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The paper develops non-parametric tests for the weak separability or the additive separability of a
decision-maker’s utility function, given a finite body of price and quantity data. The tests
generalize some earlier tests proposed by Afriat and Varian. Blackorby, Primont and Russell have
pointed out that the econometric literature on testing separability hypotheses is seriously deficient
since the econometric tests tend to impose unwanted restrictions on the parametric functional form
in addition to the particular separability hypothesis being tested. Hence, the non-parametric tests
in the present paper should serve as useful supplements to the usual econometric tests for
separability.

1. Introduction

Our basic purpose in writing this paper is twofold: (i) we would like to make
Afriat’s (1967,1970,1972,1973,1976) non-parametric method for testing
whether a finite body of price and quantity data is consistent with utility
maximizing behaviour more accessible, and (i) we derive some new tests for
separability which generalize the earlier work of Afriat (1970) and Varian
(1983).

In section 2, we deal with point (i) above. It turns out that the necessity of
the Afriat conditions can be established in a very intuitive manner if we make
stronger than necessary assumptions on the utility function — namely, concav-
ity and differentiability. We make these restrictive assumptions in section 2 and
derive the Afriat conditions.! In an appendix, we indicate how the differentia-
bility assumptions can be dropped.?

*The research for this paper has been supported by the SSHRC of Canada and by gramt
SES79-12380 from the National Science Foundation to the University of California at Berkeley.
Our thanks to W. Barnett and a referee for helpful comments and to Gerard Debreu for his
inspiration and generosity to the first author.

! Our exposition is based on Diewert and Parkan (1978). Similar expositions are available in
Varian (1982.1983). However, the basic idea may be traced back to Afriat (1970).

2All of our proofs involving the non-differentiable case are relegated to the appendix.
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In sections 3 and 4, we utilize the techniques developed in section 2 in order
to derive some tests for the utility function to be weakly separable and
additively separable respectively. Our tests generalize similar tests developed
by Afriat (1970) and Varian (1983) in various directions.

Section 5 concludes.

2. The derivation of the Afriat consistency conditions in the concave case

We wish to determine whether a finite body of price and quantity data is
consistent with utility maximizing behaviour.

Suppose that we are given T positive price and quantity vectors, p' = 0,
and x'>» 0, for 1 =1,2,...,7.% Suppose that a decision-maker has the objec-
tive or utility function f and that x' is a solution to his period ¢ utility
maximization problem; i.e., suppose

x‘solves max{ f(x): p"-x<p'-x", x20y} for t=1,....T. (1)
X

Suppose further that the utility function f is: (i) concave,® (ii) once
differentiable, and (iii) weakly increasing.®

Since by assumption, x‘> 0, and so the non-negativity constraints in (1)
are not binding, the Kuhn-Tucker necessary conditions for the non-linear
programming problems in (1) reduce to:% there exist X' such that

vf{x")=XNp, N=0, i=1....,T. (2)

The weakly increasing property of f and our assumption that p' is strictly
positive imply that the Lagrange multipliers X' appearing in conditions (2) are

*Notation: p > 0, means that each component p, of the A-dimensional vector p is positive:
p=0y means each component of p, is non-negative; p>0, means p20y but p#0,:
px=El p,x, denotes the inner product of the vectors p and x and T f(x.y)=
[8f(x. ¥)/8x1...., 3f(x, ¥)/dxy] denotes the vector of partial derivatives of / with respect to its
X components,

*f s concave iff X 20y 3”20, 0<As=] implies f(Ax"+(1-Ax")2 Afey+
(1 = A)f(x"). Throughout this paper we shall assume that concave functions are alse continuous
over their domain of definition.

*In the case of differentiable functions, we say that [ is increasing if x = 0y implies wf(x) > 0.
weakly increasing if Vf{x)>0y. and non-decreasing if Wf(x)=0y. In the non-differentiable
concave case, replace ¥f(x) in the previous definitions by every = € 8f{x) where 3/(x) denotes
the set of supergradients to / at x. z is a supergradient 1o f at x9 iff f{x) < /(2% +2-(x —x")
for every x > 0 see Rockafeltar (1970, p. 214).

