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ABSTRACT. — The paper addresses whether hedonic regressions should
be weighted (by either quantities sold or expenditures on the model) or
not. To make some progress on the issue of what weights to choose, the
paper uses the time dummy variable hedonic regression model applied to
only two periods. In this framework, the time dummy becomes a measure
of price change between the two periods and a transformation of the
estimated dummy variable can be regarded as a generalized bilateral index
number formula. The axiomatic properties of this measure of price change
are examined for various alternative weighted schemes. If the models in
the two periods are exactly the same, the hedonic regression measure of
price change reduces to a bilateral index number formula.

Régressions hédoniques avec indicatrices temporelles
adjacentes, et théorie des nombres indices bilatéraux

RESUME. - Cet article examine si les régressions hédoniques doivent
étre pondérées (soit par les quantités vendues soit par les dépenses) ou
non. Afin de progresser sur cette question du choix de la pondération,
I’article examine les modéles de régressions hédoniques avec une variable
indicatrice temporelle comprenant seulement deux périodes. Dans ce cadre,
la variable indicatrice temporelle devient une mesure du changement de
prix entre les deux périodes et une transformation de la variable indicatrice
estimée peut étre vue comme une formule d’un nombre indice bilatéral
généralisé. Les propriétés axiomatiques de cette mesure du changement
de prix sont examinées pour différents procédés de pondération. Si les
modeéles sont exactement les mémes dans les deux périodes, la mesure
du changement de prix de la régression hédonique se réduit a la formule
d’un nombre indice bilatéral.
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1 Introduction

Some recent publications have revived interest in the topic of hedonic regressions.
The first publication is Chapter 4 in ScHuLTZE and MAckIE (2002), where a rather
cautious approach to the use of hedonic regressions was advocated due to the fact
that many issues had not yet been completely resolved. A second paper by HEravI
and SiLvir (2002) also raised questions about the usefulness of hedonic regres-
sions since this paper presented several alternative hedonic regression methodolo-
gies and obtained different empirical results using the alternative models.! Finally,
the comprehensive monograph by TrIPLETT (2004) argued strongly in favor of the
use of hedonic regression methods to adjust prices for quality changes over other
methods that have been suggested.

One important problem area associated with the use of hedonic regressions is the
issue of whether the regressions should be weighted or not. This is the issue that
we will address in this chapter.”> Our approach to answering this question will be
somewhat novel: we will try to use ideas that occur in the index number literature
on weighting to help guide us in evaluating alternative approaches to the weighting
question in the hedonic regression context. Thus consider the problem of construc-
ting a Consumer Price Index that compares prices between two periods. Index
number theory approaches to this problem end up constructing a CPI between the
two periods as a share weighted average of the price relatives for all the commodi-
ties in the domain of definition of the index that can be matched between the two
periods. Hedonic regressions are used to extend this framework to situations where
the quality of the commodities may change over time (and so complete matching
across the two periods is not possible) but the overall goal is the same as with a
standard CPI: we want a single number that describes the “average” price change
between the two periods. Thus in this chapter, we will focus on the dummy variable
adjacent year hedonic regression technique initially suggested by Courr (1939;
109-111) and used by BErnDT, GriLicHES and RapparorT (1995; 260) and many
others, since this hedonic regression framework gives us an unambiguous measure
of price change between the two periods under consideration.?

Our general strategy will be to suggest various methods of weighting that might
be used in this adjacent period dummy time variable hedonic regression framework,
look at the resulting measures of overall price change but then specialize the model
to the matched model context so that the resulting measure of price change can
be compared to more traditional index number measures of overall price change.
Thus we set the stage for this methodology by first discussing weighting in a single
period hedonic regression framework in section 2 and then in section 3, we dis-
cuss the adjacent period hedonic regression model without weighting. In section 4,
we introduce weighting into the adjacent period framework and apply our index

—_

The observation that different variants of hedonic regression techniques can generate quite different
answers empirically dates back to TRiPLETT and McDonaLD (1977; 150) at least.

2 The only extensive discussion of this issue that I am aware of is by TripLETT (2004; 189-194).

3 When we estimate separate hedonic regressions for both periods, there are many ways that this infor-
mation from the two regressions can be used in order to obtain a single overall measure of price
change; see SILVER and HEravI (2002) (2003) (2004) (2005) and TripLETT (2004) for discussions and
comparisons of these various methods.
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number type methodology. Section 5 specializes the general model of section 4
to an interesting case considered by AizcorBe, CorrADO and Doms (2000), who
introduced a “pure” dummy variable approach to the specification of characteris-
tics of models in addition to the usual time dummies. Section 6 concludes and an
Appendix presents proofs of the various results that are used in sections 3-5.

2 Quantity weights versus
expenditure weights

As an introduction to our main topic, we discuss alternative methods of wei-
ghting model prices in a single equation hedonic regression. Thus if information
on model prices, characteristics and sales to households is available to a statistical
agency producing a Consumer Price Index, then how exactly could the extra infor-
mation on sales be used in running a single period hedonic regression?

We introduce some notation at this point. We suppose that price data have been
collected on K models or varieties of a commodity for some period t.* Thus p.is
the price of model k in period t and ke S(t) where S(t) is the set of models that are
actually purchased by households in period t. For keS(t), denote the number of
these type k models sold during period t by q,'.> We suppose also that information
is available on N relevant characteristics of each model. The amount of characteris-
tic n that model k possesses in period t is denoted as z, ' forn = 1,...,N and ke S(t).
Define the N dimensional vector of characteristics for model k in period t as z,' =
[Z,',Z,,"-7,'] for keS(t). We shall consider only linear hedonic regressions in
this chapter. Hence, the unweighted linear hedonic regression for period t has the
following form:®

) fp) =By + XN (9B, + &' ;s keS(t)

where the B ' are unknown parameters to be estimated, the g,' are independently
distributed error terms with mean 0 and variance 6> and the functions f and f, are
known functions that are used to transform the data (typically, they are either the
identity function, the logarithm function or a dummy variable which takes on the
value 1 if the characteristic n is present in model k or 0 otherwise).

Usually, econometric discussions of how to use quantity or expenditure wei-
ghts in a hedonic regression are centered around discussions on how to reduce
the heteroskedasticity of error terms. In this section, we attempt a somewhat dif-
ferent approach based on an idea taken from index number theory—namely that

4 Models purchased in different outlets can be regarded as separate varieties or not, depending on the
context.

5 If a particular model k is purchased at various prices during period t, then we interpret q,' as the total
quantity of model k that is sold in period t and p, ' as the corresponding average price or unit value.

6 Note that the linear regression model defined by (1) can only provide a first order approximation to a
general hedonic function. DiIEwerT (2003a) made a case for considering second order approximations
but in this chapter, we will follow current practice and consider only linear approximations.
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the regression model should be representative. In other words, if model k sold g, '
times in period t, then perhaps model k should be repeated in the period t hedonic
regression g, ' times so that the period t regression is representative of the sales that
actually occurred during the period.”

To illustrate this idea, suppose that in period t, only three models were sold
and there is only one continuous characteristic. Let the period t price of the three
models be p ', p,"' and p,' and suppose that the three models have the amounts z, ',
z,," and z,," of the single characteristic respectively. Then the period t unweighted
regression model (1) has only the following 3 observations and 2 unknown para-
meters, B,'and B,':

2) f(plt) = Bot + fl(zllt)Blt T Slt ;
f(p,) =By + £1(2,,9B," T &,
f(py) = By + £z, 9B, + &'

Note that each of the 3 observations gets an equal weight in the period t hedonic
regression model defined by (2). However, if say models 1 and 2 are vastly more
popular than model 3, then it does not seem to be appropriate that model 3 gets the
same importance in the regression as models 1 and 2.

