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A. Introduction
A.1 Chapter Overview

A terms of trade index is generally defined as an economy’s index of export prices
divided by an index of import prices. The implementation of this definition would not
warrant a chapter in a textbook or in a Manual: it is more or less straightforward.
However, many economists over the years have observed that an improvement in an
economy’s terms of trade has effects that are very similar to an improvement in Total
Factor Productivity or Multifactor Productivity.! Economists have also been interested in
quantifying the effects of changing international prices on the real income generated by
an economy. Once the discussion of changes in the terms of trade is broadened to
include these topics, the original simplicity of the terms of trade index vanishes. Thus the
purpose of this chapter is to address the effects of changing international prices on the
real income of an economy or a sector of an economy. In order to narrow the topic, only
an approach to these measurement problems that is based on economic approaches to
producer and consumer theory will be considered.

In section A.2 of this chapter, a technical introduction to the effects of changing
international prices on the growth of an economy’s real income will be undertaken. A
production theory framework is laid out and some preliminary definitions are made.’

Section B considers the effects of a change in the real export price facing the economy on
the real income generated by the market oriented production sector of the economy while
section C considers the effects of a change in the real import price. Various theoretical
definitions for these effects are considered and empirical approximations to these
theoretical indexes are defined and analyzed. In section D the combined effects of
changes in real import and export prices on the real income generated by the production
sector are considered. These combined effects indexes are then related to the partial
indexes defined in sections B and C.

Some goods and services are imported directly into the household sector. An important
example of such expenditures is tourism expenditures abroad. The production theory
approach developed in sections B through D is not applicable for these classes of

! For materials on these productivity concepts, see the pioneering articles by Jorgenson and Griliches
(1967) (1972) and the excellent OECD Manuals written by Schreyer (2001) (2007).

? Background material on producer theory approaches to production theory can be found in Caves,
Christensen and Diewert (1982), Diewert (1983), Balk (1998), Alterman, Diewert and Feenstra (1999) and
chapter 18 of the present Manual.



household imported goods and services so in section E, a consumer theory approach is
developed. It turns out that the structure of the producer theory methodology can readily
be adapted to deal with this situation with a few key changes.

There are also certain goods and services that are directly exported by households. For
example, self employed consultants can directly export business services to customers
around the world. Also small scale household manufacturers of clothing and other goods
can advertise on the internet and sell their products abroad rather easily. Thus there is a
need to model household exports, as well as goods and services that are directly imported
by households. However, in principle, household exports can be treated using the
production theory methodology developed in sections B through D: all that needs to be
done is to create a set of houschold production accounts.” Thus these household
production units will use various capital inputs (machines, parts of the structures that they
inhabit), intermediate inputs and their own labor in order to produce commodities for sale
in their domestic and foreign markets. This household production sector is much the
same as “regular” incorporated production units except that it will usually be difficult to
get accurate measures of the capital employed and the labor used by these household
production units. However, as the reader will note, when the producer theory approach to
exports and imports is developed in sections B-D, it is not necessary to know what inputs
of labour and capital are actually used by the production units in order to implement the
terms of trade adjustment factors that are developed in these sections. Thus there is no
need to develop a separate theory for directly exported goods and services by households.

Section E concludes.
A.2 Technical Introduction

Let Px' be the price index for exports in an economy in period t and let Py be the
corresponding import price index. Then the period t terms of trade index, T', is defined
as an export price index divided by an import price index:

(24.1) T'=Px'/Py'; t=0,1.

A country’s terms of trade is said to have improved going from period 0 to 1 if T'/T is
greater than one and to have deteriorated if T'/T° is less than one. For an improvement,
the export price index has increased more rapidly than the import price index.

Thus the definition of a terms of trade index is very straightforward and relatively easy to
implement: only the exact form of the export and import price index needs to be
determined. Presumably, preliminary versions of a terms of trade index would use
Laspeyres type indexes while a retrospective, historical version, compiled when current
period weights become available, would use a superlative index. However, the definition
of a terms of trade index is not the end of the story as will be explained below.

3 In practice, this is not an easy task!



It has been well known for a long time that an improvement in a country’s terms of trade
is beneficial for a country and has effects that are similar to an improvement in the
country’s Total Factor Productivity or Multifactor Productivity.* However, determining
how to measure precisely the degree of improvement due to a change in a country’s terms
of trade has proven to be a difficult question.

The measurement question addressed in this chapter is the following one: can the effects
of changes in the price of exports and imports on the growth of real income in the
economy be determined? Thus at the outset, the focus is on the measurement of the real
income generated by the economy and then the effects of changes in international prices
on the chosen real income measure will be considered.

To begin the analysis, consider the following definition for the net domestic product of a
country in period t, NDP', as the sum of the usual macroeconomic aggregates:

(242)NDP'=P.'C'+P/'I' + P' G'+ Px' X' - Py M'; t=0,1

where NDP' is the net domestic product produced by the economy in period t, C', I', G',
X' and M" are the period t quantities of consumption, net investment’, government final
consumption, exports and imports respectively and Pc', P, Pg', Px' and Py' are the
corresponding period t final demand prices. Using the usual circular flow arguments
used by national income accountants, net domestic product is produced by the production
sector in the economy and the value of this production generates a flow of income
received by primary inputs used in the economy. It is growth in this flow of income
(which is also equal to NDP") that is to be analyzed in this chapter.’

The rate of growth in the flow of nominal net product going from period O to 1,
NDP'/NDP’, (or more accurately, one plus this rate of growth), is of limited interest to
policy analysts and the public as an indicator of welfare growth because it includes the
effects of general inflation. Thus it is necessary to deflate the nominal net domestic
product in period t, NDP', by a “reasonable” period t deflator or price index, say Pp'. The
first problem that needs to be addressed is: what is a “reasonable” deflator?

Three choices have been suggested in the literature:

* See Diewert and Morrison (1986), Morrison and Diewert (1990) and Kohli (1990).

> Note that when the focus is on income flows generated by an economy, it is necessary to deduct
depreciation of capital from gross investment since depreciation is not a sustainable income flow. Thus in
this chapter, the target macroeconomic aggregate is (deflated) net domestic product rather than gross
domestic product.

% Note that the flow of income of concern here is the income received by primary inputs used in the market
sector of the economy and thus excludes the difference between real primary incomes and current transfers
receivable and payable from abroad. Indeed the framework used by the 2008 SNA and outlined in Silver and
Mahdavy (1989) defines real net disposable national income as the volume of GDP, plus the trading gain or
loss resulting from changes in the terms of trade, plus difference between real primary incomes and current transfers
receivable and payable from abroad. The formulas for the terms of trade effect given in the 2008 SNA is, unlike the
formal framework outlined here, heuristic in nature.



* The price of consumption, Pc';

* The price of domestic goods or the price of absorption, P»' (an aggregate of P,
P;' and Pg") or

* The net domestic product deflator, Py' (an aggregate of Pc', Py, Pg', Px' and Py
where Py' has negative weights).

The consumption price deflator, P¢', and the absorption deflator, PA', can be justified.
Diewert and Lawrence (2006) and Diewert (2008) preferred the first deflator while Kohli
(2006) preferred the second one. However, these authors do not recommend the use of
either the GDP deflator or the NDP deflator in the present context because they maintain
that since virtually all internationally traded goods are intermediate goods and hence are
not directly consumed by households, the prices of these goods are not needed to deflate
nominal income flows into real income flows.” The case for using the price of
consumption as a deflator for the nominal income that is generated by the production side
of the economy is very simple: the deflated amount, NDP'/P¢', is the potential amount of
consumption that could be purchased by the owners of primary inputs in period t if they
chose to buy zero units of net investment and government outputs. If the price of
domestic absorption is used as the deflator, then NDP'/P," is the number of units of a
(constant utility) aggregate of C, I and G that could be purchased by the suppliers of
primary inputs to the production sector of the economy in period t.

Suppose that a choice of the nominal income deflator, Pp', has been made. It is now
desired to look at the growth of the real income generated by the production sector in the
economy; i.e., look at the growth of NDP'/Pp":

(24.3) NDPY/Pp' = [Pc' C' + P/' ' + Pg' G' + Px' X' - Py M')/Pp'; t=0,1
— pct Ct 4 plt It 4 th Gt 4 pXt Xt _ th Mt

where the real prices of consumption, net investment, government consumption, exports
and imports are defined as the nominal prices divided by the chosen income deflator Pp": ®

(244) pct = Pct/PDt ; p]t = Plt/PDt 5 th = PGt/PDt; p)(t = P)(t/P]:)t ) th = PMt/PDt.

Using equations (24.3) and definitions (24.4), (one plus) the rate of growth of real
income over the two periods under consideration can be defined as follows:

(24.5) [NDP'/Pp'1/[NDP’/Pp"]
_ [pclcl +p1111 +pGlGl +pxlX1 _ leMl]/[pCOCO +pIOIO n pGOGO +pXOXO _ pMOMO].

Looking at equation (24.5), it can be seen that, holding all else constant, an increase in
the period 1 real price of exports px' will increase real income growth generated by the

" There are other reasons for not using the GDP or NDP deflators as measures of general inflation; see
Kohli (1982; 211) (1983; 142), Hill (1996; 95) and Diewert (2002; 556-560) for additional discussion.

If it is desired to explain nominal income growth generated by the production sector, then it is not
necessary to deflate the period t data by Pp'. In this case, it can be assumed that Pp' equals one so that P’ =
pco, and so forth.



production sector of the economy. Conversely, an increase in the period 1 real price of
imports py' will decrease real income growth.

Equation (24.5) indicates the complexity of trying to determine the effects of changes in
real import and export prices on the growth of real income: px and pym change but so do
the real prices of consumption, net investment and government consumption. In addition,
the quantities of C, I, G, X and M are changing and in the background, there are also
changes in the amount of labour L and capital K that is being utilized by the economy’s
production sector. It is evident that some measure of the effect on real income growth of
the changes in the real prices of exports and imports is desired, holding constant the rest
of the economic environment. But if export and import prices change, producers will be
induced to change the composition of their exports and imports. Thus a careful
specification of what is exogenous and what is endogenous is needed in order to isolate
the effects of changes in real export and import prices.

In the following section, a production theory framework will be used in order to specify
more precisely exactly what is being held fixed and what is being allowed to vary as real
export and import prices change. Other approaches to modeling the effects on production
and welfare of changes in the prices of exports and imports are reviewed in Diewert and
Morrison (1986), Silver and Mahdavy (1989) and Kohli (2006).”

