q%= = Sim=1" P X" -

Note that @° is the base period value of outputs produced by the establishmentaad Q
minus the value of intermediate inputs used by the establishment in period O.

Now use our chosen index number formula to constructoatput price index,
PR YY), and an intermediate input price index, &' x°xY). These two
numbers are set equal to the aggregate pfiestablishment outputPand the aggregate
price of intermediate input,Pin period 1; i.e., the kiteral index number formula P is
used in order to form éhfollowing counterparts to 7n chapter Sabove:

(104 Pl=P@E°%pLY°YY ; Pt = PR P& XOXY).

Finally, the following counterparts to {8in chapter 9generate the period 1 output
quartity aggregate @ and (minus) the period 1 input aggregas& Q

(105 Q'=Jn-1" pynlynl/ P =3ni'p ynlynl/ P(Q/O’py11y0,yl) ;
Q2' == St prm X TP2" = = Sinet P X 7P (R X0,

Thus the period 1 output aggregate’,@s eaqial to the value of period 1 production,
Sn=t" Pyn'yn, divided by the output price index, B{p,'.y°,y") and (minus) the period 1
intermediate input aggregate;'Qis equal to minus the period 1 cost of intermediate
inputs, Sm=1" PxmXm™, divided by tle intermediate input price index, Rpx%xb).

Thus the period 1 output and intermediate input quantity aggregates are constructed by
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deflating period 1 value aggregates by an appropriate price index, which may be
considered to be a type of die ddlation procedure.

The period 0 and 1 subcomponent price vectdraml P and the period 0 and 1
subcomponent quantity vectors énd @ are defined as follows:

(106 P =[PP ; P =[PP.]; Q%= [Q:%Q.7; Q" = [Q:1Q.'].

Finally, giventhe aggregate prices andanptity vectors defined in (106use may again

be made of our chosen bilateral index number formula P anshéheage value added
deflator for the establishment, P{P",Q°.Q") calculated. The construction of this two
stage vhue added deflator provides an answer to ftiilwing question:how can the
output price index and the intermediate input price index be combined in order to obtain a
value added deflator?

It is now necessary to ask whether the two stage value addedoddHat was just
constructed, PP, Q°,QY, using the bilateral index number formula P in both stages of
aggregation is equal to the value added deflator that was constructed in a single stage
aggregation, Pp*,d’,q"), using the same index nbwer ormula P; i.e., we askhether

(107 P(P,P.Q"Q) = P(E.p"d"a).

The answer to this questionyiss, if the Laspeyres or Paasche price index is used at each
stage of aggregation; i.e., if P £ Br if P = B. The answer igo if a superlative price
index is used at each stage of aggregation; i.e., if Por PP = R. However, using the
results explained in sectidhof chapter 9the difference between the right and left hand
sides of(107) will be very small if the Fisher or TSrnqvist Theil foulae, R or B, are

used consistently at each stage of aggregation. Thus using a superlative index number
formula to construct output price, intermediate input price and value added deflators
comes at the cost of small inconsistencies as prices aregatggteup in two or more
stages of aggregation, whereas the Laspeyres and Paasche formenaerigreonsistent

in aggregation. However, the use of the Laspeyres or Paasche formulae alsatame
cost: these indes will have an indeterminate amountsoibstitution bias compared to
their theoretical counterpaftswhereas superlative index will be largely free of
substitution bias.

Given the importance of @sche and Laspeyres price ingexn statistical agency
practice, it is worth writing out exigitly the value added deflator using the two stage
aggregation procedure egpted above when these two indexare used as the basic
index number formula. If the Laspeyres formula is udealfwo sides of (1Q7/ecome:

(108 PL(pO,%liq(),ql)NE [En=lN pynlleO - %mﬂ'\/I pxmlOXmO]/ [E&:lN plynoyn0 - Eml\:/llwI p%mOXmO]
=5 {[2n=1 pynlynO]/[Enﬂ Pyn ynO]} + S {[ Zm=1" Pxm Xmo]/[zmzl Pxm Xmo]}
=5° PL(p, 0 YY) + SO R XX

% Recall Figure 1 above which illusteal substitution biases for the Laspsyend Paasche output price
indexes.



46

where the period 0 output Oshar@@rsd he period 0 intermediate input Oshasd@rs
defined as follows:

(109 Syo = [Enle pynoynO]/ [2n=1N pynoyno = Emﬂw| pxmoxmo] = Plleol [ Plleo + PZOQZO] ;
s’= [—Em=l'vI pmeXmO]/ [En=lN pynoyno - Em=1'vI pmeXmO] = PZOQZO/ [ P1OQl0 + onon]-

Note that §° will be greater than 1 ang’swill be negative. Thus (108ays that the
Laspeyres value added deflator can be written as a weighted OaverageO of the Laspeyres
output price index, ®p,%p,"y%y"), and the Laspeyres intermediate input griedex,
PL(p. X% xY).  Although the weights sum to 4, $s negative and,$is greater than 1,

so these weights are rather unusual.

There is an analogous two stage decomposition for the Paasche value added deflator:

(110)Pe(p’,p",0’.q") = [Sn=t Pyn'Yin: = =t Pem X V[ Szt Byn Yk = Sm=t” P Xin']
= 1/{[En=1N pynoyn1 - Em=1'v| pxmoxml]/ [En=1N pynl)/nl - Em=1’vI mmlxml]}
= 1/{55/1([En=1N pynoynl]/ [ Sn=d" pynlynl]) + S Zm=1" Pan Xm W[ Sn=1" P Xm' )}
= {sy' [Pe(p, LY YOI + s [P pd X))

where the period 1 output Osharg@rsd the period 1 intermediate input Oshafe@yes
defined as follows:

(11D §" = [Sn=r" P Yo V[ St Byn Yo = Sm=” P Xm'] = PLQU/ PIQL) + P2Q2T;
S(l = [—Emle pxmlxml]/[Enle pynl)/n1 - Emle pxmlxml] = P21Q21/[ PllQ1:L + P21Q21]-

Note that 51 will be greater than 1 ang'swill be negative. Thus (1)Gays that the
Paasche value added deflator can be written as a weigttednic GiverageO of the
Paasche output price index(B%p,"y".y"), and the Paasche intermediate input price
index, R(p,p X% xY).

Obviously, the analysis presented in this section on the relationships between the output
price, the intermediate input priead the value added deflator for an establishment can
be extended to the industry or national levels.