Suppose that the integers q,', q,' and q,' are the amounts sold in period t of
models 1,2 and 3 respectively. Then one way of constructing a hedonic regres-
sion that weights models according to their economic importance is to repeat each
model observation according to the number of times it sold in the period. This leads
to the following more representative hedonic regression model, where the error
terms have been omitted:

(3) Lf(p,) = 1,8, + 1,f,(z,,HB,";
1Lf(p,) = 1,By" + 1,£1(2,,B,";
Lf(p;") = 15B¢" + 156, (25,98,

where 1, is a vector of ones of dimension qkt fork=1,2,3.
Now consider the following quantity transformation of the original unweighted
hedonic regression model (2):

“) (qlt)l/z f(plt) = (qlt)l/z Bot + (q1t)l/2 fl(zllt)Blt + glt* 5
(qzt)l/z f(pzt) = (qzt)l/2 Bol + (qzt)l/z fl(zzlt)ﬁlt + Szt* 5
(q3t)1/2 f(p3t) — (q3t)1/2 Bot + (q3t)1/2 fl(z31t)Blt + 83t* .

Comparing (2) and (4), it can be seen that the observations in (4) are equal to
the corresponding observations in (2), except that the dependent and independent

7 Thus our representative approach follows along the lines of THEIL’S (1967; 136-138) weighted sto-
chastic approach to index number theory, which is also pursued by CLEMENTS and 1zan (1981), SEL-
VANATHAN and Rao (1994), Rao (2002) and Diewert (1995) (2004). The use of weights that reflect
the economic importance of models was recommended by Gritictes (1971b; 8): “But even here,
we should use a weighted regression approach, since we are interested in an estimate of a weighted
average of the pure price change, rather than just an unweighted average over all possible models, no
matter how peculiar or rare.” However, he did not make any explicit weighting suggestions.
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variables in observation k of (2) have been multiplied by the square root of the
quantity sold of model k in period t for k = 1,2,3 in order to obtain the observations
in (4). A sampling framework for (4) is available if we assume that the transformed
residuals g, are independently normally distributed with mean zero and constant
variance.

Let b,' and b,' denote the least squares estimators for the parameters ' and '
in (3) and let bo‘* and bl‘* denote the least squares estimators for the parameters '
and B,'in (4). Then it is straightforward to show that these two sets of least squares
estimators are the same?; i.e., we have:

(%) [botablt] = [bot*ablt*}

Thus a shortcut method for obtaining the least squares estimators for the
unknown parameters, ' and B,', which occur in the “representative” model (3) is
to obtain the least squares estimators for the transformed model (4). This equiva-
lence between the two models provides a justification for using the weighted model
(4) in place of the original model (2). The advantage in using the transformed
model (4) over the “representative” model (3) is that we can develop a sampling
framework for (4) but not for (3), since the (omitted) error terms in (3) cannot be
assumed to be distributed independently of each other.” However, in view of the
equivalence between the least squares estimators for models (3) and (4), we can
now be comfortable that the regression model (4) weights observations according
to their quantitative importance in period t. Hence if we take the point of view that
regards weighting according to economic importance as fundamental, then we can
recommend the use of the weighted hedonic regression model (4) over its unwei-
ghted counterpart (2).

However, rather than weighting models by their quantity sold in each period, it
is possible to weight each model according to the value of its sales in each period.
Thus define the value of sales of model k in period t to be:

(6) v =pla s keS.

Now consider again the simple unweighted hedonic regression model defined by
(2) above and round off the sales of each of the 3 models to the nearest dollar (or
penny). Let 1, be a vector of ones of dimension v,' for k = 1,2,3. Repeating each
model in (2) according to the value of its sales in period t leads to the following
more representative period t hedonic regression model (where the errors have been
omitted):

(7 1d(p,Y) = 1By + 11.£,(z, 9B, 5
lz*f(pzt) = 12*[30t + lz*fl(Zth)Blt ;
Ld(py) = 13:By" + 15u63(z3, 9B, -

8 See, for example, GREENE (1993; 277-279). However, the numerical equivalence of the least squares
estimates obtained by repeating multiple observations or by the square root of the weight transfor-
mation was noticed long ago as the following quotation indicates: “It is evident that an observation
of weight w enters into the equations exactly as if it were w separate observations each of weight
unity. The best practical method of accounting for the weight is, however, to prepare the equations of
condition by multiplying each equation throughout by the square root of its weight.” E. T. WHITTAKER
and G. RoBINsON (1940; 224).

9 Itis possible to develop a descriptive statistics interpretation for b and b ', the least squares estima-
tors for the ' and B,' parameters in (3); see section 8 in DiEWERT (2004).
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Now consider the following value transformation of the original unweighted
hedonic regression model (2):

(8) (Vlt)l/z f(plt) — (Vlt)l/z Bot + (Vlt)l/z fl(zllt)Blt + 81t"‘* ;
(Vzt)l/z f(pzt) — (V2t)1/2 Bot + (Vzt)l/z fl (Z2lt)Blt + 82t** ;
(V3t)1/2 f(th) — (V3t)l/2 Bot + (V3t)1/2 fl (231t)B1t + 83t** .

Comparing (2) and (8), it can be seen that the observations in (8) are equal to
the corresponding observations in (2), except that the dependent and independent
variables in observation k of (2) have been multiplied by the square root of the
value sold of model k in period t for k = 1,2,3 in order to obtain the left hand side
variables in (8). Again, a sampling framework for (8) is available if we assume
that the transformed residuals ak‘** are independently distributed normal random
variables with mean zero and constant variance.

Again, it is straightforward to show that the least squares estimators for the para-
meters 3,' and B,"in (7) and (8) are the same. Thus a shortcut method for obtaining
the least squares estimators for the unknown parameters, ' and B,', which occur in
the value weights representative model (7) is to obtain the least squares estimators
for the transformed model (8). This equivalence between the two models provides
a justification for using the value weighted model (8) in place of the value wei-
ghts representative model (7). As before, the advantage in using the transformed
model (8) over the value weights representative model (7) is that we can develop
a sampling framework for (8) but not for (7), since the (omitted) error terms in (7)
cannot be assumed to be distributed independently of each other.

From the viewpoint of index number theory, it seems to us that the quantity
weighted and value weighted models are clear improvements over the original
unweighted model (2). Our reasoning here is similar to that used by FisHEr (1922;
Chapter III) in developing bilateral index number theory, who argued that prices
needed to be weighted according to their quantitative or value importance in the
two periods being compared.!? In the present context, we have a weighting pro-
blem that involves only one period so that our weighting problems are actually
much simpler than those considered by Fisher: we need only choose between quan-
tity or value weights!

But which system of weighting is better in our present context: quantity or value
weighting?

The problem with quantity weighting is this: it will tend to give too little weight
to models that have high prices and too much weight to cheap models that have low
amounts of useful characteristics. Hence in the single period context, it appears to

10 “It has already been observed that the purpose of any index number is to strike a ‘fair average’ of the
price movements—or movements of other groups of magnitudes. At first a simple average seemed
fair, just because it treated all terms alike. And, in the absence of any knowledge of the relative
importance of the various commodities included in the average, the simple average is fair. But it
was early recognized that there are enormous differences in importance. Everyone knows that pork
is more important than coffee and wheat than quinine. Thus the quest for fairness led to the intro-
duction of weighting.” IRVING FIsHER (1922; 43). “But on what principle shall we weight the terms?
Arthur Young’s guess and other guesses at weighting represent, consciously or un consciously, the
idea that relative money values of the various commodities should determine their weights. A value
is, of course, the product of a price per unit, multiplied by the number of units taken. Such values
afford the only common measure for comparing the streams of commodities produced, exchanged,
or consumed, and afford almost the only basis of weighting which has ever been seriously pro-
posed.” IRVING FISHER (1922; 45).
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us that value weighting is clearly preferable. Thus we are taking the point of view
that the main purpose of a period t hedonic regression is to enable us to decompose
the market value of each model sold, p,'q,", into the product of a period t price for a
quality adjusted unit of the hedonic commaodity, say P!, times a constant utility total
quantity for model k, Q,'. Hence observation k in period t should have the repre-
sentative weight Q, ' in constant utility units that are comparable across models. But
Q,'is equal to p,'q, /P!, which in turn is equal to v, /P', which in turn is proportional
to v,'. Thus weighting by the values v,' seems to be the most appropriate form of
weighting.