B. The Effects of Changes in the Real Price of Exports
B.1 Theoretical Measures of the Effects of Changes in the Real Price of Exports

Kohli (1978) (1991) has long argued that since most internationally traded goods are
intermediate products and services, it is natural to model the effects of international trade
using production theory.'” Kohli’s example will be followed in this section and in
subsequent sections and a production theory framework will be used with exports as
outputs of the production sector and imports as intermediate inputs into the production
sector.

For simplicity, it is assumed that C, I, G and X (consumption, net investment,
government consumption and exports) are outputs of the production sector and M, L and
K (imports, labour and capital) are inputs into the production sector.'' In period t, there
is a feasible set of (C,I,G,X,M,L,K) outputs and inputs, which is denoted by the set S' for
periods t equal to 0 and 1. It will prove useful to define the economy’s period t real net
domestic product function, nt(pc,pl,px,pM,L,K) fort=20,1:

(24.6) n'(pc,pr.pespx-pm,L.K)

? Ulrich Kohli, the chief economist for the Swiss National Bank, has long had an interest in adjusting
income measures for changes in a country’s terms of trade using production theory; see Kohli (1990)
(2003) (2004a) (2004b) (2006) and Fox and Kohli (1998). Kohli’s methodology is compared with the
Diewert and Lawrence methodology that is used in this chapter in Diewert (2008).

' The recent textbook by Feenstra (2004) also takes this point of view.

" These scalar quantities could be replaced by vectors but this extension is left to the reader.



=max crexm { pcC + pil + pcG + pxX - puM : (C,1,G,X,M,L,K) belongs to St}.

Thus the real net product n'(pc,pr.pc.px,pm,L.K) is the maximum amount of (net) real
value added that the economy can produce if producers face the real price pc for
consumption, the real price p; for net investment, the real price pg for government
consumption, the real price px for exports and the real price pm for imports and given that
producers have at their disposal the period t production possibilities set S' as well as the
amount L of labour services and the amount K of capital (waiting) services.'?

It is reasonable to assume that the actual period t amounts of outputs produced and inputs
used in period t, C\I',G ' X ,M'L' K", belong to the corresponding period t production
possibilities set, S', for t = 0,1. It is a stronger assumption to assume that producers are
competitively profit maximizing in periods 0 and 1 so that the following equalities are
valid:

(24.7) n'(pct.pr,pc . px,pmLSLLKY) = pc' C + pri I'+ p6' G+ px' X' - pu'M'; t=0,1

where pc',pr,pc,px.pm’ are the real prices for consumption, net investment, government
consumption, exports and imports that producers face in period t * and L' and K" are the
amounts of labour and capital used by producers in period t. In what follows, it will be
assumed that equations (24.7) hold. Basically, these equations rest on the assumption
that producers in the economy are competitively maximizing net domestic product in
periods 0 and 1 subject to the technological constraints on the economy for each period.

In a first attempt to measure the effects of changing real export prices over the two
periods under consideration, a hypothetical net domestic product maximization problem
is considered where producers have at their disposal the period 0 technology set S°, the
period 0 actual labour and capital inputs, L’ and K° respectively, and they face the period
0 real prices for consumption, net investment, government consumption and imports, pc’,
p’, pc’ and py’ respectively, but they face the period 1 real export price, px'. The
solution to this hypothetical net product maximization problem is
n’(pc’ pr’ps’.px pmLYK).  Using this hypothetical net product or net income, a
theoretical Laspeyres type measure opx of the effects on real income growth of changes
in real export prices from the period 0 level, px’, to the period 1 level, px', can be

12 Depreciation has been subtracted from gross investment so the user cost of capital in the present model
excludes depreciation so the price of capital services is basically Rymes’ (1968) (1983) waiting services;
see also Cas and Rymes (1991).

B Producers actually face the prices Pc,P/,Pg Px,Py' rather than the deflated (by Pp') prices
pcpiipa . px-pm. However, if producers maximize net product facing the prices Pc',P,Px'. Py, they will
also maximize net product facing the real prices pc',pips,px,pm. There is one additional difficulty: the
prices that producers face are different than the prices that consumers and other final demanders face
because of commodity taxes. Thus strictly speaking, the theory that is developed in this section and
subsequent sections that relies on production theory applies to producer prices (or basic prices) rather than
final demand prices.



defined as the ratio of the hypothe‘ucal net real mcome n (pc ,pl papxpvLYKO) to the
actual period 0 net real income n’(pc”,pi’,pc’,px’;pm’,L%K?):

(24.8) arx = n’(pc”.prspa px pum -LSK)M (pc, o, pc’,pxpm’ LK),

The index arx of the effects of the change in the real price of exports is termed a
Laspeyres type index because it holds constant all exogenous prices and quantities at their
period 0 levels except for the two real export prices, px’ and px', and the index also holds
technology constant at the base period level.

Using assumption (24.7) for t = 0, the denominator on the right hand side of (24.8) is
equal to period 0 observed real net product, pc” C° + pi’I° + pg” G® + px" X’ - pu’ M’.
Using definition (24.6), it can be seen that CO, IO, GO, X and M is a feasible solution for
the net product maximization problem defined by the numerator on the right hand side of
(24.8), nO(pCO,pIO,pGO,pXI,pMO,LO,KO). These facts mean that there is the following
observable lower bound to the theoretical index o x defined by (24.8):"

(24.9) oux = [pc” C™pr’ I+pg” GP+px' X —pv” MV [pc” C™+pi” I+pc” GP+px” X -pm’ M)
= Prx

where Ppx is an observable Laspeyres type index of the effects on real income of a
change in real export prices going from period 0 to 1. Prx generally understates the
hypothetical change in the real income generated by the economy which is defined by the
theoretical index arx due to substitution bias; i.e., the change in the real price of exports
will induce producers to substitute away from their base period production decisions in
order to take advantage of the change in real export prices from px’ to px'. Note that the
numerator and denominator on the right hand side of (24.9) are identical except that px'
appears in the numerator and px’ appears in the denominator.

It is possible to show that the Laspeyres type observable index Prx is a first order Taylor
series approximation to the theoretical Laspeyres type index oy x as will be shown below.
A first order Taylor series approximation to the hypothetical net real income defined by
n’(pc’ pr’pcpx ,pvLYK®) is given by the first line of (24.10) below:'°

(24.10) n’(pc”,p’pc’.px spm’ L% K" = n’(pc’pi’,pc”.pxspu’, LK)
+ [an’(pc’,p,pa.px’pm LY K apxlipx' - px']

" Definition (24.8) is similar to the Laspeyres output price effect defined by Diewert and Morrison (1986;
666) except that they used a GDP function instead of a net product function and they did not deflate their
aggregate by a price index. Diewert, Mizobuchi and Nomura (2005; 19-20) and Diewert and Lawrence
(2006; 12-17) developed much of the theory used in this chapter.

' The inequality (24.9) rests on a feasibility argument and this type of argument was first used by Koniis
(1924) in the consumer price context.

' This type of approximation was used by Diewert (1983; 1095-1096) and Morrison and Diewert (1990;
211-212) in the producer theory context but the basic technique (in the consumer theory context) is due to
Hicks (1942; 127-134) (1946, 331).



n’(pc’,pi’,pc’pxspm LK) + X[px' - px’] using Hotelling’s Lemma'’
= pco COerI0 IO+pG0 G0+px0 XO—pM0 M+ XO[pX1 - pxo] using (7) fort=0
= pc® CO4+p 1+ p® G:px! XO—prd MP

where pc” C+pr° I%+ps’ G'+px' X’-py® MY is the numerator on the right hand side of
(24.9). Since the denominator on the right hand side of (24.9) is equal to pc’ C'+p,°
"+p6” G™+px’ X —pu” M? which in turn is equal to n’(pc’,pi’,pc’,px’spm’-L%KY), it can be
seen that Py x is indeed a first order approximation to the theoretical index ayx defined by
(24.8)."*

In a second attempt to measure the effects of changing real export prices over the two
periods under consideration, a hypothetical net domestic product maximization problem
is considered where producers have at their disposal the period 1 technology set S', the
period 1 actual labour and capital inputs, L' and K' respectively, and they face the period
1 real prices for consumption, net investment, government consumption and imports, pc',
pi', pc' and py' respectively, but they face the period 0 real export price, px". The
solution to this hypothetical (real) net product maximization problem is
n'(pc',pi'pet.pxpm LK), Using this hypothetical net product or net income, a
theoretical Paasche type measure opx of the effects on real income growth of changes in
real export prices from the period 0 level, px’, to the period 1 level, px', can be defined
as the ratio of the actual period 1 net real income n'(pc',pi',pa’.px ,pm,L K" to the
hypothetical net real income n'(pc',pr',ps’,px"pm’,.L LK

(24.11) apx = n'(pc’,prpa’pxpm LK Yn' (pct pr'spaipx’opm LKD),

The index apx of the effects of the change in the real price of exports is termed a Paasche
type index because it holds constant all exogenous prices and quantities at their period 1
levels except for the two real export prices, px’ and px', and the index also holds
technology constant at the period 1 level.

Using assumption (24.7) for t = 1, the numerator on the right hand side of (24.11) is equal
to period 1 observed real net product, pc' C' + pi' I' + p6' G' + px' X' - pu' M'. Using
definition (24.6), it can be seen that Cl, Il, Gl, X! and M' is a feasible solution for the net
product maximization problem defined by the denominator on the right hand side of
(24.11), n'(pc’.pr'pa’.pxpm,L,K'). These facts mean that there is the following
observable upper bound to the theoretical index oy x defined by (24.11):

(24.12) apx = [pe' CH4pi’ T'+pg' G'+px' X'—pu' M'V[pc' C'+pr' T'+pg' G'+px” X'—pm' M']
= Ppx

" Hotelling’s Lemma (1932; 594) says that the first order partial derivatives of the net product function
n'(pc',pi,pa pxspmsL,KY) with respect to the prices pe.pinpe.px.pm are equal to C.I'G X' and -M'
respectively for t =0,1.

'® This result was established by Diewert and Lawrence (2006; 16).