®See Karlin (1959, p. 204) for a convenicnt exposition of the Kuhn-Tucker Theorem. The
positivity of x‘ enables us to conclude that the Slater constraine qualification condition [see
problem 12 in Karlin (1959. p. 239} is satisfied for problem ¢ in (1) since Lx' satisfies atf
constrainis strictly.
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all positive:
A>0, 1=1,.,T (3)

We require one additional fact about concave functions and then we shall
have the Afriat conditions at hand. A differentiable concave function has the
property [see, for example, Karlin (1959, p. 405)] that any tangent hyperplane
to f (i.e, any first-order Taylor series expansion of f) lies above the function.
Thus for each ¢, the following inequality is valid for all x > 0,

f) = f(x)+vf(x)-(x—x").,  1=1,...T (4)

Now define u’ = f(x‘) for 1= 1,..., T, and replace x in Hbyxf s=1,....T.
The inequalities (4) then become the following T2 inequalities:

w=u'+Np'-(x*—x), s=1,..., T (5)

Thus we have proven the following theorem, which is a special case of a
much stronger theorem due to Afriat (1967,1973,1976):

Theorem 1. In order for a body of positive data, {( p', x'): 1= 1,....T), to be
consistent with utility maximizing behaviour [so that (1) is true] where the utility
function f is restricted to be concave, differentiable and weakly increasing, it is
necessary that there exist 2T numbers u',...,u” (which can be interpreted as
utility levels) and N,... X" (which can be interpreted as marginal utilities of
income) such that Afriat revealed preference inequalities (3) and (5) are
satisfied.

In the appendix, we indicate how the same technique of proof may be
modified in order to prove a version of Theorem 1 without assuming that / be
differentiable.

Conditions (3) and (5) are also sufficient for the given data p',x’ to be
consistent with utility maximizing behaviour. We have the following result:

Theorem 2 [Afriat (1967)). Suppose {(p',x'):. t=1,..., T'} are given price
and quantity vectors with p' > 0y, and x' > 0y," and there exist u', N' such that
conditions (3) and (5) are satisfied. Then there exists a concave, increasing
utility function f which rationalizes the data; i.e., conditions (1) are satisfied for
this f.

Proof. Define the increasing linear functions f* by
fiAx)=u'+XNp'-(x— x"), t=1,...,T. (6)

"Note that we no longer require that x' 3 Oy as in Theorem 1.
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Define the increasing, concave function f by
flx)=min{f(x):1=1,..,T}. (7
'

Since f defined by (7) is the minimum of the f°. for each s, we must have
flx)<f¥(x) and thus, fors=1,...,7,

max{ f(x): p*-x <p*- X7, xz0y}

sme_tx{fs(x): pxsptoxt, x20,}

(8)
=max{u’+ XNp*-(x—x°): pTx<pTx* x 204}
X
=u's‘
since A*> 0. Also, for s=1,...,7,
f(x*y=min{ f{x*):1=1,....T}
!
smin{u‘-!-}\’p'-(x‘—x’):r=1,...,T} (9)

H

= u's’
using (5). Thus (8) and (9) show that x* is a solution to_the period s utility
maximization problem for s =1,...,T when f is defined in (7). Q.E.D.

To summarize: the existence of numbers u‘ and A such that the inequalities
(3) and (5) are true is necessary and sufficient for a given body of dat{i {p" x‘_}
to be consistent with utility maximizing behaviour given our regularity condi-
tions on the underlying utility function f. .

The Afriat conditions (3) and (5) may be put into several alternative sets of

conditions that are easter to check numerically. B .
For example, a necessary and sufficient condition for the existence of

numbers ' and N such that (3) and (5) are true for a given bod?/ of .data
{(p,x"), 1=1,...,T} is that the objective function of the following linear

programming problem attain its lower bound of zero:

min{: is", (10)

r=1r=1
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subject to
stT=u'—u"=Np"-(x"—x")+ 8", r,t=1,...,T, (11)
A=, r=1,...,T, (12)
s720, §$"=20, rt=1,...,T, (13)

where the 4, X, s™ and S are variables. The s"' and S are non-negative
slack variables that are used to convert the inequalities (5) into equalities.® If
the objective function (10) attains its lower bound of zero, then all of the
optimal 5™ =0, and it is obvious that (11) and the non-negativity restrictions
§720 imply (5). Obviously, (12) implies (3). On the other hand, if the
inequalities (5) are satisfied with A" > 0 for all r, then all of the numbers 4" and
A" can be scaled so that the same inequalities (5) are satisfied with A* > 1 for
r=1,...,T. Hence the linear programming problem (10)—(13) will attain its
lower bound of zero in this case.