We will draw on the material in this section in section 4 below. However, in the
following section, we provide an introduction to the theory of weighted adjacent
period hedonic regressions by considering the unweighted case first.

3 Unweighted bilateral hedonic
regressions with time as a dummy
variable

We now consider the following hedonic regression model, which utilizes the data
of periods s and t:

) fp,5) =By + Z,-," £(z,.)B, + &5 1 keS(s);
(10) f(p) =71 + By + Xt (7, OB, + 8 s keS();

where the variables in (9) and (10) are defined in the same manner as in equation (1)
above. In particular, €, ® and g, ' are independently distributed error terms with mean
0 and variance 2. Note that the B regression coefficients in (9) are constrained to
be the same as the corresponding P coefficients in (10). Note also that equations
(10) have added a time dummy variable, y,, and this coefficient will summarize the
overall price change in the various models going from period s to t.!!

Before proceeding further, we briefly discuss some of the advantages and disad-
vantages of the dummy variable model defined by (9) and (10) versus running
separate single period regressions of the type defined by (1) for periods s and t
and then using these separate regressions to form two separate estimates of quality

11 This two period time dummy variable hedonic regression (and its extension to many periods) was
first considered explicitly by Court (1939; 109-111) as his hedonic suggestion number two. COURT
(1939; 110) chose to transform the prices by the log transformation on empirical grounds: “Prices
were included in the form of their logarithms, since preliminary analysis indicated that this gave
more nearly linear and higher simple correlations.” Court (1939; 111) then used adjacent period
time dummy hedonic regressions as links in a longer chain of comparisons extending from 1920 to
1939 for US automobiles: “The net regressions on time shown above are in effect price link relatives
for cars of constant specifications. By joining these together, a continuous index is secured.” If the
two periods being compared are consecutive periods, GriLicHEs (1971b; 7) coined the term “adja-
cent year regression” to describe this dummy variable hedonic regression model.
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adjusted prices which would be averaged in some way in order to form an overall
measure of price change between periods s and t. The main advantage of the latter
method is that it is more flexible; i.e., changes in tastes between periods can readily
be accommodated. However, this method has the disadvantage that two distinct
estimates of period s to t price change will be generated by the method (one using
the regression for period s and the other using the regression for period t) and it is
somewhat arbitrary how these two estimates are to be averaged to form a single
estimate of price change.'> The main advantages of the dummy variable method
are that it conserves degrees of freedom and is less subject to multicollinearity
problems!? and there is no ambiguity about the measure of overall price change
between periods s and t.'4

We have considered only the case of two periods since this is the case of most
interest to statistical agencies who must provide measures of price change between
two periods. However, the bilateral model defined by (9) and (10) can encompass
both the fixed base situation (where s will equal the base period 0) or the chained
situation where s will equal t—1. It is also of interest to consider the two period
case because in this situation, we can draw on many of the ideas that have been
introduced into bilateral index number theory, which also deals with the problem
of measuring price change between two periods.

We first consider the case where f'is the identity transformation.'> Let us estimate
the unknown parameters in (9) and (10) by least squares regression and denote the
estimates for the B by b, forn=0,1,....,N and the estimate for y, by c . Denote the
least squares residuals for equations (9) and (10) with f defined to be the identity
transformation by e, ® and e, respectively. Then we have the following equations,
which relate the model prices in the two periods to their predicted values and the
sample residuals:

1n pS=b,+ X _Nf(z b, +es;keS(s);
(12) pl=c,tbyt X Nf(z, b, +el;keS(t).

Now consider a hypothetical situation where the models sold during periods s
and t are exactly the same so that there are say K common models pertaining to
the two periods. Suppose further that the model prices in period t are all exactly A
times greater than the corresponding model prices in period s, where A is a positive

12 For treatments of the issues involved in averaging the results of two period specific hedonic regres-
sions to obtain measures of overall price change, see Koskimiki and VArTia (2001) for the unweigh-
ted case and SiLvER and HEravi (2002) (2003) (2004) (2005), DiewerT (2003b) and TripLETT (2004)
for the weighted case.

13 This advantage was noted by GriLicHes (1971b; 8): “The time dummy approach does have the
advantage, if the comparability problem can be solved, of allowing us to ignore the ever present
problem of multicollinearity among the various dimensions.”

14 GririchEs (1971b; 7) has the following very nice summary justification for the use of the time
dummy variable method: “The justification for this [method] is very simple and appealing: we allow
as best we can for all of the major differences in specifications by ‘holding them constant’ through
regression techniques. That part of the average price change which is not accounted for by any of
the included specifications will be reflected in the coefficient of the time dummy and represents our
best estimate of the “‘unexplained-by-specification-change average price change.”

15 This model is not without interest. Suppose there is a minimal base period model but various addi-
tional amounts of useful characteristics can be purchased at constant prices in each period. Then it
would be natural to set the f, to be equal to identity functions as well as f and within each period,
the linear functional form for the hedonic regression would be quite appropriate.
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constant. Under these conditions, it seems reasonable to ask that the regression
predicted values for the period t models be exactly equal to A times the regression
predicted values for the same models in period s; i.e., we want the following equa-
tions to be satisfied:!®

(13) ¢, +by+ X, _Nf(z )b =A[by+ X, _Nf(z)b];k=1,.K

In general, if K > N+2 and A # 1, it can be seen that equations (13) cannot be
solved for any coefficients ¢, by, b,,...,by. Hence, our conclusion is that the linear
time dummy hedonic regression model defined by (11) and (12) is not a very good
one, since it will not give us the “right” answer in a simple situation where all
model prices are proportional for the two periods.!” Of course, this homogeneity
problem with the linear dummy variable regression model can be solved if we
replace equations (12) by the following equations:

(14) pl=cylb,+ X _Nf(z b ]1+e!;keS(t).

In equations (14), the time dummy variable, ¢, now appears in a multiplicative
fashion. Thus, the problem with the estimating equations (11) and (14) is that we
no longer have a linear regression model; nonlinear estimation techniques would
have to be used.

This is our first example of how the test approach that is commonly used in bila-
teral index number theory can be adapted to the adjacent period or time dummy
hedonic regression context in order to obtain useful restrictions on the form of
the hedonic regression. Many additional examples will be presented in what fol-
lows.!3

Since nonlinear regression models are more difficult to estimate and may suffer
from reproducibility problems, we will turn our attention to the second set of bila-
teral hedonic regression models, where f is the log transformation. In this case, the
counterparts to equations (11) and (12) are the following equations:

(15) Inps=b,+X _Nf(z 5b, +e¢s;keS(s);
(16) Inp'=c,+tb,+X _Nf(z b, +e';keS(®).

Exponentiating both sides of (15) and (16) leads to the following equations that
will be satisfied by the data and the least squares estimators for (15) and (16):

(17) pS=explb, + X _ N f (7,5, Jexp[e,*] keS(s);

(18) p' = explcglexp[b, + ZFIN f (z,,)b Jexple, '] ; keS(b).