16. Value Added Deflators and the Double Deflation Method for Constructing Real
Value Added

In the previous section, it was shown how the PaaschelLaspeyres value added
deflators for an establishment were related to the Paasche and Laspeyres altput an
intermediate input price index for an establishment. In this section, this analysis will be
extended a bit to look at the probis involved in usig these indexs to deflate nominal
values into real values. Having defined a value added deflatypBghq’) using some

index number formula, the product test, equation{XChapter 3can be used in order to
define a corresponding quantity indexp®¢',a’,q"), which can be interpreted as the
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growth rate foweal value added going from period 0 to 1; i.e., given P, Q can be defined
as follows:

(112 Q(.p d’a’) = [V'IVIPE p'.d.q)

where V is the nominal establishment value added for perio0,1.

If the Laspeyres value added deflator P_(p°,p',d°.q") is used as the price index ih1Q),

the resulting quantity index Q is ttReasche value added quantity index Qp defined as
follows:

(113 Qe(p’,p",d".q") = [En=lN pynlyn1 - Em=1'vI P Xm 1/ [En=1N pynlyn0 - 2m=1'vI P Xm -

If the Paasche value added deflator Po(p°,p*,o’,q") is used as the price index in ()12he
resulting quantity index Q is thkaspeyres value added quantity index Q. defined as
follows:

(114 QL(pOaplaqo’ql) = [En=1N pynoynl - Em=1M pxmoxml]/[EnﬂN pynoyno - zm=1M pxmoxmo] -

Given a generic value added quantity index,°®tm’,q"), real value added in period 1
at the prices of period 0, rva say, can be defined as the period 0 nominal value added of
the esthlishment escalated by the value added quantity index Q; i.e.,

(115 rva =V QEP.pLd.q) = [Sn=1" Byn¥n’ = Sm=t" Pan X1 Q% p% L.

If the Laspeyres value added quantity indeXp®p',a’,q") defined by (114 above is
used as the escalatof nominal value added in (1)L5the following rather interesting
decomposition for the resulting period 1 real value added at period O prices is obtained:

(116 rva = [Snet” pydyn’ = St Panxin’] Qu(p®phal.q)
= [Sn=t Byn Yo = Sm=t" P X' ] using (1)4
= [En=1N pynoyno]{[ En=1N pynoynl]/ [En=1N pynoyno]}
- [Em=1M pxmoxmo]{[ Em=1'vI pmeXn1]/[2m=1M pxmoxmo]}
= Sn=t’ By Yo’ QUEY LYY = et P X QUB XX,

Thus period 1 real value added at period O prices, ivaefined to be period 0 nominal
value addedn=1" pnyn — Sm=t” PunXm’, €scalated by the Laspeyres value added
quantity index, Q(p°,p",a’.q"), defined by (114). But the last line of ()1ghows that
rva’ is also equal to the period O value of productiBps;" pynoyno, escalated by the
Laspeyres output quantity ind8x Q (p,°.p,5,y%y"), minus the period 0 intermiade
input cost,Sm=1" pumXm_, €scalated by the Laspeyres intermediate input quantity index,

QL(pXO’le1XO’X1)'

% The use of the Laspeyres output quantity index can be traced back to Bowley (1921; 203) at least.
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Using (112)yields the following formula for the Laspeyres value added quantity index,
QvL, in terms of the Paasche value added deflator, P

(117 Q.(p°p"d’a) = [VIVOPe(p% pha’ ).

Now substitute (117) into the first line of ()1én order to obtain the following
alternative decomposition for the period 1 real value added at period O prices, rva

(118 rva =[St Bn'Yn: — Sm=t" P X 1P’ 0%00 )
= [Sn=t pynoynl ~ St pmeXml] using (10
= [Zn=1" Py Yo HAL St B Yo V[ o=t Py 1}
- [Em=1'vI pxmlxml]/{[ 2m=1'vI pxmlxnl]/ [Enle pxmoxml]}
=St pynlynll PP(pyO'pyl’yolyl) ~ Sm=1" Pxm X'/ PP(pr:pxlyxoyxl)-

Thus period 1 real value added at period O prices, iwaqual to be period 1 nominal
value addedSn=1" pyn'yn - Sm=1" Pxm Xm , deflated by the Paasche value added deflator,
Pe(p°.pt,a°.qY), defined by (110). But the last line of (3&hows that rvais also equal to

the period 1 value of productiorf,-1" pyn1Yn1, deflated by the Paasche output price
index, R(p,".py5y°y"), minus the period 1 intermediate input cOBfa=1" Pxm Xm',

deflated by the Paasche intermediate input price ind€g . x°.x"). Thus the use of

the Paasche value added deflator leads to a measure of period 1 real valu¢ pelied a

0 prices, rva that is equal to period 1 deflated output minus period 1 deflated
intermediate input and hence this method for constructing a real value added measure is
called thedouble deflation method.®’

There is a less well known method ofuthte deflation that reverses the above roles of
Paasche and Laspeyres indices, a method which now be explained. Instead of expressing
real value added in period 1 at the prices of period O, it is also possible to define real
value added in period O at tipeices of period 1, nfa Using this methodology, given a
generic value added quantity index, the counterpafti s:

(119 ve = Vl/Q(po,pl,qO,ql = [Enle panYnl - Em:lwI pxmlxml] /Q(po’pl’qo,ql).

Thus to obtain period 0 real value addedhatrices of period 1, rfatake the nominal
period 1 value added,*Vand deflate it by the value added quantity index’@(o’,q").

If the Paasche value added quantity indefptp',d°.q") defined by (11Babove is used
as the deflatoof nominalvalue added in (139the following interesting decomposition
for the resulting period O real value added at period 1 prices is obtained:

(120 Ve = [Sn=t” pyn'Yat = ot PrnXen] /Qe(p%ph L)
= [Sn=t pynlYno ~ Sn=t" Pan Xm ] using (113
= [En=1N pynlynl]/{[ En=1i\I pynlynl]/ [En=1N pynlyno]}

67 See Schreyer (2001; 32). It should be mentioned that there is a greatussflibfnaterial in this book
that will be of interest to price statisticians
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N 1 [02 milMopxlmlxml]/{[l\/lE mzl,\f pxlmlxml]/[OEmlz 1N(|) p)imlxmo]}
= D=1 pynlyn 1Qp(Py Py YY) = Zm=1" Pxm Xm /Qp(Px,Px",X",X").

Thus period 0 real value added at period 1 price$, ivaefined to be period 1 nominal
value added;Sn=1" pyn'Yn' — =t P Xm', deflated by the Paasche value added quantity
index, Qe(p°,p*,a0,q"), defined by (113). But the last line of (32Zhows that rvis also
equal to the period 1 value of producti®h-1" p,'yn", deflated by the Paasche output
quantity index, p,%p,5Yy%y"), minus the period 1 intermediate input GOBfu=1"

P Xm®, deflated by the Paasche intermediate input quantity indém, @, x°,xY).