" Definition (24.11) is analogous to the Paasche output price effect defined by Diewert and Morrison
(1986; 666) in the nominal GDP context. Diewert, Mizobuchi and Nomura (2005; 19) and Diewert and
Lawrence (2006; 13) used definitions (24.8), (24.11) and (24.14).



where Ppx is an observable Paasche type index of the effects on real income of a change
in real export prices going from period 0 to 1. Ppx generally overstates the hypothetical
change in the real income generated by the economy which is defined by the theoretical
index opx due to substitution bias; i.e., the change in the real price of exports from px' to
px’ will induce producers to substitute away from their period 1 production decisions so
that n'(pc',pi’.pc',pxpm’,L ' K") will generally be greater than [pc'C'+pi' I'+pg' G'+px”
X'-py' M'] so that 1/n'(pc',pi',ps’.px’spm’,LK") will generally be less than 1/
[pc'CH4pr T'+p6' G+px” X'=pu' M'] and the inequality in (24.12) follows. Note that the
numerator and denominator on the right hand side of (24.12) are identical except that px'
appears in the numerator and px’ appears in the denominator.

It is possible to show that the Paasche type observable index Ppx is a first order Taylor
series approximation to the theoretical Paasche type index oapx as will be shown below.
The proof is entirely analogous to the derivation of (24.10). A first order Taylor series
approximation to  the  hypothetical net real income  defined by
n'(pc’,pr,ps'pxpm LK"Y is given by the first line of (24.13) below:

(24.13) nl(pcl,pll’pGl’pXO’le,Ll’Kl) _ nl(pcl,pll’pGl’pXI,le’Llel)
+[an'(pc'.pi.papx'spu' LK) /apxlpx” - px']

n](pcl,pll,pgl,pxl,le,Ll,Kl) +x! [pX0 - pxl] using Hotelling’s Lemma

= pc1 ClerI1 IlerG1 GlerX1 Xl—le M+ Xl[pXO - pxl] using (7) fort=1

_ pcl C1+p11 Il+pG1 G1+px0 Xl_le M!

where pc' Cl4pr' I'tpg' G'+px” X'=pm' M! is the denominator on the right hand side of
(24.12). Since the numerator on the right hand side of (24.12) is equal to pc'C'+p’
'+pg' G+px' X'=py' M' which in turn is equal to n'(pc',pr',ps',px',pm’,L',K"), it can be
seen that Ppy is indeed a first order approximation to the theoretical index apx defined by
(24.11).%°

Note that both the Laspeyres and Paasche theoretical indexes of the effects on real
income generated by the production sector of a change in the (real) price of exports are
equally plausible and there is no reason to use one or the other of these two indexes.
Thus if it is desired to have a single theoretical measure of the effects of a change in real
export prices, arx and opx should be averaged in a symmetric fashion to form a single
target index that would summarize the effects on real income growth of a change in real
export prices. Two obvious choices for the symmetric average are the arithmetic or
geometric means of apx and opx. Following Diewert (1997) and Chapter 16, it seems
preferable to use the geometric mean of arx and apx as the “best” single theoretical
estimator of the effects of a change in real export prices on real income growth, since the
resulting Fisher (1922) like theoretical index satisfies the time reversal test so that if the
ordering of the two periods is switched, the resulting index is the reciprocal of the

2% This result was established by Diewert and Lawrence (2006; 16) and is closely related to similar results
derived by Morrison and Diewert (1990; 211-213).
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original index.”! Thus define the theoretical Fisher type measure orx of the effects on
real income growth of changes in real export prices as the geometric mean of the
Laspeyres and Paasche type theoretical measures:

(2414) OFx = [OLLthpx]l/z .

With the target index defined by (24.14) in mind, in the following section, the problem of
finding empirical approximations to this theoretical index will now be considered.

B.2 Empirical Measures of the Effects of Changes in the Real Price of Exports on
the Growth of Real Income Generated by the Production Sector

Two empirical indexes that provide estimates of the effects on the growth of real income
of a change in real export prices have already been defined in section B.1 above: the
Laspeyres type index Prx defined on the right hand side of (24.9) and the Paasche type
index Ppx defined on the right hand side of (24.12). It was noted that P_x was a lower
bound to the theoretical index orx and Ppx was an upper bound to the theoretical index
apx. Thus Prx will generally have a downward bias compared to its theoretical
counterpart while Ppx will generally have a upward bias compared to its theoretical
counterpart These inequalities suggest that the geometric mean of P x and Ppx is likely
to be a reasonably good approximation to the target Fisher type index orx defined as the
geometric mean of oy x and opx. Thus define the Diewert Lawrence index of the effects
on real income of a change in real export prices going from period 0 to I as follows:*

(24.15) Pprx = [PLx Ppx]"~

It will be useful to develop some alternative expressions for the indexes Prx, Ppx and
Pprx.

As a preliminary step in developing these alternative expressions, recall definitions (24.7)
which defined the production sector’s period t real net product, n'(pc',pr',pc,px’pm’L K"
for t = 0,1, which will be abbreviated to n'. The period t shares of net product of C, I, G,
X and M are defined in the usual way as follows:

(24.16) sc' = pc'C/n'; s' = piT'/n' ; sg' = p6'G'/n' ; sx' = px'X'/n'; sy’ = -pyM'Yn'; t=0,1.

It can be seen that the shares defined by (24.16) sum up to unity for each period t but note
that the period t “share” for imports, sy, is negative whereas the other shares are positive.

Now consider the definition of P x which occurred in (24.9) and subtract 1 from this
expression:

2! The arithmetic average of the Laspeyres and Paasche theoretical indexes does not satisfy this time
reversal test.

*2 Diewert and Lawrence (2006; 14-17) seem to have been the first to define and empirically estimate the
indexes defined by Prx, Ppx and (24.15) but the closely related work of Morrison and Diewert (1990; 211-
212) should also be noted.
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(24.17) Prx - 1
— [pCO C0+p10 10+pGO GO"‘le XO_pMO MO]/[pCO C0+p10 IO+pGO G0+pXO XO_pMO MO] _ 1
— [pxl _ pXO] XO/[pCO C0+pIO IO+pGO G0+pX0 XO_pMO MO]
= [(px'/px") = 1Ipx" X*Vpc’ C+pr’ ™+pa” G*+px” X ~pm’ M”]
=sx” [rx = 1]

where rx is (one plus) the rate of growth in the real price of exports going from 0 to 1;
1e.,

(24.18) rx = px ' /px"-

Thus Prx depends on only (rx — 1), the growth rate in the price of real exports going from
period 0 to 1 and sx’, the share of exports in period 0 real net product; i.e.,

(24.19) Prx =1 +sx° (rx - 1).

Using similar techniques, it can be shown that Ppx depends only on sx', the share of
exports in period 1, and the real export price relative, rx defined by (24.18):

(24.20) Ppx =[1 +sx'(rx = )] 7.

Comparing (24.19) and (24.20), it can be seen that both P x and Ppx are increasing
functions of rx so that as the real price of exports increases, both indexes of growth in
real income also increase as expected. It can also be seen that Ppx is increasing
(decreasing) in sx’ and Ppy is increasing (decreasing) in sx' if rx is more (less) than one.
These properties are also intuitively sensible.

Substituting expressions (24.19) and (24.20) into (24.15) leads to the following
expression for the Diewert Lawrence export index:

(24.21) Pprx = {[1 +sx* (rx = D[ +sx'(ex ' = D]}

As indicated above, the Diewert Lawrence index Pppx defined by (24.21) is likely to be
closer to the target Fisher index apx defined by (24.14) than the Laspeyres and Paasche
type indexes Py x and Ppx defined by (24.19) and (24.20).

There is one additional empirically defined index that attempts to measure the effects of a
change in real export prices on the growth of real income generated by the production
sector and that is based on the work of Diewert and Morrison (1986). Using the same
notation that is used in (24.21) above, the logarithm of the Diewert Morrison index,
Ppmx, of the effects on real income of a change in real export prices going from period ()
to 1 is defined as follows:*

3 Strictly speaking, Diewert and Morrison (1986; 666) defined their index in the context of a GDP function
rather than a net product function and did not deflate prices by a price index. The first applications of
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(24.22) In Ppmx = (1/2)(sx’ + sx')In rx.

It can be verified that Ppyx satisfies the time reversal property that was mentioned
earlier; i.e., if the two time periods are switched, then the new Ppyx index is equal to the
reciprocal of the original Ppyx index.

The interest in the Diewert Morrison index stems from the fact that it has a very direct
connection with production theory; in fact this index is exactly equal to the target index
arx provided that the technology of the production sector can be represented by a general
translog functional form in each period. This sentence will be explained in more detail
below.

In order to explain the above result, it is necessary to establish a general mathematical
result. Thus let x = [Xy,....xx] and y = [yi,...,ym] be N and M dimensional vectors
respectively and let £ and f' be two general quadratic functions defined as follows:

(24.23) £'x,y) =2’ + Soet” A" Xn + St b Y + (1/2) StV Dt ang” XoX; +
+ (1/2) 2m=1MEk=1M bmk0 YmYk + En=1N2j=lN Cnm0 XnYm 5

(24.24) f'(x,y) =20 + Soct” A Xo + St b Y + (1/2) St " St anj! XoX; +
+ (1/2) Em=1MEk=1M bmk1 YmYk + En=1NEj=1N Cnml XnYm »

where the parameters a,; satisfy the symmetry restrictions a, = aj,' for n,j = 1,...,N and t
= 0,1 and the parameters bk satisfy the symmetry restrictions bmk' = bmk' for mk =
1,..,.Mand t=0,1. It can be shown that if

(24.25) ay’ = ay' forn,j=1,..,N,
then the following equation holds for all vectors x°, x', y* and y':

(2426) £(x'y") - 26y + £1(x' ") - £y
=3 [0°(x%y")0x, + Of (x",y")/0xn][Xn' = Xa'].

The proof of the above proposition is very simple: just use definitions (24.23) and
(24.24), do the differentiation on the right hand side of (24.26) and the result will emerge.
The above result is a generalization of Diewert’s (1976; 118) quadratic identity. A
logarithmic version of the above identity corresponds to the translog identity which was
established in the Appendix to Caves, Christensen and Diewert (1982; 1412-1413).