16 Letz =z °=z!'denote the common amount of characteristic n that the identical model k has in
each period.

17 DiewerT (2003a) also argued on theoretical grounds that dummy variable hedonic regression models
that used untransformed prices as dependent variables did not have good properties.

18 The test approach to bilateral index number theory is reviewed in DiEwerT (1992), Bark (1995) and
the ILO (2004; 292-299).
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Again consider a hypothetical situation where the models sold during periods
s and t are exactly the same so that there are K common models pertaining to
the two periods. Again suppose that the model prices in period t are all exactly A
times greater than the corresponding model prices in period s, where A is a positive
constant. Again we ask that the regression predicted values for the period t models
be exactly equal to A times the regression predicted values for the same models in
period s; i.e., we want the following equations to be satisfied:

(19) exp[cgJexp[b, + X, N f (z,)b,] = A{exp[by+ X N (z )b 1} s k=1,...K.

It can be seen that if we choose ¢, = In A, then we can satisfy equations (19).
Hence we conclude (from a test approach perspective) that if we want to use linear
regression techniques to estimate the parameters of the hedonic regression, then it
is preferable to run linear bilateral dummy variable hedonic regressions using the
log transformation for the dependent variable rather than leaving the model prices
untransformed."’

The bilateral log hedonic regression model is defined by (9) and (10) where f is
the log transformation. It can be seen that in this case, the theoretical index of price
change going from period s to t is exp[y ] and a sample estimator of this population
measure is:

(20) P(s,t) = expl[c]

where ¢ is the least squares estimator for the shift parameter y . Note that we put
the shift parameter in equations (10) rather than in equations (9). The choice of
base period should not matter so let us consider the following bilateral log regres-
sion model which puts the shift parameter y,, in the period s equations rather than
in the period t equations:

ey Inp =7+ By + 2N (7, )B, + &% keS(s);
(22) Inp =By + X, Nz, 0B, + gl keS().

Denote the least squares estimates for Bn* by bn* forn=0,1,....,.N and the estimate
for y, by c,. For the regression model defined by (21) and (22), it can be seen that
the theoretical index of price change going from period t to s is exp[y,] and the
sample estimator of this population measure is:

(23) P(t,s) = exp[c,].
The question now is: how does P(s,t) defined by (20) relate to P(t,s) defined by

(23)? Ideally, we would like these two estimators of price change to satisfy the
following time reversal test:

(24) P(t,s) =1/P(s.t).

19 However, recall our earlier qualification which noted that if additional amounts of all characteristics
can be purchased at constant prices in each period, then a nonlinear regression model with the f and
f set equal to identity functions is preferable.
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If we compare the original log linear regression model defined by (9) and (10)
(with f being the log transformation) with the new model defined by (21) and (22),
it can be seen that the right hand side exogenous variables are identical except that
Y, appears in the first set of equations in (21) and (22) while y, appears in the sec-
ond set of equations in (9) and (10). The transpose of the column in the X matrix
that corresponds to v, in (21) and (22) is equal to [1,7,0,"] where 1, is a column
vector of ones of dimension equal to the number of models in the set S(s) and 0,
is a column vector of zeros of dimension equal to the number of models in the set
S(t). The transpose of the column in the X matrix that corresponds to y,, in (9) and
(10) is equal to [0,T,1,T] where 0, is a column vector of zeros of dimension equal to
the number of models in the set S(s) and 1, is a column vector of ones of dimension
equal to the number of models in the set S(t). However, note that both models have
the constant term B, (or B,") in every equation and the transpose of the column
in the X matrix that corresponds to this constant term is equal to [1,%,1,"] in both
models. It can be seen that the subspace spanned by the X columns corresponding
to 3, and v, in (9) and (10) is equal to the subspace spanned by the X columns cor-
responding to f," and Y, in (21) and (22) and the two sets of parameters are related
by the following equations:

(25) [0, 1, vy + [1,51,71 By = 11,00, T v + [1, 51,71 By

Equations (25) are equivalent to the following 2 equations in the four variables
yst’ BO’ yts and BO*:

(26) 0y, +1B,=1y,+1B,;
Ly, +1By=0y,+1B,"

Thus given y, and B, the corresponding v, and [30* can be obtained using equa-
tions (26) as:

(27) T = Va3 By =Vt By

Equations (27) also hold for the least squares estimators for the two hedonic
regression models. In particular, we have:

(28) Cpy = —Cypr

Hence, exponentiating both sides of (28) gives us exp[c, ] = 1/exp[c, ] and this
equation is equivalent to (45) using definitions (20) and (23). Thus we have shown
that the estimator of price change P(s,t) defined by (20) (which corresponds to the
least squares estimators of the initial log hedonic regression model defined by (9)
and (10) with f(p) = In p) is equal to the reciprocal of the estimator of price change
P(t,s) defined by (23) (which corresponds to the second log hedonic regression
model defined by (21) and (22) so that the two bilateral dummy variable hedonic
regressions satisfy the time reversal test (24).

If it is desired to avoid the use of nonlinear regression techniques, then the results
in this section support the use of the logarithms of model prices as the dependent
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variables in an unweighted bilateral hedonic regression model with a time dummy
variable.

In the following section, we will study the properties of weighted bilateral hedo-
nic regression models.

4 Weighted bilateral hedonic
regressions with time as a dummy
variable

Given the results in the previous section, we consider only weighted bilateral
hedonic regressions that use the log of model prices as the dependent variable,
before weighting the equations. We also draw on the results in section 2 and consi-
der only value weighting. Thus we now consider the following value weighted
hedonic regression model, which utilizes the data of periods s and t:

(29) V)" Inp = (V)R + X, N (7, )B,] + &% s keS(s);
(30) (I Inp =)+ By + XN Fi(Z,0B,] T8t keS(D);

where the model sales values for period t, v, ', were defined by (6) and ¢,° and ¢,
are independently distributed error terms with mean 0 and variance 2.

The weighted model defined by (29) and (30) is the bilateral counterpart to our
single equation weighted hedonic regression model that was studied in section 2
above. However, in the present bilateral context, we now encounter a problem that
was absent in the single equation context. The problem is this: if there is high
inflation going from period s to t, then the period t model sales values v,' can be
very much bigger than the corresponding period s model sales values v,* due to
this general inflation. Hence, the assumption of homoskedastic residuals between
equations (29) and (30) is unlikely to be satisfied.’” Hence, it is necessary to pick
new weights that will eliminate this problem.

In order to address the above problem, we first define the period t expenditure
share of model k as follows:

3D s =pq'/ Ziesm p,'q;' s keS(t).

Our initial solution to the above problem caused by general inflation between the
two periods is to use the model expenditure shares, s, * and s, ' as the weights in (29)
and (30) in place of the model expenditures, v,* and v,'. Thus we recommend the

20 From the viewpoint of the descriptive statistics approach, if we want the weights for each period to
be equally important or representative in the regression, then it is natural to require that the weights
to sum to one for each period.
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use of the following expenditure share weighted hedonic regression model, which
utilizes the data of periods s and t:?!

(32) (Sks)l/z In p’= (Sks)l/z[Bo + znle fn(anS)Bn] +e’; keS(s);
(33) (Skt)l/z In pkt = (Skt)l/z[yst + Bo + znle fn(ant)ﬁn] + gkt ; keS(b);

where g, ° and ¢, ' are independently distributed error terms with mean 0 and vari-
ance .

Denote the least squares estimates for B_by b_forn=0,1,....,N and the estimate
for y,, by c . For the regression model defined by (32) and (33), it can be seen that
the theoretical index of price change going from period t to s is exp[y,] and the

sample estimator of this population measure is:
(34) P,(s,t) = exp[c,].