Another necessary and sufficient condition for the existence of numbers u'
and X such that (3) and (5) are true for a given body of data {(p’, x*):
r=1,...,T} is that the objective function for the following unconstrained
minimization problem attain its lower bound of zero:

min TT{)E f[S"]?'}, (14)

r=1 =1
where the T2 slack variables s are defined by
s"=u'—u—(a?+1)p  (x' —x") +a2, re=1,..., T (15)

If we define N’ =a?+12>1 and §7"=¢22>0, it can be seen that eq. (15)
corresponds to eq. (11).

Varian (1982,1983) has developed extremely efficient algorithms for check-
ing whether a body of data satisfied (3) and (5); however, his procedures do
not seem to extend to the more complicated conditions that we are going to
develop in sections 3 and 4 below. Until more efficient algorithms are invented,
we can only suggest that the reader convert the problem of checking whether a
solution exists to a certain system of inequalities into an unconstrained
minimization problem in a manner analogous to our conversion of (3) and (5)
into (14).

*If we are in the context of producer theory rather than consumer theory so that f{x")= u' is
output rather than utility, then we may want to add the non-negativity restrictions ' = 0,
t=1,...,T, to the linear program (10)—(13). Actually, the tests developed in this paper are efficient
in the producer theory context only if output is unobserved.
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it should be noted that the assumption of concavity is not required in order
to derive conditions (3) and (5). Afriat’s much stronger (but harder to prove)
result is:

Theorem 3 [Afriat (1967, 1976), Diewert (1973), Varian (1982)]. In order
for the data {(p'.x'y. t=1,...,T}, where p"» 0y and x"20,,° to be
consistent with wiility maximizing behaviour where the wtility function f is
continuous from above'® and is subject 10 local non-station,"* it is necessary that
there exist w' and X such that (3) and (35) are satisfied.

It should be noted that conditions (5) provide a generalization of Samuelson’s
(1938) weak axiom and Houthakker’s (1950) strong axiom of revealed prefer-
ence theory; see Afriat (1976). Furthermore, conditions (5) are also related to
the integrability of demand functions literature; see Mas-Colell (1978).

There is one additional test for consistency that we wish to survey in this
section. Frequently, one wishes to know whether a given data set is consistent
with utility maximizing behaviour where the utility function f is restricted to
be homothetic. Shephard (1953) defines a non-negative function f(x) defined
over x 20, to be homothetic if there exists an increasing function of one
variable g such that g f(x)] is positively, linearly homogeneous; ie., for every
A>0, xz0y glf(Ax)=Ag[f(x)). It can be shown [see Afriat (1972) or
Diewert (1973, p. 424)] that a necessary and sufficient condition for the
existence of a homothetic, continuous from above and locally non-satiated
atility function f which is consistent with the data {(p% x*): r=1,....T} in
the sense that x' is a solution to the period ¢ maximization problem in (1) for
t=1,...,T is that there exist numbers u' and A’ such that (3) and (5) hold and
in addition:

w'=Np'x', t=1,...,T. (16)

The effect of the additional restrictions {16} is to make each of the linear
functions f' defined by (6) pass through the origin. Thus f defined by (7) will
be the surface of a convex, polyhedral cone and so will be linearly homoge-
neous (and thus homothetic).

Thus, to test for the existence of a homothetic utility function f, we need
only solve the linear programming problem (10)—(13) with the additional

?Note that we do not require that x' > 0y as in Theorem 1.

**This means that. for each u. the set {x: f{x)=u) is closed. This assumption is required to
ensure that solutions to the utility maximization problems in (1) exist.

" This means that for every x = 0y and 2> 0, there exists x* 2 0y such that (x = x)-{x — &%)
<& and f(x*)> f(x).
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restrictions (16) and see whether the resulting optimal objective function is zero
or not.!12

For a geometrical interpretation of conditions (3), (5} and (16) for the case
of two observations (T'=2) and two goods (N =2), see Afriat (1977). For
alternative formulations of (3), (5) and (16) in the general case pius an
extremely efficient algorithm for checking whether a given data set satisfied (3),
(5) and (16), see Varian (1982,1983).