Recall the definition of the period t real net product function n'(pc,pipe,px.pm,L.K)
defined by (24.6). The notation will now be changed a bit. Let p = [py,...,ps] denote the
vector of real output prices [pc,prpc.px.pm] and let z = [z;,z;] denote the vector of

formula (24.22) were made by Diewert, Mizobuchi and Nomura (2005) and Diewert and Lawrence (2006)
but the basic methodology is due to Diewert and Morrison. Kohli (1990) independently developed the
same methodology as Diewert and Morrison.
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primary input quantities [L,K]. The example of Diewert and Morrison (1986; 663) is
now followed and it is assumed that the log of the period t real net product function,
n'(p,z), has the following translog functional form:**

(24.27) In n'(p,z) = a0 + Jnet” an' Inpy + (1/2) Soei’ D=1’ agg Inpy, Inp; + S b’ Inzpy
+ (1/2) St > Sket? bt Iz Inzie + Siet” Sinet? €' Inpn Iz ;. t=0,1.

Note that the coefficients for the quadratic terms in the logarithms of prices are assumed
to be constant over time; i.e., it is assumed that anjo = anjl = ay. The coefficients must
satisfy the following restrictions in order for n' to satisfy the linear homogeneity
properties that are consistent with a constant returns to scale technology:*

24.28) S’ ay' =1 fort=0,1;
(
(24.29) S’ by’ =1 fort=0,1;
(24.30) ay; = aj, for all n,j ;
24.31) by’ = b’ for all mk and t=0,1.
(
(24.32) SieMam =0 for m=12;

. i—1 by =0forn=1,....5 and t=0,1;
(24.33) 3= by = 0 fi 1,..,5 and t=0,1
(24.34) SN e’ =0 for m=1,2and t=0,1;

. m=1 Cmn =0 forn=1,..5Sandt=0,].
(24.35) St™ Con' = 0 fi 1,....,5and t=0,1

Note that wusing Hotelling’s Lemma, the logarithmic  derivatives of
n'(pct,pi,pepx,pmL,L,K"Y) with respect to the logarithm of the export price are equal to the
following expressions for t =0,1:

(24.36) dln n'(pc',pr'spapx>pmsLL K/ dlnpx = [px'/n'] an'(pc',pr',pa'spx'spm’L K )/ dpx
= [px/m'] X'
=sx' using (24.16).

Noting that assumptions (24.27) imply that the logarithms of the net product functions are
quadratic in the logarithms of prices and quantities, the result given by (24.26) can be
applied to definitions (24.7), (24.8), (24.11) and (24.14) to imply the following result:

(24.37) 2 In apx = In o x + In apx
= [ah’l no(pcoaplo7pGOapXOJpM()’LOaKO)/alan

* This functional form was first suggested by Diewert (1974; 139) as a generalization of the translog
functional form introduced by Christensen, Jorgenson and Lau (1971). Diewert (1974; 139) indicated that
this functional form was flexible. Flexible functional forms can approximate arbitrary functions to the
second order at any given point and hence it is desirable to assume that the technological production
possibilities can be represented by a flexible functional form in each period. Flexible functional forms are
discussed in more detail in Diewert (1974).

2 There are additional restrictions on the parameters which are necessary to ensure that n'(p,z) is convex in
p and concave in z. The restrictions (24.29), (24.33) and (24.34) are not required for the results in this
chapter. However, they impose constant returns to scale on the technology which is useful if a complete
decomposition of real income growth into explanatory factors is attempted as in Diewert and Lawrence
(2006).
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+ dln nl(pcl:pllapGl7pX1’pM1>L1>K1)/alan] [lnpxl - lanO]
= [sx"+sx']1In (px'/px") using (24.36).

Thus using (24.22) and (24.37), it can be seen that under the assumptions made on the
technology, the following exact equality holds:*

(2438) OFx = PDMX-

Thus the Diewert Morrison index Ppyx defined by (24.22) is exactly equal to the target
theoretical index, apx, under very weak assumptions on the technology.

Although the Diewert Morrison index gets a strong endorsement from the above result,
the Diewert Lawrence index also had a reasonably strong justification and so the question
arises: which index should be used in empirical applications? In section B.3 below, it is
shown that numerically these two indexes will be quite close and so empirically, it will
usually not matter which of these two alternative indexes is chosen.

B.3 The Numerical Equivalence of the Diewert Lawrence and Diewert Morrison
Measures of the Effects of Changes in the Real Price of Exports

Let p = [p1,....ps] denote the vector of real output prices [pc,pr.pc,px.pm] and let q =
[q1,...qps] denote the corresponding vector of quantities [C,I,G,X,—M]. Thus the data
pertaining to period t can be denoted by the vectors p' = [pcl.pi,pc.px-pm'] and q' =
[Ct,It,Gt,Xt,—Mt] for t = 0,1. Note that each of the four empirical indexes Prx, Ppx, Pprx
and Ppux defined in the previous section can be regarded as functions of the data
pertaining to the two periods under consideration. Thus Prx should be more precisely be
written as the function Prx(p’,p',q°,q"), Ppx should be written as Ppx(p’,p',q".q') and so
on. In this section, it is desired to compare the numerical properties of the four indexes
PLx, Ppx, PpLx and Ppyix.

Diewert (1978) undertook a similar comparison of all superlative indexes that were
known at that time. He showed that all known superlative indexes approximated each
other to the second order around when the derivatives where evaluated at a point where
the period 0 price vector p° was equal to the period 1 price vector p' and where the period
0 quantity vector was equal to the period 1 quantity vector.*’

A somewhat similar result holds in the present context; i.e., it can be shown that the
following equalities hold for the four indexes Prx, Ppx, PpLx and PDMX:28

(24.39)  Prx(p,p,q,9) = Pex(p,p,9,9) = Porx(p.p,9,9) = Pomx(p.p,q.q) =1 ;
(24.40) VPrx(p,p,q.9) = VPrx(p.p,q,9) = VPpLx(P,p,4.9) = VPpmx(P,p.q,9)

%6 This result is a straightforward adaptation of the results of Diewert and Morrison (1986; 666).

*7 Subsequent research by Robert Hill (2006) has shown that Diewert’s approximation results break down
for the quadratic mean of order r superlative indexes as r becomes large in magnitude.

*® The proof is a series of straightforward computations.
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where VPrx(p,p,q.q) is the 20 dimensional vector of first order partial derivatives of
Pix(p’,p',q’,q") with respect to the components of p’, p', q” and q' but evaluated at a
point where p’ = p' = p and q” = q' = q. The meaning of (24.39) and (24.40) is that the
four indexes approximate each other to the accuracy of a first order Taylor series
approximation around a data point where the real prices are equal in each period and the
net output quantities are also equal to each other across periods.

The second order derivatives of the Laspeyres and Paasche type indexes, Py x and Ppx, are
not equal to each other when evaluated at an equal price and quantity point; i.e.,

(24.41) V> Pix(p,p,9,q) = V* Pex(p,p,q,q)

where VPLx(p,p,q.q) is the 20 by 20 dimensional matrix of second order partial
derivatives of Prx(p’,p',q’.q') with respect to the components of p’, p', q” and q' but
evaluated at a point where p’ = p' = p and q° = q' = q. Thus as might be expected, P x
and Ppx do not approximate each other to the accuracy of a second order Taylor series
approximation around an equal price and quantity point.

However, the second order derivatives of the Diewert Lawrence and Diewert Morrison
indexes, Pprx and Ppumx, are equal to each other when evaluated at an equal price and
quantity point; i.e.,”’

(24.42) V* Ppix(p.p,q,9) = V° Pomx(p,p,q,q)-

Thus Pprx and Ppymx approximate each other to the accuracy of a second order Taylor
series approximation around a data point where the real prices are equal in each period
and the net output quantities are also equal to each other across periods. The practical
significance of this result is that for normal time series data where adjacent periods are
compared, the Diewert Lawrence and Diewert Morrison indexes will give virtually
identical results.>

B.4 Real Time Approximations to the Preferred Measures

The Diewert Lawrence index of the effects on real income growth of a change in the real
export price, Pprx defined by (24.21), depends on the real export price relative, rx, the
period 0 real export share in net product, sx’, and the corresponding period 1 real export
share, sx'. Our other preferred measure of the effects of a change in the real export price,
Ppux defined by (24.22) also depends on these same three variables, rx, sx° and sx'.
However, the current period export share sx' is unlikely to be available to analysts until
some time later than the current period. Thus the question arises: how can

% Again a long series of routine computations establishes this result. Note that these second derivative
matrices are not equal to VzPLX(p,p,q,q) or to VZPPX(p,p,q,q).

% See Tables 5 and 9 in Diewert and Lawrence (2006) which establish the approximate equality of these
indexes (to four significant figures) using Australian data in a gross product framework and Tables 12 and
14 which establish the approximate equality of these indexes in a net product framework for Australia.
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approximations be formed to the preferred indexes defined by (24.21) and (24.22)? An
answer to this question is as follows:

* Suppose that it is suspected that quantities are relatively unresponsive to changes
in relative prices so that the period 1 quantity vector [C',I',G',X",-M'] will be
approximately proportional to the corresponding period O quantity vector
[CIO,IO,GO,XO,—MO]. Under these conditions arpx will be close to the Laspeyres
type index defined by (24.19), which is Pix = 1 + sx° (rx — 1), and a close
approximation to apx can be obtained by using the formula [pc'C+p;' I+pg'
G +px' X —pm! MY/ [pc' Co+pi! I%+p6' G+px” X —pum' M"]. Now multiply this last
formula by Prx and take the positive square root in order to obtain a good
approximation to the theoretical export price effects index apx.

 Suppose that the share of exports in net product in period 1, sx', is expected to be
approximately equal to the corresponding period 0 share, sx’. Then simply use
formula (24.22) with sx' set equal to sx".

e If neither of the above conditions is expected to hold for the period 1 data, simply
make an approximate forecast for the period 1 export share sx' and use (24.22).

C. The Effects of Changes in the Real Price of Imports

The theory that was outlined in section B can be repeated in the present section in order
to measure the effects on real income generated by the production sector of a change in
real import prices. Basically, all that needs to be done is to replace px by pm and note
that the import shares sy defined in (24.16) are negative whereas the export shares sx'
used in section B were positive.

Some of the definitions will be listed here without much explanation. The reader should
be able to work out the analogies with the export indexes.