It can be shown that P (s,t) defined by (34) in this section has the same desi-
rable property that P(s,t) defined by (20) in the previous section had: namely, if
the models are identical in the two periods (and the model expenditure shares are
identical for the two periods) and the model prices in period t are all exactly A times
greater than the corresponding model prices in period s, then P, (s,t) is exactly equal
to .22

The restriction that the expenditure shares be identical in the two periods in the
identical model case is a bit unrealistic. Moreover, in the identical models case,
it would be nice if P (s,t) defined by (34) turned out to equal the Toérnqvist price
index, since this index is a preferred one from the viewpoints of both the stochastic
and economic approaches to index number theory.?3 Hence in place of the model
defined by (32) and (33), when a model is present in both periods, let us use the
average sales share for that model, (1/2)(s,*+s,"), as the weight for that model in
both periods. In this revised weighting scheme, the old period s equations (32) are
replaced by the following two sets of equations:

(35 (5" Inp=(5)"By + X, N (7, 9)B,] + 85 s ke[S()~S(O];

(36) [(12)(s,5+s 1" Inp s = [(1/2)(s, 3+ D] [By + X N (2, )BT + 855
keS(s)NS(b).

Thus if a model k is present in period s but not present in period t, then we use
the square root of the period s sales share for that model, (s,*)"2, as the weight,
which means this model is included in equations (35). On the other hand, if model
k is present in both periods, , then we use the square root of the arithmetic average
of the period s and t sales shares for that model, [(1/2)(sks+skt)]”2, as the weight,

2

—_

DIeweRT (2005) considered a model similar to (32) and (33) except that all of the explanatory varia-
bles were dummy variables and he showed that weighting by the square roots of expenditure sha-
res led to a very reasonable index number formula to measure the price change between the two
periods.

22 See Proposition 1 in the Appendix.

23 See DiEwERT (2002; 578-584) and the ILO (2004; 301-304 and 322-324).
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which means this model is included in equations (36). Similarly, the old period s
equations (33) are replaced by the following two sets of equations:**

BT ()" Inp = (89" [vg + By + X N (7B, + 1 ke[SH~S()];

(38) [(12)(s,5+s 1" Inpt = [(1/2)(s, 548,91 [vg + By + Xy N £z, OB,] + £,
keS(s)NS(b).

Thus if a model k is present in period t but not present in period s, then we use the
square root of the period t sales share for that model, (s,)""2, as the weight, which
means this model is included in equations (37). On the other hand, if model k is
present in both periods, then we use the square root of the arithmetic average of the
period s and t sales shares for that model, [(1/2)(sks+skt)]”2, as the weight, which
means this model is included in equations (38). As usual, we assume that ¢, * and g,
are independently distributed error terms with mean 0 and variance 2.

Denote the least squares estimates for B by b, for n = 0,1,....,N and the estimate
for y,, by c,. For the regression model defined by (35)-(38), it can be seen that the
theoretical index of price change going from period t to s is exp[y, ] and the sample
estimator of this population measure is:

(39) P,(s,t) = exp[c,].

It can be shown that P,(s,t) defined by (39) has the following desirable property:
if the models are identical in the two periods, then P,(s,t) is equal to the Térnqvist
price index between the two periods.?> Hence it appears that the weighted hedonic
regression model defined by (35)-(38) is a “natural” weighted hedonic regression
model that provides a generalization of the Térnqvist price index to cover the case
where the models are not matched. 1f there are no models in common for the two
periods under consideration, then the model defined by (35)-(38) becomes a special
case of our earlier model defined by (32)-(33).

As in the previous section, it is somewhat arbitrary whether we put the time
dummy variable in the period t equations or whether we put it in the period s
equations. If we put the time dummy in the period s equations as the parameter y,g
and obtain a weighted least squares estimate ¢, for this population parameter, the
theoretical index of price change going from period t to s is exp[y,,] and the sample
estimator of this population measure is:

(40) P’(t,s) = exp[c,].

As in the previous section, we would like P*(t,s) to equal the reciprocal of P(s,t).
It turns out that this property is true for the weighted hedonic regressions defined
by (32) and (33) and (35)-(38) in this section as well as for the unweighted ones
defined in the previous section; see Proposition 4 in the Appendix. Hence it does
not matter whether we put the time dummy variable in period s or t: our measure

24 Note that the “mixed” period s share weights used in (35) and (36) and the “mixed” period t share
weights used in (37) and (38) do not necessarily sum to one whereas the period s and t weights used
in (32) and (33) respectively did sum to one for each period.

25 This follows from Corollary 5.3 in the Appendix.
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of overall price change between the two periods will be invariant to this choice for
the two weighted hedonic regressions considered in this section.

Using the results in the Appendix, we can also show that P (s,t) and P,(s,t) both
satisfy the identity test (A6), the homogeneity tests (A4) and (A5) and the time
reversal test (A7) as we have already indicated. Thus both of these hedonic price
indexes have some good axiomatic properties.

Which bilateral weighted hedonic index is “best”? From the viewpoint of repre-
sentativity, P (s,t) seems best: the models present in each period are weighted by
expenditure shares that pertain to that period. However, the loss of representativity
for P,(s,t) is probably not large in most applications and P(s,t) has the advantage
of being consistent with the use of a Térnqvist price index in the matched models
case. Thus either index can be justified.

5 The pure dummy variable adjacent
period hedonic regression model

In this section, we specialize the results in the previous section in order to pro-
vide a generalization (to the weighted case) of a model due to A1izcorBE, CORRADO
and Dowms (2000), which introduced a dummy variable for each model in addition
to the usual time dummies. Thus their model had no other characteristics other than
these model specific dummy variables.?® We can use the results in the previous
section to see how the weighted ACD model works in the case of two periods.

We will work with the first share weighted model defined by (32) and (33) in the
previous section, except that the N characteristics functions f_are now assumed to
be dummy variables.?” Thus we assume that there are a total of N different models
sold in periods s and t. The old period s equations (32) are broken up into two sets
of equations, (41) and (42), where the models k which appear in (41) are present in
both periods s and t and the models m which appear in (42) are present in period s
and not period t:

41) (592 Inp,s=(s5)"?B, +¢°; keS(s)NS(t);
(42) (Sms)l/2 In P, = (Sms)l/ZBm +¢ °;me [S(s)~S(1)].

Similarly, the old period t equations (33) are broken up into two sets of equa-
tions, (43) and (44), where the models k which appear in (43) are present in both
periods s and t and the models n which appear in (44) are present in period t and
not period s:

26 Their model is equivalent to the Country Product Dummy model used in making international
comparisons of prices that was pioneered by SummeRrs (1973). For extensions of this model to the
weighted case, see DIEWERT (2004) (2005).

27 We also need to set B, the constant term in the regression, equal to zero in order to identify all of
the parameters in this pure dummy variable hedonic regression.
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(43) (89" Inp ' = (59" [r + ByJ + &, s keS($)NS(b);
(44) (.92 Inp,' = (5,9 [y + B, + &, s ne[S(O~SG)]-

Now run a least squares regression on the model defined by (41)-(44). Denote
the least squares estimates for 3, by b, forn=1,....,N and the estimate for y by c,.
Use the first order necessary (and sufficient) conditions for the least squares mini-
mization problem for the b to solve for each b, in terms of ¢, and then substitute
these expressions for the b into the first order condition for the ¢, parameter. The
resulting equation simplifies to:

(45) ¢ =W! 2yeserso 5T s 17" s s Infp, ' /p, ]
where
(46) W=, sonso [5° T 8 T 558,

Thus ¢, the log of the hedonic price index going from period s to t, is equal to a
weighted average (where the weights are positive and sum to one) of the log price
ratios, In[p,'/p,*], over all of the models k that are present in both periods. Note
that this pure dummy variable hedonic model boils down to a (weighted) matched
model price index.