Using (112)yields the following formula for the Paasche value added quantity ingex, Q
in terms of the Laspeyres value added deflatar, P

(120 Q(p°,p"d%aY) = VIVPL(p°pha’ ).

Now substitute(121) into the first line of (120in order to obtain the following
alternative decomposition for the period O real value added at period 1 pries, rva

(122 e = [Sn=t” pyYn” - St Pan X 1PL(P% P L)
= [En:lN pynl)/no - Enle pxmlxmo] using (108
= [t pynoyno]{[ Sn=t pynlynO]/ [Sn=d" pynoynO]}
- [Em=1'vI pxmoxmo]{[ Em=1'vI Q(mlxno]/[zmﬂM pxmoxmo]}
= Sn=t pynoyno PL(pyo’p)/11yoayl) ~ Sm=1" Pan Xm” PLPCPEXOXD).

Thus period O real value added at period 1 priced, iva@qual to be period 0 nominal
value addedSn=1" pyrlyn’ — Sm=1" pumXm’, escalated by the Laspeyres value added
deflator, R(p%,p",d°.q"), defined by (108). But the last line of (32hows that nfhis
also equal to the period 0 value of productiBrs" pnyn’, escalated by the Laspeyres
output price index, Bp,%,p,",y°.y"), minus the period 0 intermediate input cO&h=1"

P Xm’, €scalated by the Laspeyres intermediate input price indgx’ B, x° x%).%8

17. The Aggregation of Establishment Deflators into a National Value Added
Deflator

Once establishment valaeded deflators have been constructed for each establishment,
there remains the problem of aggregating up these deflators into an industry or regional
or national value added deflatof.he natonal aggregation problem ¢onsidered in this
section but th same logic will apply to the regional and industry aggregation proBfems.
Note that in section 14 above, we also considered how the national value added deflator
could be constructed but by aggregating together the national output price index with the
national intermediate input price index. In this section, we assume that we have

® This method for constructing real value added measures was used by Phillips (1961; 320).
% The algebra developed below can also be applied to the problem of aggregatinghesgailor industry
output or intermediate input price indexes into national output or intermediate input price indexes.
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constructed establishment (or industry) value added deflators and we consider how these
industry value added deflators can be aggregated into a national value added deflator.
Thus the methodf two stage aggregation considered in this sedsiatifferent from the
methodof two stage aggregation considered in section 14.

Let the vectors of output price, output quantity, intermediate input price and intermediate
input price vetors for an establishment e in period t be denoted,Byyf, p* and X'
respectively fort = 0,1 and e = 1,...,E. As usual, the net price and net quantity vectors for
establishment e in period t are defined as®as fp,*,p] and §' = [y*,-x¥] fort=0,1

and e = 1,...,.E. Suppose that a bilateral index number formula P is used to construct a
value added deflator, Pp* g}, for establishment e where e = 1,....E. Our
problem is to somehow aggedg up these establishment indexto a national value
added deflator.

The two stage aggregation procedure explained in segtafrchapter @bove is used to

do this aggregation. The first stage of the aggregation of price and quantity vectors is for
the establishment net output pricectors, B, and the establishment net output quantity
vectors, §. These establishment price and quantity vectors are combined into national
price and quantity vectors' and ¢ as follows:

(123 p =, P EPp™) ; d=(@" g E.q) ; t=0,1.

For each establishment e, its aggregate price of value adtedtRe base period is set
equal to 1 and the corresponding establishredrdse period quantity of value added Q
is defined as the establishmentOs period 0 value adgded;

(124 PL=1; Q=31"Mp®q® for e=1,2,EE.

Now the chosen price index formula P is used in order to construct a period 1 price for
the price of value added for each establishment e, Sdgrfe = 1,2,E,E:

(129 P = P(p®p*ad™) for e = 1,2,EE.
Once the period 1 prices for the E establishta have been defined by (}2%hen

corresponding establishment e period 1 quantitigsc@n be defined by deflating the
period 1 establishment valuBs:""™ p*q® by the prices £ defined by (125 i.e.,:

(126) Qel = Ei:1N+M pielqiell Pel for e = 1,2,E,E.
The aggregate establishment price and quantity vectors for each period t = Ol can b
defined using equations (124) to ()2fbove. Thus the period 0 and 1 establishment

value added price vector§ &d P are defined as follows:

1279 P=P°, REP) =1 ; P=PL PRLEPL
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where &t denotes a vector of ones of dimension E and the componentsa# Befined
by (125. The period 0 and 1 establishment value added quantity vectasdQJd are
defined as:

(129 @=(Q°% QREQL) ; @ =(Q" QEQE)

where the components of @re defined in (124and the components of' @re defined

by (129. The prce and quantity vectona (127) and (12Brepresent the results of the

first stage aggregation (over commodities within an establishment). These vectors can
now be used as inputs into the second stage aggregation problem (which aggregates over
establishmets); i.e., our chosen price index formula can be appis#tg the information

in (127) and (12Bas inputs into the index number formula. The resulting two stage
aggregation national value added deflator is°PQ°,QY). We now askwhether this

two stge index equals the corresponding single stage ind&pfghq’) that treats each

treats each output or intermediate input produced or used by each establishment as a
separate commodity, using the same indexbrmormula P; i.e., we askhether

(129) P(P,P,Q"Q) = P(F.p".d"a).

If the Laspeyres or Paasche formula is used at each stage of each aggregation, the answer
to the above question iss. Thus in particular, the national Laspeyres value added
deflator that is constructed in a singtage of aggregation, ®°,p',d’,d}), is equal to the

two stage Laspeyres value added deflatofPHP", Q% Q%), where the Laseyres formula

is used in (12bto construct establishment value added deflators in the first stage of
aggregation. If a superia¢ formula is used at each stage of aggregation, the answer to
the above consistency in aggregation questian:ithe equality (12Pusing a superlative

P will only hold approximately. However, if the Fisher, Walsh or TSrnqvist price index
formulae areused at each stage of aggregation, the differences betweerhtrenddeft

hand sides of (139will be very small using normal time series data.

18. The National Value Added Deflator Versus the Final Demand Eflator

In this section, we aslwhether tlere are any relationships betwe@a national value
added deflator defined in the preceding sections of this Chaptertdndational deflator
for final demand expenditures. In partcular, we look for conditionthat will imply that
the two deflators arexactly equal to each other.