A theoretical Laspeyres type measure oy of the effects on real income growth of
changes in real import prices from the period 0 level, py’, to the period 1 level, py', can
be defined as the ratio of the hypothetical net real income n’(pc’,pi’,pc",pxspu’,L°K") to
the actual period 0 net real income n’(pc’,pi’,pc’spx>pum-,LKY):

(24.43) o = n’(pc,papa s px LY KM (pc piapa px o, LY KO).

The index aypm of the effects of the change in the real price of imports is termed a
Laspeyres type index because it holds constant all exogenous prices and quantities at their
period 0 levels except for the two real import prices, pm” and py', and the index also
holds technology constant at the base period level.

There is the following observable lower bound to the theoretical index oym defined by
(24.43):

(24.44) on = [pCoHpr 1 +p6 G+px” X —pu' MY[pc? Co4+pi 1™+p6’ Gl+px” X —pu® M)
= Prm
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where Py is an observable Laspeyres type index of the effects on real income of a
change in real import prices going from period 0 to 1. Note that the numerator and
denominator on the right hand side of (24.44) are identical except that py' appears in the
numerator and py appears in the denominator.

It is possible to show that the Laspeyres type observable index Pyx is a first order Taylor
series approximation to the theoretical Laspeyres type index owx; i.e., it is possible to
derive a counterpart to the approximation (24.10).

A theoretical Paasche type measure apy of the effects on real income growth of changes
in real import prices from the period 0 level, py’, to the period 1 level, py', can be
defined as the ratio of the actual period 1 net real income n'(pc',pi',ps’,px’.pm’,L LK) to
the hypothetical net real income n'(pc',pi',pa’.px ,pmL K):

(24.45) apn = n'(pe',prpa ' px v LK Y (e propapx v LK.

The index apy of the effects of the change in the real price of imports is termed a
Paasche type index because it holds constant all exogenous prices and quantities at their
period 1 levels except for the two real import prices, pm” and py', and the index also
holds technology constant at the period 1 level.

Using assumption (24.7) for t = 1, the numerator on the right hand side of (24.45) is equal
to period 1 observed real net product, pc' C' + pi' I' + p6' G' + px' X' - pu' M'. Using
definition (24.6), it can be seen that CLT',G', X' and M' is a feasible solution for the net
product maximization problem defined by the denominator on the right hand side of
(24.45), nl(pcl,pll,pgl,pxl,pMO,Ll,Kl). These facts mean that there is the following
observable upper bound to the theoretical index oy defined by (24.45):

(24.46) apyt < [pe' C+pi Tp6 Gy’ X'—pa MY[pe' Cl4pi! T+pa’ Gpx! X'—py®M']
= Ppum

where Ppy; is an observable Paasche type index of the effects on real income of a change
in real import prices going from period 0 to 1. Note that the numerator and denominator
on the right hand side of (24.46) are identical except that py' appears in the numerator
and py° appears in the denominator.

It is possible to show that the Paasche type observable index Ppy; is a first order Taylor
series approximation to the theoretical Paasche type index apy; i.€., a counterpart to the
approximation (24.13) can be derived.

Note that both the Laspeyres and Paasche theoretical indexes of the effects on real
income generated by the production sector of a change in the (real) price of imports are
equally plausible and there is no reason to use one or the other of these two indexes.
Thus if it is desired to have a single theoretical measure of the effects of a change in real
import prices, apm and apy should be geometrically averaged. Thus define the theoretical



18

Fisher type measure opy of the effects on real income growth of changes in real import
prices as the geometric mean of the Laspeyres and Paasche type theoretical measures:

(24.47) om = [owmopm].

With the target import index defined by (24.47) in hand, the problem of finding empirical
approximations to this theoretical index will now be considered.

Two empirical indexes that provide estimates of the effects on the growth of real income
of a change in real import prices have already been defined above: the Laspeyres type
index Py defined on the right hand side of (24.44) and the Paasche type index Ppy
defined on the right hand side of (24.46). It was noted that Py )\ was a lower bound to the
theoretical index oy and Ppy was an upper bound to the theoretical index opym. Thus
PLm will generally have a downward bias compared to its theoretical counterpart while
Ppm will generally have a upward bias compared to its theoretical counterpart These
inequalities suggest that the geometric mean of Py and Ppy is likely to be a reasonably
good approximation to the target Fisher type index apy defined as the geometric mean of
apm and opy. Thus define the Diewert Lawrence index of the effects on real income of a
change in real import prices going from period 0 to 1 as follows:"'

(24.48) Ppiu = [Pim Pem]".

As in section B, it will be useful to develop some alternative expressions for the indexes
Piwm, Pev and Pppyv. Define the price relative vy for real import prices as

(24.49) 1yt = pum'/pm’-

Using the techniques described in section B, the following alternative formulae for Py,
Ppy and Pppy can be derived:*

(24.50) Py =1+su’ (v - 1) ;
(24.51) Ppy =[1 + sy (tn™ = 1)] 7.

Noting that sy’ and sy are negative, it can be seen that both Ppy and Ppy; are decreasing
functions of ry so that as the real price of imports increases, both indexes of growth in
real income also decrease as expected.

Substituting expressions (24.50) and (24.51) into (24.48) leads to the following
expression for the Diewert Lawrence import index:

(24.52) Ppiy = {[1 +sv® (o = DI/ +su' (™ = DI

*! Diewert and Lawrence (2006; 14-17) seem to have been the first to define and empirically estimate the
indexes defined by Py, Ppy and (24.48).

32 Remember that the period 0 “share” of imports in net real product, sy, is negative whereas the period 0
share of exports which appeared in the counterpart result (24.19), sx’, was positive.
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The Diewert Lawrence index Pppy defined by (24.52) is likely to be closer to the target
Fisher index apy defined by (24.47) than the Laspeyres and Paasche type indexes Ppy
and Ppy defined by (24.50) and (24.51).

Using the same notation that is used in (24.52) above, the logarithm of the Diewert
Morrison index, Ppmm, of the effects on real income of a change in real import prices
going from period 0 to 1 is defined as follows:*

(24.53) In Ppavim = (1/2)(sp” + sy)1n .

It can be verified that Ppyy satisfies the time reversal; i.e., if the two time periods are
switched, then the new Ppyy index is equal to the reciprocal of the original Ppyy index.

As in section B, the interest in the Diewert Morrison index stems from the fact that it has
a very direct connection with production theory; in fact this index is exactly equal to the
target index apy provided that the technology of the production sector can be represented

by a general translog functional form in each period. Again make the translog
assumptions (24.27)-(24.35).

Using Hotelling’s Lemma, the logarithmic derivatives of n'(pc',pr’,pc.,pxpm,L,KY) with
respect to the logarithm of the import price are equal to the following expressions for t =
0,1:

(24.54) oln n'(pc',pi',pa',px'spm'sLLK )/ alnpy = [pv'/n'] an'(pc',pi',pa'spx'spm'sLLK ) apu
= [pm'/n'][- M
= sy using (24.16).

Noting that assumptions (24.27) imply that the logarithms of the net product functions are
quadratic in the logarithms of prices and quantities, the result given by (24.26) can be
applied to definitions (24.43), (24.45) and (24.47) to imply the following result:

(24.55) 2 In apm = In apm + In apm
= [ah’l no(pco’ploapGoapXO’pMoaLO,KO)/alan
+dln n'(pc',pr',pa’.px.pm', L K" )/olnpu][Inpy' — Inpy’]
=[sm’ + sm'] ln(le/pMO) using (24.54).

Thus using (24.53) and (24.55), it can be seen that under the assumptions made on the
technology, the following exact equality holds:**

(2456) OFM = PDMM-

33 Strictly speaking, Diewert and Morrison (1986; 666) defined their index in the context of a GDP function
rather than a net product function and did not deflate prices by a price index. The first applications of
formula (24.22) were made by Diewert, Mizobuchi and Nomura (2005) and Diewert and Lawrence (2006).
** This result is a straightforward adaptation of the results of Diewert and Morrison (1986; 666).
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Thus the Diewert Morrison import price effects on real income growth index Ppym
defined by (24.53) is exactly equal to the target theoretical index, apym, under very weak
assumptions on the technology.

It can be shown that the following equalities hold for the four empirical indexes Py, Ppy,
PprLm and PDMMI35

(24.57)  Puvm(p.p,9.9) = Pem(p,p,4.9) = Pom(p.p.q.9) = Pomm(p,p,q.q9) =1
(24.58) V PLm(p.p,q,9) = V Pem(p.p,q,9) = V PoLm(p,p,q,q) = V Pomm(p,p,q.9)

where VPLu(p,p,q,q) is the 20 dimensional vector of first order partial derivatives of
Pov(p’,p',q’.q') with respect to the components of p’, p', q° and q' but evaluated at a
point where p° =p' =p and " =q' = q. As usual, the meaning of (24.57) and (24.58) is
that the four indexes approximate each other to the accuracy of a first order Taylor series
approximation around an equal prices and quantities data point.

The second order derivatives of the Laspeyres and Paasche type indexes, Ppyv and Ppyy,
are not equal to each other when evaluated at an equal price and quantity point; i.e.,

(24.59) V> PLv(p,p,9,q) = V- Pemi(p,p,.q)

where V*PLv(p.p.q.q) is the 20 by 20 dimensional matrix of second order partial
derivatives of PLu(p®,p'.q°.q') with respect to the components of p°, p', q° and q' but
evaluated at a point where p’ =p' = p and " = q' = q. Thus as might be expected, Ppy
and Ppy do not approximate each other to the accuracy of a second order Taylor series
approximation around an equal price and quantity point.

However, the second order derivatives of the Diewert Lawrence and Diewert Morrison
import indexes, Pppm and Ppywm, are equal to each other when evaluated at an equal price
and quantity point; i.e.,*

(24.60) V* Ppm(p.p,a,q9) = V° Ponmi(psp,q,q)-

Thus Pprym and Ppyvv approximate each other to the accuracy of a second order Taylor
series approximation around a data point where the real prices are equal in each period
and the net output quantities are also equal to each other across periods. The practical
significance of this result is that for normal time series data where adjacent periods are
compared, the Diewert Lawrence and Diewert Morrison indexes will give virtually
identical results.”’

D. The Combined Effects of Changes in the Real Prices of Exports and Imports

%> The proof is a series of straightforward computations.

%% Again a long series of routine computations establishes this result.

7 See Tables 5 and 9 and 12 and 14 in Diewert and Lawrence (2006) for a numerical illustration of this
result.
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In this section, instead of separately considering the effects of a change in real export or
real import prices on the real income generated by the production sector, the effects of a
combined change in real export and import prices will be considered. It will turn out that
the same type of analysis that was used in the previous two sections can be used in the
present section.