If we drop the share weights in (41)-(44) and simply run an unweighted regres-
sion model, then we can use the above algebra by simply setting each “share” equal
to 1 and we find that

(47) c, = (1/M) ln[pk‘ ]

where M is the number of models that are present in both periods s and t. This cap-
tures the original ACD model for the case of only two periods. Thus for the case
of only two time periods, the A1izcorBE, CoRRADO and Doms (2000) model of hedo-
nic price change reduces to a statistical agency matched model estimate of price
change; i.e., their hedonic estimate of the price change going from period s to t is
equal to the equally weighted geometric mean of the price relatives of the models
that are present in both periods.

The exact equivalence of the ACD measure of price change in the two period
case to the equally weighted geometric mean of the price relatives of the models
that are present in both periods does not carry over to the case where there are more
than 2 periods. However, it is likely that even in the many period case, the ACD
measures of price change will have a tendency to follow the matched model results.
In any case, the ACD measures of price change can be quite different from what a
hedonic model with continuous characteristics would yield.?®

28 See TripLETT and McDoNaLD (1977), TripLETT (2004) and SiLver and Heravi (2002) (2003) (2004)
(2005) for some empirical evidence and explanation on this point.
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6 Conclusion

We conclude this chapter by noting that we have not resolved all of the issues
surrounding the question as to whether hedonic regressions should be weighted
according to their economic importance or not. There is a tension between the
index number approach to hedonic regressions and the econometric approach.
This tension is best described by TripLETT (2004), who wrote the most systematic
discussion of the weighting issue to date.?’ It is worth quoting part of Triplett’s
conclusion on the weighting issue:

“DickeNns (1990) contends that when weighted and unweighted regression esti-
mates differ, it is a sign of specification error—in our context, an example would be
a hedonic function in which crucial characteristics variables were missing. Missing
information on software characteristics and some characteristics of hardware are
common in hedonic investigations so hedonic function sensitivity to weighting
in the presence of missing variables is consistent with Dickens’ contention. On
Dickens’ analysis, in a properly specified hedonic function, weighted and unweigh-
ted regressions should not differ.” Jack E. TRIpLETT (2004; 193-194).

Thus from the econometrics point of view, the emphasis is on the statistical
model: its accurate specification and its most efficient estimation. However, from
the viewpoint of the price statistician, the model is not the most important consi-
deration: the most important consideration is to obtain an overall measure of price
change over two periods over some domain of definition of admissible prices and
transactions involving those prices. Thus the price statistician takes a descriptive
statistics perspective whereas the econometrician takes a statistical model and esti-
mation perspective.’? The difference between the two approaches can be illustrated
in the matched model context. In this context, the econometrician running a hedo-
nic regression model in this context would probably follow Dickens advice and
focus on a simple unweighted model of the type defined by (9) and (10) in section 3
and would end up with the equally weighted geometric mean of the price relatives
of the matched models (the Jevons index) as the measure of overall price change
between the two periods. However, the descriptive statistics price statistician might
run the weighted model defined by (35)-(38) in section 4 and would end up with the
Térnqvist price index as the measure of overall price change.?! In many cases, the
two estimates of overall price change could be quite different but from the view-
point of standard index number theory, the Tornqvist index is clearly preferable to
the Jevons index.

29 Siver and HEravi (2004) also discuss alternative approaches to weighting in hedonic regressions in
a systematic manner.

30 TrieLETT (2004; 190) notes that the econometric approach can be used in a weighted context so
the two perspectives can be complementary: “However, the dummy variable method is only one
method for estimating hedonic price indexes and it is the only one where weights for the index and
weights for the hedonic function imply the same questions. Chapter 3 describes three other methods
for estimating hedonic price indexes—the characteristics price index method, the hedonic imputa-
tion method and the hedonic quality adjustment method—in all of which a weighted index number
can be produced using an unweighted hedonic function.”

31 See Diewert (2004; section 8) for a method for converting weighted models like (32)-(33) or
(35)-(38) into descriptive statistics models similar to THEIL’s (1967; 138) so that cst* can be interpre-
ted as a descriptive statistics measure of overall log pure price change between the two periods.



776 ANNALES D’ECONOMIE ET DE STATISTIQUE

The theory of hedonic regressions leaves a great deal of leeway open to the empi-
rical investigator with respect to the details of implementation of the models. Our
strategy in this chapter has been to use some of the ideas that are present in the
test approach to index number theory in an attempt to work out some of the axio-
matic properties of adjacent period time dummy hedonic regression models in an
attempt to cast some light on the issue of weighting. Our results are not definitive
but perhaps they can cast some light on the consequences of different types of
weighting.3?

We conclude by noting that the cautious attitude towards the use of hedonic
regressions expressed by ScHuLTZE and Mackik (2002) echoes the following com-
ments made by Bean in his discussion of Court’s (1939) pioneering paper on hedo-
nic regressions:

“Mr. Court’s interesting work should be carried much further, as he suggests. We
should, however, not be disappointed if neither public agencies nor trade associa-
tions adopt the policy of publishing prices, values and index numbers based on the
relatively tricky results that one is sure to get by applying the device of multiple
correlation. The only group who would sponsor such a procedure would be the
non-existent National Association of Experts in Multiple Correlation, the demand
for whose services would be enormously increased.” Louis H. Bean (1939; 119).

Hopefully, in the next few years, as users form a consensus on what the “best”
procedures are, then the use of hedonic regressions by statistical agencies will
become much more widespread and routine.? [
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APPENDIX: Properties of bilateral
weighted hedonic regressions

We consider some of the mathematical properties of a slight generalization of
the share weighted bilateral hedonic regression model defined by (32) and (33) in
section 4. The generalization is that we do not restrict the weights to sum up to 1 in
each period. Thus, we replace the period s share weights s, * in (32) and the period
t share weights s, ' in (33) by the positive weights w,* and w, ' respectively, where
these weights do not necessarily sum to 1 in each period. We assume that these
weight functions are known functions of the price and quantity data pertaining to
periods s and t; i.e., we have for some functions, g,* and g,":

Ay  wo=gp'pLqsq) for keS(s) ; w,' = g (p*.p'.q’,q") for keS(t)

where p® and p' are price vectors of the model prices for periods s and t respectively
and ¢* and q' are the corresponding period s and t quantity vectors of the models
sold in periods s and t. In the Propositions below, we will place further restrictions
on the weighting functions g, and g,' as they are needed.

The weighted least squares estimators for v, B, B,...,y for this new model are
the solutions ¢ ", b,", b,",..., by" to the following quadratic weighted least squares
minimization problem:*

(A?‘) min b’sand ¢ {Zke S(s) Wks[ln pks - bO - Zn:lN fn(ans)bn]2
+ zkeS(t) w[Inp! —c, —b,— XN (7,9}

The bilateral price index P that summarizes the overall change in prices going
from period s to t is defined as the exponential of the c  solution to (A2); i.e., we
have:

(A3) P(p*,p',q%.q") = explc, ‘.

We would like to show that the hedonic index number formula defined by (A3)
has some of the properties that bilateral index number formulae defined over mat-
ched models usually have. Thus we are attempting to extend the test approach to
index number theory® to weighted bilateral hedonic regressions. In particular, we
would like to establish the following properties for P:

(A4) Homogeneity of degree one in period t prices; i.e., P(p*,Ap',q%q")
= AP(p*,p',q°,q") for all > 0.

34 Throughout this Appendix, we assume that the X matrix that corresponds to the linear regression
model defined by (A2) has full column rank so that the solution to (A2) exists and is unique.