Assume that that the commodity classification for intermediate inputs is exactly the same
as the commodity classification for outputs so that in particular, N, the number of
outputs, is equal to M, the number of intermediatputs. This assumption is not
restrictive since if N is chosen to be large enough, all produced intermediate inputs can be
accommodated in the expanded output classificafiowith this change in assumptions,

1t is not necessary to assume that each establishment or sector of the economy produces all outputs and
uses all intermediate inpute each of the two periods being compared: all that is required is that if an
output is not produced in one period by establishment e, then that output is also not produced in the other
period. Similarly, it is required that if an establishment does reaysarticular intermediate input in one

period, then it also does not use it in the other period.
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the same notation can be used as was ugbe iprevious section. Thus let the vectors of
output price, output quantity, intermediate input price and intermediate input price
vectors for an establishment e in period t be denotedhyf p and X' respectively

fort = 0,1 and e = 1,...,,.E.As usual, the net price and net quantity vectors for
establishment e in period t are defined &s Jip,*,p°] and §'= [y*,—x°*] fort=0,1 and

e =1,..,E. Again define the national price and quantity vectoasdpd, as p = (p"; p*

E ;pEt) — (R/lt;pxlt;pthprZt;E;p yEt,prt) and dE (qlt’ qlt’ E ’q Et) — (ylt,—xlt;th,—XZt;

.Y, =x5) for t = 0,1. As in the previous section, an index number formula P is chosen
and the national value added deflator denoted &5pB68,q1).

Using theabove notation, the period t N bynkake matrix for the economy, Y and the
period t N by BEise matrix, X', are defined as follows:

(130 Y'= [yUyA ] X s XL E t=0,1.

The period t final demand vector for the economy,'fcan be defined by summing up all
of the establishment output vectof§iy the period t make matrix and subtracting all of
the establishment intermediate input demand vectdiis the period t use matrix; i.e.,
definef' by:"

(13D f'= Jert® Y = Dt X t=0.1,

Final demandrices are required to match up with the components of the period t final
demand quantity vectol £ [f,',....f\']. The net vale of production for commodity n in
period t divided by the net deliveries of this commaodity to final demanslthe period t

final demand unit value for commodity n, pn":

(132 pn' = [Set® PrtYn - Set® P XY =1,.. N:t=0,1.

If (132) is to hold so that production less intermediate input use equals deliveries to final
demand for each commodity in periodid if the value of production less thealue of
intermediate demands is to equal thé:e of final demand for each commaodity in period

t, then the vale added prices defined by (338ust be used as final demand prices.

Define the vector of period t final demand pricesas [pi',pr2',...,an'] for t = 0,1 where
the componentsp are defined by132. The corresponding final demand quantity
vectors f have already been defined by (L31Hence, a generic price index number
formula P can be taken to form thieal demand deflator, P(p°,pi,f° ). It is now asked
whether this final demand deftat is equal to the national value added deflator
P(P,p",o".q") defined abovéy the right hand side of (129)e., whether

(133 P@R°p o) = P(P.pLd’ ).

" Components of'fcan be negative if the corresponding commodity is being imported into the economy
during period t or if the component corresponds to ti@ge in an inventory item.
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Note that the dimensionality of each price and quantity vector that dodiws left land

side of (133 is N (the number of commodities in our output classification) while the
dimensionality of each price and quantity vector thatucecdn the right hand side of

(133 is 2NE where E is the number of establishments (or industries or sieblrave
separate price and quantity vectors for both outputs and intermediate inputs) that are
aggregating over.

The answer to the question asked in the previous paragraghinsgeneral, it willzor be
the case that the final demand deflator is etputhe national value added deflator.

However,under certain conditions, (1B®&ill hold as an equality. Aet of conditions are

now developed. The first assumption is that all establishments face the same vector of
prices pin period t for both theutputs that they produce and for the intermediate inputs
that they use; i.eit is assumed?

(134 p*'=ps'=p; e=1..E:t=01.

If assumptions (134hold, then it is easy toevify that the vector of period t final demand
prices | defined above by (132s also equal to the vector of period t basic prices p

If assumptions (134hold and the price index fouta used in both sides of (1313 the
Laspeyres formula, then it can be verified that (133will hold as an equality; i.e., the
Laspeyres final demand deflator will be equal to the national Laspeyres value added
deflator. To see why this is so, ute Laspeyres formula in (188nd for the left hand

side index, collecall of the quantity terms both in the numerator and denominator of the
index that correspond to the common establishment price for the nth commgdity, p
Py = P, for e = 1,...,E. Using (13or t = 0, the resulting sum of collected quantity
terms will sum to 2. Since this is true for n = 1,...,N, it can be seen that the left hand
side Laspeyres index is equal to the right hand side Laspeyres index.

If assumptions (134hold and the price index fouta used in both sides of (133 the
Paasche formula, then it can be verified that (133vill also hold as an equality; i.e., the
Paasche final demand deflator will equal to the national Paasche value added deflator.
To see why this is sose the Paasche formula in (JZ$d for the left hand sedindex,

collect all of the quantity terms both in the numerator and denominator of the index that
correspond to the common establishment price for the nth commagditypp® = p«®,

fore = 1,...,E. Using (13Xor t =1, the resulting sum of collect quantity terms will

sum to £*. Since this is true for n = 1,...,N, it can be seen that the left hand side Paasche
index is equal to the right hand side Paasche index.

The results in the previous two paragraphs imply that the national value @deftbdr
will equal the final demand deflator providdtht Paasche or Laspeyres inglexare used
andprovided that assumptions ()34old. But these two resulismediately imply that

2 Under these hypotheses, the vector of producer pricearpbe interpreted as the vector fakic
producer prices that appears in the System of National Accounts, 1993.
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if (134) hdds and Fisher ideal price index are used, then an img@ort equality is
obtainedzhe national value added deflator equals the final demand deflator.

Define thenational share” of value added for establishment e and pet n for period t as
follows:

(139 = PP 0 St S plg" n=1,.2N;e=1,.,E;t=0,1
2.8 vl

where va= 31" 3i=1?" p''q" is the national value added for periodWsing the above
establishment value addesthares and the establishment outpntl intermediaténput
price relatives, §7p.°°, we can define the logarithm of theational Térngvist
(1936)(1937)Theil (1967)value added deflator Pr as follows:

(136 In Pr(p’,p", ", q) = Set” Sr=t™ (272)(5°°+ 5 In (™ 7pe).