In a first attempt to measure the effects of changing real import and export prices over the
two periods under consideration, a hypothetical period 1 net domestic product
maximization problem is considered where producers have at their disposal the period 0
technology set S°, the period 0 actual labour and capital inputs, L° and K° respectively,
and they face the period 0 real prices for consumption, net investment and government
consumption, pc’, pi’ and pg’ respectively, but they face the period 1 real export and
import prices, px' and py'. The solution to this hypothetical net product maximization
problem is n’(pc’,pi’.pcipx LK), A theoretical Laspeyres type measure oy xm of
the effects on real income growth of the combined changes in real export and import
prices from their period 0 levels, px’ and py’, to their period 1 levels, px'and py', can be
defined as the ratio of the hypothetical net real income nO(pco,pIO,pGO,pxl,le,LO,KO) to the
actual period 0 net real income n’(pc’,pi’,pa’.px -pm L% KY):

(2461) ALxMm = no(pcoapl()’pGo:pxl9pM1>LO’KO)/no(pCOaploapGOJpXOapMoaLoaKO)'

The index arxm of the effects of the change in the real prices of exports and imports is
termed a Laspeyres type index because it holds constant all exogenous prices and
quantities at their period 0 levels except for the four real export and import prices, px’,
px’, pm" and py', and the index also holds technology constant at the base period level.

As usual, a feasibility argument leads to the following observable lower bound to the
theoretical index apxm defined by (24.61):

(2462) oL xM = [pCOCO+pIOIO+pGOGO+pXIXO_pM1MO]/[pC0C0+pIOIO+pGOGO+pXOX0_pMOMO]
= PLXM

where Prxm 1s an observable Laspeyres type index of the effects on real income of a
change in real export and import prices going from period 0 to 1. Note that the numerator
and denominator on the right hand side of (24.62) are identical except that px' and py'
appear in the numerator while px’ and py’ appear in the denominator.

It is possible to show that the Laspeyres type observable index Prmx is a first order
Taylor series approximation to the theoretical Laspeyres type index apmx; i.€., it is
possible to derive a counterpart to the approximation (24.10).

A theoretical Paasche type measure opy of the effects on real income growth of changes
in real export and import prices from the period 0 levels, px” and py’, to the period 1
levels, px' and py', can be defined as the ratio of the actual period 1 net real income
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nl(pcl,pll,pGI,le,le,Ll,Kl) to the hypothetical net real income defined by
n'(pc,pi’.pspx’spmsL LK)

(24.63) apxm = n' (pc',pr'papx pm LK/ (pet,prapet px o pv,L LKD),

The index apxm of the effects of the changes in the real prices of exports and imports is
termed a Paasche type index because it holds constant all exogenous prices and quantities
at their period 1 levels except for the real export and import prices, px’, px'» pv_ and pu',
and the index also holds technology constant at the period 1 level.

Using assumption (24.7) for t = 1, the numerator on the right hand side of (24.63) is equal
to period 1 observed real net product, pc' C' + pi'I' + pg' G' + px' X' = pu' M'. Using
definition (24.6), it can be seen that Cl, Il, Gl, X! and M' is a feasible solution for the net
product maximization problem defined by the denominator on the right hand side of
(24.63), nl(pcl,pll,pGI,pXO,pMo,Ll,Kl). These facts mean that there is the following
observable upper bound to the theoretical index oy xy defined by (24.63):

(24.64) opxon = [pc Cl4+pr' T'+pg' G'+px' X' =pm'M'V[pe' C'+pi' I'+pg' G+px"X ' -pu’™M ']
= Ppxm

where Ppxy is an observable Paasche type index of the effects on real income of a change
in real export and import prices going from period 0 to 1. Note that the numerator and
denominator on the right hand side of (24.64) are identical except that px' and py' appear
in the numerator while px’ and py appear in the denominator.

As usual, it is possible to show that the Paasche type observable index Ppxm is a first
order Taylor series approximation to the theoretical Paasche type index apxy; i.€., a
counterpart to the approximation (24.13) can be derived.

Note that both the Laspeyres and Paasche theoretical indexes of the effects on real
income generated by the production sector of a change in the (real) prices of exports and
imports are equally plausible and there is no reason to use one or the other of these two
indexes. Thus as usual, o xm and opxm should be geometrically averaged. Hence define
the theoretical Fisher type measure orxwm of the effects on real income growth of changes
in real export and import prices as the geometric mean of the Laspeyres and Paasche
type theoretical measures:

(24.65) atrxn = [0 xmomxm] 2.

Having defined a target export and import index defined by (24.65), the problem of
finding empirical approximations to this theoretical index will now be considered.

Two empirical indexes that provide estimates of the effects on the growth of real income
of a change in real export prices have already been defined above: the Laspeyres type
index Ppxym defined on the right hand side of (24.44) and the Paasche type index Ppxm
defined on the right hand side of (24.46). It was noted that Prxym was a lower bound to
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the theoretical index oy xm and Ppxym was an upper bound to the theoretical index opxwm.
Thus Prxm will generally have a downward bias compared to its theoretical counterpart
while Ppxym will generally have a upward bias compared to its theoretical counterpart
These inequalities suggest that the geometric mean of Prxy and Ppxwy is likely to be a
reasonably good approximation to the target Fisher type index apxy defined as the
geometric mean of opxy and opxy. Thus define the Diewert Lawrence index of the
effects on real income of a change in real export and import prices going from period 0
to 1 as follows:™®

(24.66) Pprxm = [Prxm Prxum] .

As in section B, it will be useful to develop some alternative expressions for the indexes
Prxm, Ppxm and Pprxm. Using the techniques described in section B, the following
alternative formulae for Py xm, Ppxm and Pprxm can be derived:

(24.67) Pixm=1+sx"(tx = ) +sm’ (tm = 1) ;
(24.68) Ppxm = [1 + sx'(rx = D) +sp'(em™' = )]

where the export shares sx' (positive) and import shares sy' (negative) are defined in
(24.16), rx = px'/px_ is the real export price relative and ry = pu'/pm’ is the real import
price relative. It can be seen that both Py xy and Ppxy are increasing functions of rx and
decreasing functions of ry, since the sy’ are negative as defined in (24.16), so that as the
real price of exports increases, both indexes of growth in real income increase and as the
real price of imports increases, both indexes of growth in real income decrease.

Substituting expressions (24.67) and (24.68) into (24.48) leads to the following
expression for the Diewert Lawrence export and import index:

(2469) Ppoixm = {[1 + SXO (I‘X - 1) + SMO (I‘M - 1)]/[1 + le(rx_l - 1) + SMI(I‘M_1 - 1)]}1/2.

The Diewert Lawrence index Pppxyv defined by (24.69) is likely to be closer to the target
Fisher index apxm defined by (24.65) than the Laspeyres and Paasche type indexes Prxm
and Ppxy defined by (24.67) and (24.68).

As in sections B and C, there is an alternative to the Diewert Lawrence index Pprxm
defined by (24.69), namely the Diewert Morrison index Ppymx. Using the same notation
that is used in (24.69) above, the logarithm of the Diewert Morrison index, Ppyxm, of the
effects on real income of changes in real export and import prices going from period 0 to
1 is defined as follows:*’

3 Diewert and Lawrence (2006; 15) did not actually define the index on the right hand side of (24.66);
instead they defined a counterpart index that looked at the effects on real income growth of a change in all
real output prices (rather than the effects of a change in just real export and import prices). However, the
basic idea behind (24.48) is due to Diewert and Lawrence.

% Strictly speaking, Diewert and Morrison (1986; 666) defined their index in the context of a GDP function
rather than a net product function and did not deflate prices by a price index. The first applications of
formula (24.70) were made by Diewert, Mizobuchi and Nomura (2005) and Diewert and Lawrence (2006).
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(24.70) In Ppavxum = (172)(sx” + sx)In rx + (1/2)(sm” + su')In 1y

It can be verified that Ppyxv satisfies the time reversal; i.e., if the two time periods are
switched, then the new Ppymxm index is equal to the reciprocal of the original Ppyxwm
index.

As in section B, the Diewert Morrison index is exactly equal to the target index orxm
provided that the technology of the production sector can be represented by a general
translog functional form in each period. Thus again make the translog assumptions
(24.27)-(24.35). Using the Hotelling’s Lemma results (24.36) and (24.54) and noting that
assumptions (24.27) imply that the logarithms of the net product functions are quadratic
in the logarithms of prices and quantities, the result given by (24.26) can be applied to
definitions (24.61), (24.63) and (24.65) to imply the following result:

(24.71) 2 In arxm = In apxm + 1In opxm
= [oln n°(pc”,pi°,pc.px . pm’ LK) alnpx+aln n' (pc',pit,pa’ px,pum L K )/dlnpx]
><[lnpx1 - lnpxo]
+aln n’(pc”,pr’,pa’,px . pv’. LK ) alnpy+aln n' (pe',pi'spa’ . px’,pm LK)/ alnpw]
x[Inpm' — Inpy’]
= [sx" + sx'] In(px'/px’) + [sm’ + sm'] In(put'/pn’)

Thus using (24.70) and (24.71), it can be seen that under the assumptions made on the
technology, the following exact equality holds:*

(2472) OFM = PDMM-

Thus the Diewert Morrison combined export and import price effects on real income
growth index Ppyxm defined by (24.70) is exactly equal to the target theoretical index
arxm defined by (24.65) under very weak assumptions on the technology.

As in sections B and C above, it can be shown that the four empirical indexes Pyxw,
Ppxm, Porxm and Ppyxy numerically approximate each other to the first order around an
equal price and quantity point:

(24.73)  Puxm(p.p,d.9) = Pexm(p.p,d.9) = PoLxm(p,p,d.9) =  Pomxm(p.p.q,9) =1 ;
(24.74) V PLxm(p,p.9.9) = V Pexm(p,p.9.9) = V Poxm(p.p,9.9) = V Pomxm(p,p.q,9)

where VP xm(p,p,q.q) is the 20 dimensional vector of first order partial derivatives of
PLxm(p’,p'.q’q') with respect to the components of p°, p', ¢’ and q' but evaluated at a
point where p’=p' =pandq"=q' = q.