35 The test approach to index number theory was largely developed by WaLsu (1901) (1921), FisHEr
(1911) (1922) and EicHHorN and VOELLER (1976). For more recent contributions, see DIEWERT (1992)
(1993), BaLk (1995) voN AUER (2001) and the ILO (2004; 292-306).
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(A5) Homogeneity of degree minus one in period s prices; i.e., P(p®,p4q%,q")
= A"'P(ps,ptqt,qt) for all A > 0.

(AO) Identity; i.e., if the models in the two periods are identical and the selling
prices are equal so that p® = p' = p and, in addition, the same quantities of each
model are sold in the two periods so that ¢* = q' = g, then the resulting price index

P(p.p.q.) = 1.
(A7) Time reversal; i.e., P*(p',p%,qLq°) = 1/ P(p®,pl,q*,q).

The above property says that if we interchange the order of our data and measure
the overall change in prices going backwards from period t to s, then the resulting
index P*(p',p®,q.q®) is equal to the reciprocal of the original index P(p*,pl,q*,q),
which measured the degree of overall price change going from period s to t. In
order to formally define the price index P*, letc, ", b,™, b,™,..., b *" be the solution
to the following quadratic weighted least squares minimization problem, which
corresponds to reversing the ordering of the two periods:

(AS) min b’s and ¢ {zkeS(s) Wks[ln pkS —Cs bO - Z“nZIN fn(zkns)bn:|2
* Z:keS(t) Wkt[ln pkt - bO - Z“n=1N fn(ant)bn]z} .

The bilateral price index P* that summarizes the overall change in prices going
from period s to t is defined as the exponential of the c,  solution to (A8); i.e., we
have:

(A9) P*(p',p*,q,q%) = exp[c, 1.

In the remainder of this Appendix, we shall find conditions which ensure that the
tests (A4)-(A7) are satisfied.

ProposITION 1: Suppose that: (i) all models are identical in the two periods so
that S(s) = S(t) and z,,* = z, ' =z, forn = 1,...,N and k = 1,....K; (ii) the model
prices in period s are equal to the corresponding model prices in period t so that
S =p, =p,fork = 1,...K; (iii) the model quantities sold in period s are equal
to the corresponding sales in period t so that q, = q,' = q, for k = 1,...,K; (iv) the
model weights are equal across the two periods for each model so that w,* = w)/
=w, for k = 1,..,K. Under these hypotheses, the identity test (A6) is satisfied.

Proof: Under the above hypotheses, the least squares minimization problem (A2)
becomes:

(A10) min g 2 cs Willn P = by — 2, N £ (z,)b, 12
+ zkeS(t) w,[Inp, —c, —by =X _Nf (7, )b ]}
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From the general properties of minimization problems, it can be seen that the
following inequality is valid:

(Al 1) min b’s and ¢ {zke S(s) wk[ln Py~ bO - Zn:1N fn(zkn)bn:|2
+ ZkeS(t) willnp, — ey — by — XN f,(z,)b, 1}
> min b’s {Zke S(s) Wk[ln Py~ bO - Z“nZIN fn(zkn)bn]z}

tmin g ZkeS(t) w,lInp, —cy—by -2, N f,(z,)b, ]}

Let by", b,",..., by" solve the first minimization problem on the right hand side
of (A11). Now look at the second minimization problem on the right hand side of
(A11). Obviously the parameters ¢, and b, cannot be separately identified so one
of them can be set equal to zero; we choose to set ¢, = 0. But after setting ¢, = 0,
we see that the second minimization problem is identical to the first minimization
problem on the right hand side of (A11), and hence ¢ " =0 and b,", b,",..., by solve
the second minimization problem. However, ¢ " =0 and b,", b,",..., b, " are feasible
for the minimization problem on the left hand side of (A11) and since the objective
function evaluated at this feasible solution attains a lower bound, we conclude that
¢, =0andb,", b,",..., by solves (A10). But ¢ ,* = 0 implies P(p,p,q.,q) = exp[c,,"
= exp[0] = 1, which is the desired result (A6). Q.E.D.

ProrosITION 2: Suppose that the weight functions defined by (A1) are homoge-
neous of degree zero in the components of the period t price vector p', so that
Jorall . > 0, g*(p"\p'.q".q") = g (p’.p".q".q") for keS(s) and g/!(p*\p'.q".q") =
g/’ .r'.q°.q") for keS(t). Then the hedonic price index P(p*,p'.q’.q") defined by
(A3) will satisfy the homogeneity of degree one property (A4).3°

Proof: Let cst*, bo*, bl*,..., bN* solve the initial minimization problem (A2) before
we multiply the period t price vector by A > 0. Now consider a new weighted least
squares minimization problem where p' has been replaced by Ap'. Under our hypo-
theses, the weights will not be changed by this change in the period t prices and so
the new minimization problem will be:

(AlZ) min b’sand ¢ {zkeS(s) Wks[ln pkS - bO - Zn:lN fn(anS)bn]2
+ ZkeS(t) Vvkt[ln pkt +Inh - Cst - b0 - Zn=lN fn(ant)bn]z} .

(A13) = min b’sand ¢ {zke S(s) Wks[ln pkS - bO - Z"n=1N fn(zkns)bn:|2
+ ZkeS(t) wlnp'—c —b,— X N (7,9}

where the new ¢, variable is defined as follows:

(A14) C =cy—InA

36 In keeping with the test approach in bilateral index number theory, we assume that the period t
quantity vector q' remains the same if the period t prices change from p' to Ap'.
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Denote the solution to (A13) as ¢, b,"", b,"",..., b"". However, it can be seen
that the solution to (A13) is exactly the same as the solution to the initial problem,
(A2). Hence ¢, = ¢ ", and the ¢ solution to (A12), which we denote by c

st 2 st 2

satisfies (A14):

(A15) ¢, =c,"=c,—Inkor

(A16) ¢, =c, +tnh
Hence

(A17) P(p*,Ap',q%q") = exp[c,, ]

=exp[c,” +InA] using (A16)
=L explc,']
=X P(p%,p4q%,qY) using definition (A3)

which establishes the desired result (A4). Q.E.D.

ProposiTION 3: Suppose that the weight functions defined by (A1) are homoge-
neous of degree zero in the components of the period s price vector p*, so that

forall .. > 0, g°(hp*.p'.q°.4") = g°(p".P".q".4") for keS(s) and g!(\p*.p'.q".q") =
g/l (r'.r.4’.q") for keS(t). Then the hedonic price index P(p’p'.q*,q") defined by
(A3) will satisfy the homogeneity of degree minus one property (45).%7

Proof: Let ¢, by", b,",..., by" solve the initial minimization problem (A2) before
we multiply the period s price vector by A > 0. Now consider a new weighted least
squares minimization problem where p® has been replaced by Ap®. Under our hypo-
theses, the weights will not be changed by this change in the period s prices and so
the new minimization problem will be:

(A18) miny. o (e Wi'lln p’ +In k= b, — Tt £z, Db,

+ Zke S(t) Wkt[ln pkt - Cst - bO - Z"n:1N fn(zknt)bn]z} .
(A19) =min b’sandc {zkeS(s) Vvks[ln P’ = bOV - Zn=IN fn(zkns)bn:|2

+ ZkeS(t) w[Inp'—c/ —by =X N (z,9,1%}
where the new b, and c, variables are defined as follows:
(A20) by =b,—Ink;c/ =c,+InAi

Denote the solution to (A19) as ¢, b,"™", b,™",..., by"". However, it can be seen
that the solution to (A19) is exactly the same as the solution to the initial problem,

37 We assume that the period s quantity vector q* remains the same if the period s prices change from
p® to Aps.
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(A2). Hence Cq "=c, and b, =b,". Thus the c  solution to (A18), which we
denote by cSt , satlsﬁes the following equations, where we have substituted into
equations (A20):

(A21) b, =b, " —Ini;c =c,/+In

st

Using the second equation in (A21), we have:

(A22) ¢, =c,—Ink
Hence
(A23) P(Oupsp'a’.q") = exple, ]

=exp[c, —InA] using (A22)
=1 explc, ']
="' P(p’,pl,q%,q") using definition (A3)

which establishes the desired result (A5). Q.E.D.