Now make the price equalityassumptions (134and start with the national TSrnqvist
Theil value added deflator and collect all of the exponents that correspond to the common
price relative for commodity n,Bp.’. The sum of these exponents is:

(137) (112) Ye=t" pyne%/neo— Y1 pxne%(neollvao + (L2) Ye=t" p)/n91yn61— Y1 pxne]Xnel]/ va'
= (U2 =t PuYn™® = St P X" VA% + (L/2) T et Pr'Yn™ = St P X Jva™
using (134)
= (1/2pf. e + (1/2)p, L vat using (132)

But the right hand side of (137) is the erpat for the nth price termsuPpi’ = pu/pa’ in

the TSrnqvist Theil finekdemand deflator. Since this equality holds for all n = 1,...,N, the
equality of the national value added deflator to the final demand deflator is also obtained
if the TSrnqvist formula Pis used on both sides of (133); i.e., we have shown that under
asumptions (132) (unit value prices for final outputs) and (134) (each establishment
faces the same prices for outputs and intermediate inputs), then

(138)Pr(p,p', 1%, 1) = Pr(p° p", ..

Summarizig the above results, we hasbown that the nationakalue added deflator is

equal to the final demand deflator provided that all establishments face the same vector of
prices in each period for both the outputs that they produce and for the intermediate
inputs that they use and provided that either thepéwa®s, Paasche, Fisher or TSrngvist
price index formula is used for both deflat6tsHowever, these results were established
ignoring the existence of indirect taxes and subsidies that may be applied to the outputs
and intermediate inputs of each estsitininent. It is necessary to extend the initial results

to deal with situations where there are indirect taxes on deliveries to final demand and
indirect taxes on the use of intermediate inputs.

3 These shares sum to unity but they are not Onormal@gative shares that sum to one since the
establishment shares that correspond to intermediate inputs are negative (or 0).
" This result does not carry over if we use the Walsh price index formula.
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Again, it is assumed that all establishments face the samesdor their inputs and
outputs but it is now assumed that their deliveries to the final demand sectoredr@

Let t, be the period t ad valorem commodity tax rate on deliveries to final demand of
commodity n for t = 0,1 and n = 1,.../N. Thus theperiod t final demand price for
commodity n is now:

(139  pn' = pi(l+e) ; n=1,.,N;t=0,1,

Thetax adjusted finaflemand prices defined by ()3%n be used to form new vectors of
final demand price vectorsi'g [pr',....an"] for t = 0,1. The corresponding final demand
quantity vectors,’fand f, are still defined by the campdity balance equations, (131

Now pick an index number formula P and form the! demand deflator P(p° p*,f°,f)

using the new tax adjusted priceg,p". Obviously, if the commodity tax rates are
substantial, the new final demand deflatorBg,f°,f") can be substantially different
from the national value added deflator Bgho’,q') defined earlier in this section
(because all of the commodity tax terms are missing from the national value added
deflator).

However, it is possible to adjust our old national value added deflator in an attempt to
make it more comparable to the final demandadefl Recall that the price and quantity
vectors, pand ¢, that appear in the national value added deflator are defined as f6ilows:

(140 p'=[p, P ipy P EP R T t=01;
q' = [y xSy xR X t=0,1;

where ' is the vector of output prices that establishment e faces in perigdis, the
vector of input prices that establishment e faces in peridtiis, the prodation vector for
establishment e in period t and' s the vector of intermediate inputs used by

S Hicks (1940; 106) appears to have been the first te thatt the treatment of indirect taxes in national
income accounting depends on the purpose for which the calculation is to be used. Thus for measuring
productivity, Hicks (1940; 124) advocated using prices that best represented marginal costs aisd benefit
from the perspective of producers; i.e., basic prices should be used. On the other hand, if the measurement
of economic welfare is required, Hicks (1940; 4231) advocated the use of prices that best represent
marginal utilities of consumers; i.e.néil demand prices should be used. Bowley (1922; 8) advocated the
use of final demand prices but he implicitly took a welfare point of view: OTo the purchaser of whisky,
tobacco and entertainment tickets, the goods bought are worth what he pays;fieieimdbd him whether

the State or the producer gets the money.O

8 1f commodity n is subsidized during period t, thghcan be set equal to minus the subsidy rate. In most
countries, the commaodity tax regime is much more complex than we have moddeddt in that some
sectors of final demand are taxed differently than other sectors; e.g., exported commodities are generally
not taxed or are taxed more lightly than other final demand sectors. To deal with these complications, it
would be necessary ttiecompose the single final demand sector into a number of sectors (e. g., the familiar
C +1+ G + X- M decompositioh where the tax treatment in each sector was uniform. In this
disaggregated framework, tariffs on imported goods and services can t@maditgommodated. There are
additional complications due to the existence of commodity taxes that fall on intermediate inputs. To deal
adequately with all of these complications would require a rather extended discussion. Our purpose here is
to indicateto the reader that the national value added deflator is closely connected to the final demand
deflator.

"7 Of course, under assumptions (134), the definitior! sinpplifies dramatically.
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establishment e during period t. The adjustment that is made to the national value added
deflator is that an additional N artificial commodities is addethéolist of outputs and

inputs that the national value added deflator aggregates over. Define the price and
quantity of the nth extrartificial commodity as follows*®

(14D pM=pit;git=1,"; n=JN;t=0,1.

Thus the period t price of the nth artificial commodity is just the product of the nth basic
price, @, times the nth commodity tax rate in period.t, The period t quantity for the

nth artificial commodity is simply equal to periddinal demand for commodity n,'f

Note that the period t value of all N artificial commodities is just equal to period t
commodity tax revenue. Define the perlod t price and quantity vectors for the artificial
commodities in the usual way; i.e®'g [p™,...a""] and ¢ = [ou™,....q™"] =, t = 0,1.

Now add the extra price vecto’l‘“po our old period t price vect@' that was used in the
national value added deflator and add the extra quantity vettdo gur old period t
quantity vectorq' that was used in the national value added deflator; i.e., define the
augmented national price and quantity vectors, p* and d* as follows:

(142 p* =[p'p"]; a* = [d"d"; t=0,1.

Using theaugmented price and quantity vectors defined above, calculatey aax
adjusted national value added deflator using the chosen index number formula,
P(p*,p™*,q%,q™), and ask whether it will equal the final demand deflator’R¢hf°,f")
using the ne tax adjusted prices,Jpi, defined by (139); i.e., we askhether the
following equality holds:

(143) P(F?*,pl*,qo*,ql*) — P(pfo,pfl,fo,fl).