The second order derivatives of the Laspeyres and Paasche type indexes, Prxm and Ppy,
are not equal to each other when evaluated at an equal price and quantity point; i.e.,

0 This result is again a straightforward adaptation of the results of Diewert and Morrison (1986; 666).
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(24.75) V> PLxm(p,p:9,9) # V- Pexm(pspq,q)-

However, the second order derivatives of the Diewert Lawrence and Diewert Morrison
combined export and import indexes, Pprxm and Ppumxm, are equal to each other when
evaluated at an equal price and quantity point; ie., M

(24.76) V* Porxm(p.psa-9) = V7 Poaixm(p,p,q,9)-

Thus Pprxwm and Ppvxm approximate each other to the accuracy of a second order Taylor
series approximation around a data point where the real prices are equal in each period
and the net output quantities are also equal to each other across periods. The practical
significance of this result is that for normal time series data where adjacent periods are
compared, the Diewert Lawrence and Diewert Morrison combined effects indexes will
give virtually identical results.

The above material is very similar to the results derived in sections B and C above. But
at this point, some new results can be derived. In section B, measures of the effects on
real income growth of a change in real export prices were derived; in section C, measures
of the effects on real income growth of a change in real import prices were derived and
finally, in this section, measures of the combined effects on real income growth of a
change in both real export prices and in real import prices were derived. A natural
question to ask at this point is: how do the partial measures considered in sections B and
C compare to the combined effects measures considered in the present section?

Using the Diewert Morrison measures, the answer to the above question is very simple.
Recalling the expressions (24.22), (24.53) and (24.70) which defined the Diewert
Morrison index of the effects on real income growth of a change in real export prices
Ppmx, of a change in real import prices Ppyy and the combined effects of changes in real
export and import prices Ppyxm respectively, it can be seen that there is the following
simple multiplicative relationship between these three indexes:

(24.77) Pomixm = Poux Pons;

i.e., the combined price effects index Ppuxwm is exactly equal to the product of the export
price effect index Ppymx and the import price effect index PDMM.42 Thus when using the
Diewert Morrison indexes, the product of the partial effects is equal to the combined
effect.”

The exact decomposition given by (24.77) for the Diewert Morrison indexes translates
into the following approximate decomposition for the Diewert Lawrence indexes:

*! Again a series of routine computations establishes this result.

*2 This is a counterpart to a result obtained by Diewert and Morrison (1986; 666) and Kohli (1990).

* This result generalizes to the case where there is a finer classification of exports and imports. In this
case, the Diewert Morrison disaggregated effect indexes can be multiplied together to obtain the overall
effect of changes in all real export and import prices.
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(24.78) Pprxm = Pprx Pprm.

The meaning of the approximate equality is this: from the approximation results derived
in this section and the previous sections, it is known that the Diewert Morrison combined
effects index Ppyxm approximates the Diewert Lawrence combined effects index Pprxm
to the second order around an equal price and quantity point and the Diewert Morrison
separate effects indexes Ppmx and Ppayv similarly approximate the corresponding Diewert
Lawrence separate effects indexes Ppvx and Ppyy. Using these approximation results
and the exact identity (24.77) means that the right hand side of (24.78) will approximate
the left hand side of (24.78) to the second order around an equal price and quantity point.

The decomposition results derived above should be useful when dealing with
disaggregated export and import data. The reader should be able to use the techniques
explained in this chapter to extend the analysis to the case where there are a large number
of export and import categories. The corresponding analogues to (24.77) and (24.78) will
enable the analyst to decompose the overall effects on real income growth due to changes
in the prices of internationally traded goods into separate effects in each category. These
separate effects multiply together to give the overall effect on real income growth of
changes in the real prices of exports and imports.

E. The Effects on Household Cost of Living Indexes of Changes in the Prices of
Directly Imported Goods and Services

E.1 The Case of a Single Household: The Basic Framework

As was mentioned in the introduction to this chapter, households frequently directly
import consumer goods and services from abroad without these goods and services
passing through the production sector of the economy. Examples of such commodities
are tourist expenditures abroad and the direct importation of automobiles. Thus it would
be useful to have a framework for modeling the effects of changes in the prices of these
directly imported products on household welfare.

The case of a single household that imports a product will be considered. Let C' and M'
denote the quantities of a domestic and foreign commodity consumed by the household in
period t and let Pc' and Py denote the corresponding period t nominal prices for t = 0,1.4
The period t household nominal expenditure on all goods and services or period t
household “income”, Y', is defined as the total value of consumer expenditures on
consumption products provided by the domestic production sector and by directly
imported products:

(24.79) Y' = PJ'C' + Py'M' ; t=0,1.

* These price and quantity scalars can be replaced by vectors but for simplicity, only the scalar case is
considered here. Note that the C' in the present section matches up with the C' that appeared in previous
sections but that the M" in this section is not equal to the production theoretic M" that appeared in previous
sections.



27

As opposed to the generation of real income approach taken in previous sections in this
chapter, in this section, a more traditional cost of living approach to changes in the prices
of directly imported goods and services will be taken. Thus the objective of the present
section is to derive measures of the effects on the household’s cost of living index of a
change il’ll import prices from the period 0 nominal level, Py, to the period 1 nominal
level, Py .

At this point, household preferences over different combinations of C and M are brought
into the picture. It is assumed that in period t = 0,1, the household’s preferences are
defined by the period t utility function, U(C,M), where the function U' is increasing,
continuous and quasiconcave in its two variables C and M. It will prove useful to define
the household’s period t expenditure function, e'(Pc,Py,u) for periods t = 0,1, positive
(nominal) prices Pc and Py and for utility level u belonging to the range of U

(24.80) e'(Pc,Py,u) = min ¢y { PcC +PyM : U(CM) = u} ; t=0,1.

Thus e'(Pc,Py,u) is the minimum income that the household needs in period t in order to
attain the utility level u, given that it faces the prices Pc and Py for domestically and
foreign supplied goods and services respectively.*’

In what follows, it will be assumed that the household minimizes the cost of achieving its
utility level u' = U'(C',M") in each period t so that the following equalities hold:

(24.81) e'(Pc' Py ,u) = Pc'C' + Py'M' ; t=0,1.
Assumptions (24.81) are the household counterparts to the producer equalities (24.7).

The household expenditure functions defined in this subsection will play a key role in the
remainder of section E.

E.2 Theoretical Measures of the Effects on Income of Changes in Household Import
Prices

Note that ¢’(Pc’,Py',u”) is the amount of income that the household would need, using
the household preferences of period 0, to be able to attain the same level of utility that it
attained in period 0 (which is u’) if it faced the period 0 domestic consumption price Pc’
but the period 0 household import price was changed from Py to the period 1 import
price Py'. This hypothetical amount of expenditure could be compared to the period 0
actual expenditure level, e’(Pc’,Py’,u’). Thus a theoretical Koniis (1924) Laspeyres
partial cost of living index that measures the effects of changes in the price of imports

that the household faces going from the period 0 level, Py, to the period 1 level, Py, can

* The expenditure function e' can be used to represent consumer preferences under some assumptions on
the utility function U'; see Diewert (1974) for the properties of €' and references to the literature. An
important property for present purposes is that €'(P¢,Py,u) is increasing in P¢ and Py,
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be defined as the ratio of the hypothetical expenditure e’(Pc’,Py',u’) to the actual period
0 expenditure:

(24.82) kim = " (P, P, u®)/e®(Pc?, Py ud).

The index kpm of the effects of the change in the price of imports is termed a (partial)
Laspeyres type index because it holds constant all exogenous prices and utility levels at

their period 0 levels except for the import price, Py'.*°

Note that as Py’ increases, kv defined by (24.82) also increases. This is quite different
from the properties of the corresponding producer index oyy defined by (24.43) where
apm decreased as the (real) price of imports increased. But there is a difference in
perspective between the previous sections and the present one: in the previous sections,
growth of real income due to changes in international prices was positive for the
providers of primary input services whereas in the present section, growth in cost due to
changes in international prices is negative for households.

There is the following observable upper bound to the theoretical index Ky defined by
(24.82):"

(24.83) kim < [PCY+ Ppu! MYY/[PC° €0+ Py’ MY
=Py

where Pry is an observable Laspeyres partial import price index of the effects on the
cost of living of a change in import prices going from period 0 to 1, holding the price of
consumption constant at the period 0 level. Note that the numerator and denominator on
the right hand side of (24.83) are identical except that Py, appears in the numerator and
P\ appears in the denominator.

It is possible to show that the Laspeyres type observable index Py is a first order Taylor
series approximation to the theoretical index «kpy; i.e., it is possible to derive a
counterpart to the approximation (24.10)."*

The above theoretical measure of the effects of a change in the price of imports used the
period O preferences for the consumer. It is possible to develop a parallel measure of
price change using the consumer’s period 1 preferences. Note that ¢'(Pc',Py’,u') is the

* The index defined by (24.82) is a partial price change counterpart to a cost of living index concept
defined by Balk (1989; 159) in the context of changing consumer preferences. Balk used the idea of
holding tastes constant to work out the effects of price changes. The measure defined by (24.84) is also
related to various price compensating variations defined by Hicks (1945-46; 68) (1946; 331-332) except
that Hicks used differences rather than ratios.

" Note that assumption (24.81) for t = 0 implies that e’(Pc’,Py’,u’) = pc” C™+pu’ M. Since [C'.M"] is a
feasible solution for the cost minimization problem defined by e(PCO,PMl,uO), it must be the case that
(P’ Py, u’) is equal or less than P’ C™+Py' M°, which establishes the inequality in (24.83).

* A first order Taylor series approximation to eO(PCO,PMl,uO) is eO(PCO,PMO,uO) + [6eO(PCO,Pl\,lo,uo)/aPM][PM1 -
Pl = [pc” Co+py® MP] + MO[Py! = Py"] = P C™+Py' M using M° = 9e°(P°,Py",u’)/dPy which is implied
by Shephard’s (1953; 11) Lemma. This type of approximation is due to Hicks (1942) (1946; 331).
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amount of income that the household would need, using the household preferences of
period 1, to be able to attain the same level of utility that it attained in period 1 (which is
u') if it faced the period 1 domestic consumption price Pc' and the period 0 import price
P\. This hypothetical amount of expenditure could be compared to the period 1 actual
expenditure level, e'(Pc',Py',u'). Thus a theoretical Koniis Paasche partial cost of living
index that measures the effects of changes in the price of imports that the household faces
going from the period 0 level, Py’, to the period 1 level, Py, can be defined as the ratio
of the actual period 1 expenditure e'(Pc',Py',u') to the hypothetical expenditure
el(Pcl,PMO,ul):

(24.84) kpy = e' (P! Py u')e' (P! Py ut).