Note that in both Propositions 2 and 3, it is not necessary that the weights w, ® and
w, ' sum to one for each period s and t.

ProposITION 4: The bilateral hedonic price index which measures price change
going from period s to t, P(p*,p',q¢*,q") defined by (A3), and the bilateral hedonic
price index which measures price change going from period t to s, P*(p'.p’.q".q°)
defined by (A9), satisfy the time reversal test (47).

Proof: As usual, denote the solution to (A2) as cSt , b b1 O o *. The minimi-
zation problem, which corresponds to reversmg the orderlng of the two periods, is

(A24) below and it has the solution ¢ ", b,™", b,"",..., b "":

(A24) min b’sand ¢ {zkeS(s) Wks[ln pkS —Cs bO - Z“nZIN fn(ans)bn:|2
+ ZkeS(t) Wkt[ln pkt - bO - Z“n=1N fn(ant)bn]z}

(A25) =miny. e g Wil py® = by' = 2t £z, b,
+ Zke S(t) Wkt[ln pkt - Cts, - bO’ - Zn:lN fn(ant)bn]z}

where we have defined the new variables b’ and ¢, in terms of the old variables
b, and ¢, as follows:

(A26) b,/ =b,+c ;¢ =-c

ts > st st *
Denote the solution to (A25) as ¢, b,"™", b,"",..., b""". However, it can be seen
that the solution to (A25) is exactly the same as the solution to the initial problem,
(A2). Hence ¢ = ¢" and b, = b,". Thus the ¢ solution to (A24), which we

denoted by c,, satisfies the following equations, where we have substituted into
equations (A26):

(A27) b, =b," tc e, =—c,
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Using definition (A9), we have:

(A28) P*(p'p%q.q°) =explc, ]
= exp[—¢, '] using (A27)
= 1/exp[c,']
= 1/P(p%,p%,q%q") using definition (A3)

which establishes the desired result (A7). Q.E.D.

ProposITION 5: Let ¢, b,", b,",..., by denote the solution to the weighted least

squares problem (42). Then c ’, which is the logarithm of the bilateral hedonic
price index P(p*,p',q°,q") defined by (43), satisfies the following equation:3®

(A29) [Zkesm w, ] 'Cst* = ZkeS(t) w'Inp'— ZkeS(s) WS Inp°— [zkeS(t) w, ] bo*
+ [ZkeS(s) w, ] bo* - zkeS(t) w XN (b, ZkeS(s) w2 Nz b,
= zkeS(t) wl Inp ! =by =X Nf (7,9, - ZkeS(s) w* [Inp® = by’
- T N0,

Proof: The solution ¢/, b,", b,",..., by" to the minimization problem (A2) can be
obtained by applying least squares to the following linear regression model:

(A30) (W) Inps=w>"b, +Z _Nf(z,9b,T+e°;keS(s);

W) Inpt=whH"[c, +b, + X _Nf (7,90, T+e!; keS().

We have inserted the optimal least squares estimators, ¢*, b,", b,",..., by", into
equations (A30) so that we can use these equations to define the least squares resid-
uals e,* and e, ' for the period s and t observations. It is well known that the column
vector of these residuals is orthogonal to the columns of the X matrix, which cor-
respond to the exogenous variables on the right hand side of equations (A30). These
orthogonality relations applied to the columns that correspond to the constant term
b, and the time dummy variable ¢, give us the following 2 equations:

(A31) 0= zkeS(s) w S InpS+ ZkeS(t) w ' Inp ‘- [zkeS(t) w, ] Cst*
- [Zkes(s) w, ] bo* - [ZkeS(t) w,'] bo* - ZkeS(s) w2 Nz b,
- ZkeS(t) L/ADINELE NCAD

*

(A32)0= ZkeS(t) w, ' Inp, ‘- ZkeS(t) Wyl ey - ZkeS(t) W' by
- zkeS(t) LADINELS KA

38 The two equations in (A29) are generalizations of a similar formula derived by TripLETT and McDo-
NALD (1977; 150) in the unweighted context. This unweighted formula was also used by TRIPLETT
(2004; 51-52). The technique of proof used in this Proposition was used in section 4 of DIEWERT
(2003a).
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Equation (A32) can be rewritten as:

(A33) zkeS(t) w!lnpt= [zkeS(t) Wk[]cst* + [ZkeS(t) Wkt]bo*

+ Xpeso Wi >Nz, Hb,"
Subtracting (A32) from (A31) leads to the following equation:
(A34) s Wi P = [ycsig Wiy Zieeso Wit Tt )by -

Finally, subtracting (A34) from (A33) leads to (A29) after a bit of rearrangement.
Q.E.D.

CoroLLARY 5.1: The solution coefficients ¢ ", b,", b,",..., by" to (A2) satisfy the
following two equations:

(A35) ¢, = {zkeS(t) w [Inp ! =by" =% Nf (7,9, T}/ ZieS(t) W,
(A36)  0={X gy W [Inp’ - IR IR NCAN LS Licse Wi -

Proof: (A35) is a rearrangement of (A33) and (A36) is a rearrangement of (A34).
Q.E.D.

CoroLLARY 5.2: If the models are identical during the two periods and the weights
are also identical across periods for the same model, then the hedonic price index
P(p%,p',q%,q") defined by (A3) is equal to a weighted geometric mean of the model
price relatives, where the weights are proportional to the common model weights,
W =W =W,

Proof: Under the stated hypotheses, the last 4 sets of terms on the right hand side
of (A29) sum to zero and hence the logarithm of P(p%,p',q°,q") is equal to:

(A37) oy =X wi In [p!/p Y/ [Zj=1K Wil
which establishes the desired result. Q.E.D.

CoroLLARY 5.3: If the models are identical during the two periods and the weight
for model k is chosen to be the arithmetic average of the expenditure shares on
the model for the two periods, (1/2)s,® + (1/2)s,!, then the hedonic price index
P(ps,p',q*,q") defined by (A3) is equal to the TorRNQVIST (1936) price index.

Proof: Apply (A37) with w, = (1/2)s,® + (1/2)s,". Q.E.D.

We conclude this Appendix by noting that the second equation in (A29) has a
nice interpretation in the light of our discussion of quality adjusted price relatives
in section 4 above: it can be seen that cst* is equal to a weighted sum of the loga-
rithms of the quality adjusted prices of the models sold in period t less another
weighted sum of the logarithms of the quality adjusted prices of the models sold
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in period s. Using Corollary 5.1, we can establish the following formula for cst*,
where the constant term bo* has been eliminated from (A29):

(A38) Cst* - ZkeS(t) Skt [1[1 pkt - Zn:lN fn(ant)bn*:| - Z"keS(s) SkS [11’1 pkS
- ZHZIN fn(ans)bn*]

where s, ' =w, /"%, ¢, W, forkeS(t) and s, 5 = w, /%, g W for keS(s) so that the
weights in (A38) now sum up to one in each period. Thus the two weighted sums
in (A38) become weighted averages of the logarithms of quality adjusted prices. If
the characteristics transformation functions f_ are log functions, then the interpre-
tation of (A38) becomes particularly transparent.*®

39 This type of decomposition can be traced back to Court (1939; 108) as his hedonic suggestion
number one. The same decomposition was suggested by GrILICHES (1971a; 59-60) (1971b; 6) and
DuryMEs (1971; 111-112). It was implemented in a statistical agency sampling context by TRIPLETT
and McDoNaALD (1977; 144).