Choose P to be Pthe Laspeyres formula and eatie the left hand side of (143Yhe
numerator of this &speyres value added index is:

(144)EI ) E] 12N i1 iO_*_En . pnAlanO
= Yn=1 Ee_l Fhl)’n —}‘,n 1 Seet® P%n™ + Sp=a Pn “t,'fa’  using (134) and (141)
—Enl pn{Ee—l yn Ee— Xn(}"'znl pnTnlf
_En—l Pn {f O} + En—l Pn Tnlfno using (131) fort=0
:En=1N pnl(l + Tnl)fno-

Thus the sum of theermsin the numerator of the national tax adjustedpegses value
added deflatorP_(p*,p**,q%,q™), involving p.' is p'(1+t.))f’, which is equal to the
nth term in the numerator of theaspeyredinal demand deflator, ®Bp,p,°.f). In a
similar fashion, collect up all terms in the denominatothef Laspeyres national value
added deflator Bp™,p**,q%,q*) that correspond to the nth commodity prig& pUsing
(132) for t = 0, it is found that the sum of these terms involvifgspp. (1+t,))f.C which

8 Again we are assuming that (134) holds; i.e., that each establisHaces the same prices for each
intermediate input and output.



57

is equal to the nth term in the denominatéthe final demand deflator, @:°,p.f, ).
Thus (143 does hold as an exact equality under our assumptions if the Laspeyres price
index is used for each of the deflators.

Now choose P to be-Pthe Paasche formula and eaiithe left hand side ¢143. The
denominatoof this Paaschealue added index is:

(143 EizlE Ej:lZN pjioqjil + 2n=1N pnAanAl
=S et 1t PVt = Shet Sea® pdXn®t + Shed pltnfat  using (134) and (141)
:Enle pno{ EezlE yne:L— EezlE Xnel} + Enle pnOTnOfn1
=§n=1: pnz{f ! +O)§n1=1“' Pt frt using (131) fort=1
:Enzl Pn (1 + 1)

Thus the sum of theermsin the denominatoof the national tax adjusted Paasche value
added deflatorPs(p™,p**,q%,q™), involving p. is p(L+t.)f}, which is equato the

nth term in the denominataf the Paaschéinal demand deflator, &p°,pr,f°f). Ina
similar fashioncollect p all terms in the numerator of the Paasche national value added
deflator R(p™,p**,q%*,q™) that correspond to the nth commodity prigé. pUsing (13}

for t = 1, it is found that the sum of these terms involvigigip p.*(1+t.))f" which is
equal tothe nth term in the numerator of thRaaschefinal demand deflator,
Pe(p’,pt 2, fY). Thus (143 does hold as an exact equality under our assumptions if the
Paasche price index is used for each of the deflators.

Finally, choose P to berPthe TSrnqvistTheil formula for a price index,nal evaluate
both sides of (143 In general, this time an exact equality:is obtained between the
national T&rnqvist Theil tax adjusted value added deflatgp’®p*,q%*,q**) and the
T3rnqvist Theil final demand deftor R (p,pi',f°f"). To see why this is so, define the
national share of value added for establishment e and pet n for period t as follows:

(146) = pneetgn*z[giztf SN ptg" + SN pg™; n=1,.2N;e=1,.E;t=0,1
=Pn n /tva

wheretva = 321" 312" p'g" + S=1" prge is thetax augmentedational value added

for period t.We also need to define the shares for the N artificial commodities as follows:

(147)sM = p Mo [ Sieat S pligt + S pa™ ; n=1.N:t=01
Pt fa/tva using (141).

Using the aboveestablishment value addesthares and the estabiment outputand
intermediate inpuprice relatives, §7p.°°, we can define the logarithm of thetional
Torngvist (1936) (1937 heil (1967)tax augmented value added deflator Pr as follows:

(148 In Pr(p™,p™*,q>*,q™)
= EGZIE En:lZN (1/2)(3160_'_ S]el) In (p’]el/pne(ﬁ + En:lN (1/2)(S]AO + S]Al) In (pnAl/pnAO)
=Tt Sret” (U2)(S7+ 8% In (77pn™) + Znet” (12)(8° + ™) In (pr'tn /pntn)
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where the last equality follows using (34INow make the price equality assumpson
(134) and start with the nationtax augmentedsrnqgvist Theil value added deflator and
collect all of the exponents that correspond to the common price relative for commodity
n, p/pl. The sum of theseommodity nexponentplus the exponents thabrcespond

to the nth artificial price relative,"/p.° is:

(149 (1/2) et Pyn° V00 = Seet® Pn® XY/ tvE
+ (U2[Self Pyt - Sl petxeTYtvat + (12)pd%g v +
(1/2)[p g, ) /tva
= (U2) Tt Py = St prXn ™Y tva + (1/2] Teea® o'y = Semt® P Ytvar
+ (1/2)prlef ) /tvd + (1/2)fpn’tn fo ]/ tvat using (134) and (141)
= (1/2ptva’ + (12t tval + (1/2)pn e X /tval + (1/2)[pn e o] ftvat
using (132)
= (1/2p2(A+e ) fitva’ + (12 (1 +e b ltval,

Substituting (149) into (148), we obtain the following expression for the tbgaof the
TSrngvistTheil tax augmented value added deflator

(150) InPr(p*,p™*,q%,q™)
= (12301 [ P+t dtvd} + {poi(1+t ) Yva ] In (pn/psd)
St (1/2)(7° + 5™ In @walid).

On the other hand, thegarithm of theTérnqvist Theil final demand deflator is defined
as follows

(152 InPr(p,ptff) = Dot (U2)(54° + ) In (o' /pn®)
= En=1'\I (L/2)(56° + s In [t (L+tn ) pr (L+T0)]
=Sh=t (2) P21+t ) tva®} + { pot(L+t ) val]in [ prt(1+t )/ pl(l+t)]
=Shea (L2)[{pn2(A+t)ftva’} + { pot(L+ea)fntvatllin (po/pn’)
Bt (L2)(56° + 5¢%) I [(L+ ) (L)

Comparing (150) and (151), it can be seen that in general,
(152)Pr(p™,p™,q%,a™) = Pr(p®pt 1.

However, if the extra asmptionis made that the commodity tax rates are equal in
periods 0 and 1 so that

(153 T’ =1, forn=1,...,N,

then it can be seethat the national TSrnqvist Theil tax adjusted value added deflator
Pr(p®,p**,q%,q*) and the T&rnquist Theil final demand deflatos(B°p,°,fY) are
exactly equal.
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The last few results can be modified to work in reverse; i.e., start with the final demand
deflator, make some adjustments to it using artificial commodities, and then the resulting
tax adjusted final demand deflator aagual the original unadjusted national value added
deflator. To implement this reverse procedure, it is necessary to add an additional N
artificial commodities to the list of outputs and inputs that the final demand deflator
aggregates over. Define tpeice and quantity of the nth extwarificial commodity as
follows:

(154 pM = pitt; gl = =f n=1,.,N;t=0,1.