The index kpy of the effects of the change in the price of imports is termed a (partial)
Paasche type index because it holds constant all exogenous prices and utility levels at

their period 1 levels except for the two import prices, Py’ and Py'.*’

There is the following observable lower bound to the theoretical index kpy defined by
(24.84):

(24.85) kpym = [Pc'C'H+Py' M')/[Pc! C+Py "M
=Ppy

where Ppy is an observable Paasche partial import price index of the effects on the cost
of living of a change in real import prices going from period 0 to 1, holding the price of
consumption constant at the period 1 level. Note that as usual, the numerator and
denominator on the right hand side of (24.85) are identical except that Py' appears in the
numerator and Py appears in the denominator.

It is possible to show that the Paasche type observable index Ppy; is a first order Taylor
series approximation to the theoretical index «xpy; i.e., it is possible to derive a
counterpart to the approximation (24.13).

Note that both the Koniis Laspeyres and Paasche theoretical partial cost of living indexes
of the effects generated by a change in the price of imports are equally plausible and there
is no reason to use one or the other of these two indexes. Thus if it is desired to have a
single theoretical measure of the effects of a change in import prices on the household’s
cost of living, xkpm and kpy should be geometrically averaged. Hence define the
theoretical Fisher type partial cost of living index xpm of the effects of changes in
household import prices as the geometric mean of the Koniis Laspeyres and Paasche
theoretical measures:

(2486) KFMm = [KLM KPM]I/z.

* The index defined by (24.85) is also a partial price change counterpart to a cost of living index concept
defined by Balk (1989; 159) in the context of changing consumer preferences.



30

With the target import index (24.86) defined, the problem of finding empirical
approximations to this theoretical index will now be considered.

E.3 Empirical Measures of the Effects on Income of Changes in Household Import
Prices

Two empirical indexes that provide estimates of the effects on the cost of living of a
household have been defined above: the Laspeyres partial import price index Ppy
defined on the right hand side of (24.83) and the Paasche partial import price index Ppr
defined on the right hand side of (24.85). It was noted that Py, was an upper bound to
the theoretical index k1 and PPM* was a lower bound to the theoretical index kpy. Thus
Py will generally have a upward bias compared to its theoretical counterpart while Ppy-
will generally have a downward bias compared to its theoretical counterpart These
inequalities suggest that the geometric mean of Py and Ppy" is likely to be a reasonably
good approximation to the target Fisher type index kpy defined as the geometric mean of
Kim and Kpy. Thus define the Diewert Lawrence partial cost of living index of the effects
of a change in import prices going from period 0 to I as follows:™

(24.87) Poim = [Piu Peu 1%

As in section B, it will be useful to develop some alternative expressions for the indexes
Pim, Ppm and Pprym . Define the household’s period t share of directly imported
commodities Sy' for t = 0,1 and the price relative for nominal import prices Ry as
follows:

(24.88) Su' = P\'MY[P'C' + Py'M'], t = 0,1 ; Ry = Py /Py

Using the techniques described in section B, the following alternative formulae for Piv,
Ppm and Pppy can be derived:

(24.89) Piy =1+ Sy’ Ry - 1);
(24.90) Py = [1 + Su' (Ry™' - 1)] .

Since SMO and SM1 are positive, it can be seen that both PLM* and PPM* are increasing
functions of Ry so that as the nominal price of imports increases, both partial cost of
living indexes increase as expected.

Substituting expressions (24.89) and (24.90) into (24.87) leads to the following
expression for the Diewert Lawrence import index:

(24.91) Ppry’ = {[1+ Sy Ry = DI/[T + Su' Ry = D]}

% Diewert and Lawrence did not actually suggest this index in the consumer context but it is the consumer
theory counterpart to their producer context index discussed earlier.
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The Diewert Lawrence index Pppy defined by (24.91) is likely to be closer to the target
Fisher index kv defined by (24.86) than the Laspeyres and Paasche type indexes Prum
and Ppy defined by (24.89) and (24.90).

Using the same notation that is defined in (24.88) above, the logarithm of the Diewert
Morrison partial cost of living index, Pomm , of the effects of a change in import prices
going from period 0 to 1 is defined as follows:”'

(24.92) In Popm” = (1/2)(Sm” + SuH)In Ry

It can be verified that PDMM* satisfies the time reversal; i.e., if the two time periods are
switched, then the new Ppym index is equal to the reciprocal of the original Ppym
. 52

index.

As in section B, the interest in the Diewert Morrison index stems from the fact that it has
a very direct connection with consumer theory; in fact this index is exactly equal to the
target index Kpy provided that the preferences of the consumer are translog in each period
with certain quadratic coefficients equal to each other. The assumptions made on the
consumer’s expenditure functions e' for each period are the following general translog
counterparts to the translog assumptions (24.27)-(24.35) that were made in earlier
sections, letting p = [Pc,Pm]:

(24.93) In €'(p,u) = ag' + S’ an' Inpy + (1/2) Sui”Sie1” ay; Inp,, Inp; + by Inu +
(1/2) by (Inu)* + Spi® co' Inpy Inu ; t=0,1.

Note that as before, the coefficients for the quadratic terms in the logarithms of prices are
assumed to be constant over time; i.e., it is assumed that anjo = anjl = ay;. The coefficients
must satisfy the following restrictions in order for e' to be linearly homogeneous in the
prices p:

(24.94) S’ ay =1 fort=0,1;
(24.95) ay; = aj, for all n,j ;
(24.96) Si=* ae =0 for n=1,2;
(24.97) Su-i’ ca' =0 fort=0,1.

Note that using Shephard’s Lemma, the logarithmic derivatives of e'(Pc,Py',u') with
respect to the logarithm of the import price are equal to the following expressions:

(24.98) 9ln e'(Pc', Py, u)/0InPy = [Py'/e'] de' (P, Py'su’)/oPy ; t=0,1
= [Pum'/e' 1 M'
=Sy using (24.88).

3! Strictly speaking, Diewert and Morrison did not define this index in the consumer context but it
obviously has the same structure as their partial index which was defined in the producer context.
32 The Diewert Lawrence index Pppy also satisfies this time reversal property.
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Noting that assumptions (24.93) imply that the logarithms of the expenditure functions
are quadratic in the logarithms of prices and utility, the result given by (24.26) can be
applied to definitions (24.82), (24.84) and (24.86) to imply the following result:

(24 99) 2 1In KM = In KLM +In KpMm
= [9ln e°(P’,Pu,u’)/0InPy + 0ln e'(Pc', Py’ u')/alnPy][InPy' — InPy]
= [Sm” + Sum'] In(Py'/Pr®) using (24.98).

Thus using (24.92) and (24.99), it can be seen that under the assumptions made on the
technology, the following exact equality holds:

(24.100) Kgn = Pouu -

Thus the Diewert Morrison partial cost of living Ppwy defined by (24.92) is exactly
equal to the target theoretical index, Kpv, under very weak assumptions on the

technology.

It can be shown that counterparts to the equalities (24 57), (24 58) and (24. 60) hold for
the four emplrlcal partial cost of living indexes PLM , PpM , PDLM and PDMM % Thus
PDLM and PDMM approximate each other to the accuracy of a second order Taylor series
approximation around a data point where the prices are equal in each period and the
consumer demands are also equal to each other across periods. The practical significance
of this result is that for normal time series data where adjacent periods are compared, the
Diewert Lawrence and Diewert Morrison indexes will give virtually identical results.

Obviously, the above analysis can be repeated to develop theoretical and empirical partial
indexes that measure the effects on the cost of living of a change in domestic consumer
prices P¢'. Thus define the period t share of consumer expenditures on domestic goods as
Sc' and the consumption price relative Rc as follows:

(24.101) S¢' = P'CY[P'C + Py'M', t = 0,1 ; Re = Pe'/P.

Using* this notation, the logarithm of the Diewert Morrison partial cost of living index,
Pomce, of the effects of a change in consumption prices going from period 0 to 1 is
defined as follows:

(24.102) In Ppyic” = (1/2)(Sc? + ScHIn Re.

The Diewert Morrison complete cost of living index can also be defined and this index,
Ppmewm , 1s simply the usual Tornqvist Theil price index which is defined as follows:

(24.103) In Ppymem = (172)(Sc? + ScHIn Re + (1/2)(Swm” + Sv)In Ry

>3 This result is a partial counterpart to results obtained by Caves, Christensen and Diewert (1982; 1410)
and Balk (1989; 165-166).
>* As usual, the proof is a series of straightforward computations.
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Using (24.92), (24.102) and (24.103), we have the following counterpart to the earlier
production theory multiplicative result (24.77):

(24.104) Ppyem” = Powc Pouu '

i.e., the overall cost of living index Pomem. 1S exactly equal to the product of the partial
domestic consumption price cost of living index Ppyc and the partial import price cost
of living index PDMM*. Thus when using the Diewert Morrison indexes, the product of
the partial effects is equal to the combined effect.”

The exact decomposition given by (24.104) for the Diewert Morrison indexes translates
into the following approximate decomposition for the counterpart Diewert Lawrence
indexes:

(24.105) Pprem' = Porc Pouw -
F. Conclusion

There are a large number of approaches that have been suggested over the years that
attempt to determine the welfare effects of changes in the prices of exports and imports.
The approach taken in this chapter is rather narrow in scope in that only approaches to the
measurement of the effects on real income of changes in international prices that are
based on producer theory (sections B-D) or consumer theory (section E) have been
considered. However, the approaches outlined in this chapter should prove to be useful
in an environment where large fluctuations in food and energy prices are taking place.

The production theory approach outlined in this chapter can be extended to provide a
more complete description of the factors that determine the growth in the real income
generated by a production sector. In addition to changes in the real prices of exports and
imports, other determinants include changes in real domestic prices, changes in the
utilization of primary inputs and changes in productivity.® For additional materials on
how these additional explanatory factors can be added to the export and import price
change factors, see Diewert, Mizobuchi and Nomura (2005), Diewert and Lawrence
(2006) and Kohli (2006).”
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