Thus the period t price of the nth artificial commodity is just the product aftthbasic

price, @, times the nth commodity tax rate in period.t, The period t quantity for the

nth artificial commodity is simply equal to minus period t final demand for commaodity n,
—f,. Note that the period t value of all N artificial comrities is just equal taninus

period t commodity tax revenue. Define the period t price and quantity vectors for the
artificial commodities in the usual way; i.e® g [p™,...;,"] and 4" = [g™,...,q™] =

f, t=0,1. The extra price vectdt'ps now added to our old period t price vectbthat

was used in the final demand deflator and the extra quantity vétisragided to our old
period t quantity vector' fthat was used in the final demand deflator; i.e., define the

augmented final demand price and quantity vectors, p™* and f* as follows:

(155 p™* = [pf,p™]; * = g ; t=0,1.

Using the augmented price andaqtity vectors defined above, calculateray rax
adjusted  final demand deflator using the chosen index number formula,
P(p*,pi™*, % f1*), and we askwhether it will equal our initiahational value added
deflator (that did not make any tax adjustments for commodity taxes on final demands),
P(P,p".o".q); i.e., wrether the following equality holds:

(156 P(p%™,pi* %) = P(?,p",d".a).

Under the assumption that all establishments face the same prices, it can beighown
the tax adjusted final demand deflator will exactly equal the national value added
deflator provided that the index number fioula in (156 is chosen to be the Laspeyres,
Paasche or Fisher formulae,, P or R-. In general, (156will not hold as an exact
equality if the TSrnqgvist Theil formulaAs used. However, if the commodity teates

are equal in periods 0 and b that assumptions (1p8old in addition to assumptions
(134), then it can be shown that (0)56ill hold as an exact equality when P is set equal to
Pr, the TSrngvist Theil formula. These results are of some praatigertance for the
following reason. Most countries do not have adequate surveys that will support a
complete gstem of value added price index for each sector of the econoffly.
Adequate information is generally available that will enable the stafistigency to
calculate the final demand deflator. However, for measuring the productivity of the

" In particular, information on the prices and quantities of intermediate inputs used by sector are generally
lacking. These data deficiencies were noted by Fabricant (193&7/§6nanyears ago and he indicated
some useful methods that are still used today in attempts to overcome these data deficiencies.
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economy using the economic approach to index number theory, the national value added
deflator is the preferred deflatt. The results in this sectioshow tow the final demand
deflator can be modified to give a close approximation to the national value added
deflator under certain conditions.

It has always been a bit of a mystery how tax payments should be decomposed into price
and quantity components in ratal accounting theory. The results presented in this
section may be helpful in suggesting Oreasonable® decompositions under certain
conditions.

19. Midyear Indexesas Approximations to Superlative Indexes

Recall definitions (19) and (20) in section clea@ which defined the Marshall (88)
Edgeworth (1925), f(p°p%,d°.q"), and Walsh (1901; 398) (1921; 97)w(®°,p",o’,q),

price indexes between periods 0 anedpectively. In séion 9 above, we indicated that

the Walsh price index is a superlativelex. On the other hand, although the Marshall
Edgeworth price index is not superlative, Diewert (1978; 897) showed that it will
approximate any superlative index to the second order around a point where the base and
current period price and quantityaters are equliso that usually, f& will approximate

a superlative index fairly closely. In this section, we will draw on some recent results due
to Schultz (1999) and Okamoto (2001) and show how varigdigear price indexes can
approximate Walsh or Mshall Edgeworth indexes fairly closely under certain
conditions. As we shall see, midyear incdexdo not rely on quantity weights for the
current and base periods; rather they utilize quantity weights from years that lie between
the base period and cuntgeriod and hence, they can be produced on a timely basis.

Let t be an even positive integer. Then Schultz (1999) defined&ar price index,
which compares the price vector in period 't, tp the corresponding price vector in
period 0, B, as folbws:

(15D PS(pO;pt;qt/Z) = En:lN pntqnt/Z/En:lN panntIZ

where §? is the quantity vector that pertains to the intermediate period, t/2. The
definition for a midyear price index when t is odd (and greater than 2) is a bit trickier.
Okamoto (2001)defined arithmetic type and geometric type midyear price indexes
comparing prices in period 0 witlepod t where t is odd by (158) and ()%8spectively:

(15a POA(pO,pt’q(t_l)/z’q(ﬁl)/Z) N t t-1)/2 t+1)/ N 0 t-1)/2 t+1)/.
0 .t A(t-1)/2 (t+1E)/En:1 pnN( 1/?)(%51_)/)2 +(grnl()/ )12/En:lN p”o(llaz_)lgg’ ( _(t-i)-l)-li-q]?/(Z )2)
(159 Poc(p’ P, d"2d" %) = Snet" (a0 A T St prl(an gAY M2,

8 See Schreyer (2001) for more explanation. Basically, in order to evaluate the efficiency of the
production sector, we should usecps that producers actually face. For inputs, this means that after tax
prices should be used and for outputs, before commodity tax prices should be used. This point was
emphasized by Jorgenson and Griliches (1967).

8. This result can be generalizedpoints of approximation where gap® and d = po’; i.e., points where

the period 1 price vector is proportional to the period O price vector and where the period 1 quantity vector
is proportional to the period 0 quantity vector.
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Each of the price indexes defined by (188d (159 is of the fixed basket type. In the
arithmeic type index defined by (138the fixed basket quantity vector is the simple
arithmetic average of the two quantity vectors that pertain to the intermediate periods,
(t-1)/2 and (t+1)/2, whereas in the georiwetype index defined by (139the referene
guantity vector is the geometric average of these two intermediate period quantity
vectors.

Okamoto (2001) used the above definitions in order to define the following sequence of
fixed base (arithmetic type) midyear price indexes:

(160 1, Ree(p’,p"a%aY), Ps(p%p%aY), Poa(P®,p%,a~a0), Ps(p’,p".aF), Poa(p’.p>. "0, ... -

Thus in period 0, the index is set equal to 1. In period 1, the index is set equal to the
Marshall Edgeworth price index between periods 0 and:d(pPp',a’.q"), (which is he

only index number in the above sequence that requires information on current period
quantities). In period 2, the index is set equal to the Schultz midyear infgkp®’),
definedby (157, which uses the quantity weights of the prior period*1,1q period 3,

the index is set equal to the arithmetic Okamoto midyear indgxptp’.q'.of), defined

by (158, which uses the quantity weights of the two prior periotland §. And so on.

Okamoto (2001) also used the above definitions in orddefioe the following sequence
of fixed base (geometric type) midyear price indexes:

(161) 1, RN(pO’pl’qO’ql)’ PS(pO’pziql)! POG(pOlpsiqllqz)! PS(pO’p4lq2)’ POG(pO!p51q2’q3)1 e -

Thus in period 0, the index is set equal to 1. In period 1, the isdeat equal to the
Walsh price index between periods 0 and W(pRp',d’.q"), (which is the only index
number in the sequence that requires information on current period quantities). In period
2, the index is set equal to the Schultz midyear indg’%,q'). In period 3, the index

is set equal to the (geometric type) Okamoto midyear indgxp®p®,q',o), defined by

(159, which uses the quantity weights of the two prior perioand ¢ and so on.

It is also possible to defingiained sequence” of midyear indegs that are counterparts
to the fixedbase sequences defined by (160) and)(16husa chained counterpart to
(160 can be defined as follows:

(162 LPME(OpO,lplbqO,lql), Pi(p;’,pz,ql), BF)’MEGO;’,lol,q",oql)ZF’s(lpl,|o3,92)21 Ps(po,pi,qz)Pg(pz,p“,q%,
Pue(p’,p",a’a)Ps(p",p%.aP)Ps(p’,p°.q), Ps(p”.p%,a")Ps(p” %, a°)Ps(p*,0°. ), .- -

A chained counterpart to (1pdéan be defined as follows:

(163) 1, R/\/(p:,ql,cgj,%l), Ps(lpoépz,ql)’ Rév(lgo,Ellqo,ql)opsz(p];fp:g,qz)z, as(go,pz,Qi)is(gz,p4,q3),
R(p",pq°,q)Ps(p",p 1q2)PS(p 07,9, Ps(p~,p".a")Ps(p”,p",q)Ps(p", 0,0, ...

82 See bapter8 for a reiew of chained indess.
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Note that (162) and (1¢3differ only in the use of the Marshall Edgeworth index,
PME(pO,pl,qO,ql), to compare prices in period 1 to period 0, versus tlshVindex,
Pw(p’,p,o’,qb), which is also used to compare prlces for the same two periods.
Otherwise, only the basic Schultz midyear formuldp®'™*2q*") is used in both (162)
and (163.

Schultz (1999) and Okamoto (2001) showed, usinga@@n and Japanese data, that
midyear index number sequems like those defined by (160) and (L&bove are
reasonably close to their superlative Fisher ideal counterparts.

In addition to the above empirical results, we can generate some theoe=idtd that
support the use of midyear indexas approximations to superlative indéXesOur
theoretical results presented below rely on specific assumptions about how the quantity
vectors §change over time. We will make two such specific assumptions.

Thus we now assume that there &rear trends in quantities over our sample period,
i.e., we assume that:

(164 d=d +to; t=1,.T

wherea = [ay,..., an] IS @ vector of constants. Henaw t even, we have, using (164
that:

(169 (1/2)d + (1/2)d = (1/2)d + (L2)[d + to] = ¢’ + (t/2) = .
Similarly, for t odd (and greater than 2), we have:

(166 (1/2)d + (1/2)d = (1/2)d + (1/2)[d + to]
= (1/2)d + (1/2)[ + {(1/2)(t-1)+(1/2)(t+1)}o]
= (UA[ef(t-1)/2}0] + (1/2)[ +{(t+1)/2} o]
= (UHY? + (1/2) ¢V

Thus under the linear time trends quantiies assumption (164), we can show, using
(165) and (165 that the Schultz midyear and the Okamoto arithmetic type midyear
indexes all equal their Marshall Edgeworth counterparts; i.e., we have:

(167 g OPt Cflz) = Pue(p’, Q) for t even;
(168) Poa(p’p,d*",q "3 = Rue(p° p q) for t odd.

Thus under théinear trends assumption ()64he fixed base and chained arithmetic type
seqences of midyear indexes160) and (16p respectively, become the following
sequences of Marshall Edgeworth ind&%es

8 Okamoto (2001) also makes some theoretical argumentsgeigithe theory of Divisia indexes to show
why midyear indegs midit approximate superlative index

8 Recall that Marshall Edgeworth indices are not actually superlativeéhey will usually approximate
their superlative Fisher counterparts fairly closely using OnormalO time series data.
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(169 1, Rue (pgp . ql) PME(pg pz qg,qz), PME(pg,p‘;’q "), Pue (g(’ g“ ¢, q4)
(170 1, Re (g g gl g), PMEZ(p P4,8%,00), PMEép P 0 1CI)PME(p ;P q q) ‘e s
Rie (p )Pve(”, "), Pue(®”.phd’.q)Pue(p.p’.a",a°) Pue(P’.p°. 0, a),

For our second specific assumption about the behavior of quantities over time, we assume
that quantities are growing gtometric rates over the sample period; i.e., we assume
that:

(17D o' = (1+a)' g; n=1,.N:t=1..T

where g is the geometric growth rate for quantity Rlence for t even, using (1) e
have:

172 [ o] = 1+)" o’ = %
For t odd (and greater than again using (171 we have:
(173 [q 0 t]l/Z _ (1+g])t/2 q _ (1+g_])(1/4) (t- l)+(t+1) [q (t-1)/2 qn(t+l)/2] 1/2.

Using (172) and (193 we can show that if quantitisgrow geometrically, then the
Schultz midyear and the Okamoto geontetype midyear indess all equal their Walsh
counterparts; i.e., we have:

(174 Ps(p°p, Uz? = R(P°p.d".q) for t even:
(175 Pos(p’pg+?, 43 = RN(DO p,d’.q) for t odd.

Thus under the geomaetrigrowth rates assumption ()7he fixed base and chained
geometric type sequences of midyear indexes, (161) and) (Epectively, become the
following sequences of Walsh price indices:

(176 1, Rv(p, p.d ,ql), Rw(p ,pj g ), RN(pg, °..0), RN(PO,E“,qO,q“), .
(177 1,R/v( qq) RN(p 09,9, Ruv(p,p,q,q) ;P
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Since the Walsh price indes are superlative, the results in this section show that if
guantities are trending in a very smooth manner, then it is likely thaamvapgproximate
superlative indeas fairly clogly without having a knowledge of current period quantities
(but provided that lagged quantity vectors can be estimated on a continuous basis).

It seems very likly that the above midyear indexwil approximate superlative indeg
to a much higher degeeof approximation than chained or dtk base Laspeyres



64

indexes® However, the real choice may not betieeen computing Laspeyres indexes
versus midyear indes but in producing midyear indeg in a timely manner versus
waiting a year or two tproduce atual superlative indees. However, there is always the
danger that when price or quantity trendsioanly change, the midyear inasx
considered above could give rather misleading advanced estimates of a superlative index.
However, ifthis limitation ofmidyear indees is kept in mind, it seems that it would be
generally useful for statisticabancies to compute midyear indsxon an experimental
basis®® In the next chapter, we will compare midyear indexes with their superlative

counterparts.
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