3. Tests for weak separability

Assume the decision-maker has preferences defined over N! + N2
+ - +N¥ 4+ M goods. We suppose that these preferences can be represented
by a utility function F(x,..., x4, y) where x, > 0y is a non-negative vector
of dimension N* and y>0,, is a non-negative vector of dimension M. We
wish to know whether the decision-maker’s utility function F can be written as
F(x,.oo,x g v)=flg(x,)..., gylxy) ¥}, where [ is a function of H+ M
variables and g, is a function of N variables for h=1,..., H; i.e., we wish to
know if F is weakly separable with respect to its Xy,..., X, arguments.’® The
function f is the macro function, while the functions g, are called micro
functions.'* Assuming that the micro and macro functions are all concave leads
to a simple set of necessary and sufficient conditions for the consistency of a
given data set with the hypothesis of utility maximizing behaviour where the
utility function is restricted to be weakly separable.

Theorem 4 [Generalization of Afriat (1970) and Varian (1983)].° Suppose
the macro function f is (i) concave, (ii) once differentiable, and (iif) increasing
in its first H arguments and non-decreasing in its last M arguments where H > 1
and M > 1. Suppose the micro functions g,, h=1,..., H, are (i) concave, (if)
once differentiable, and (iii} weakly increasing in their arguments. Suppose
further that we are given T positive price vectors, ( PLes P g’y >
(Oyt,....0yn,0y,), and T positive quantity vectors, (xf,. .., xh y) >
(Op1so .0y, 04), for t=1,...,T. Finally, we suppose that the given data are
consistent with weakly separable wiility maximizing behaviour; i.e., Jor 1=
1,....T,

Alternatively, use eq. (16) to climinate the & from (15) and solve the resulting unconstrained
minimization problem (14),

*For alternative representations of the separability concept and extensive references to the
literature, see Blackorby, Primont and Russell (1978).
' This terminology follows that of Diewert (1974, pp. 150-153).

"*Afriat and Varian consider the case where = 1. Afriat also considers the case where H = 2
and M =0.
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(x{, e X Y ) solves the following wiility maximization problem:

max {f[gl(xl),n-, SH(XH):J’] :

Xpoenns Xy ¥

;- 17
Yophox, v gy Y, x 200, xg 20, y20,0, (17)
=1

where period 1 ‘income’ Y' is defined by

H
Y= phoxptqty t=1,...,T. (18)
fr=1

Then there exist 2HT scalars X!, B85, h=1,..., H, t=1,....T, such that the
following inequalities hold:

X; < X+ Biph- (x5 — x5}, (19)

gi>0, s¢=1...,T, h=1,.. H

There also exist 2T scalars u', N, 1=1,..., T, such that
H . o
weu + XL (81) (X - X)) |+ N (» =), (20)
Jr=]
N>0, s, i=1,...,T.

Proof. Since f is increasing in its first H arguments, by (17) xj must
maximize g,(x,) subject to a period ¢ expenditure constraint on the x, goods;

i.e., we must have

x5 0+ solves max{g,,(x,,):p,‘,,-x,,sp,‘.,-x,’,,x,,zo,vh}, (21)
Xp

h=1,.. H, 1=1,..T

Now repeat the argument used in Theorem 1 applied to (21), and we obtain the
existence of the X] and B; that satisfy (19), where

Xi=g{xi), h=1,.,H, 1=1..T. (22)
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The counterparts to the Kuhn-Tucker conditions (2) and (3) now are
vg(xf)=Biph.  BL>0, h=1,..H r=1,...T (23)
Define the level and first-order partial derivatives of / by
w=f[Xi,... Xy,

o= af [ Xiyoo, Xipy '] /0%,>0, h=1... . H. t=1,..T, (25)

r=1,....T, (24)

v=v /X, .. Xh y] 20, r=1,..T (26)

The inequalities in (25) and (26) follow from our monotonicity assumptions
on f.

The concavity of f implies, using (4), (24), (25) and (26), that for each X, in
the range of g, and y>0,,

H
f[Xl?"'s XH1 )’]Sul'l' Ea;!(Xh—X,f)+Yl-(y—y'), (27)
h=1

t=1,...,7T.

Substitute (X;,..., Xy, )= (X{..... X5,y fors=1,..., T into (27), and we
obtain (using (24))

H
w<u'+ Y e (Xi- X )+ (0 - y'), s,0=1,...,T. (28)
h=1

The Kuhn-Tucker conditions for the ¢th utility maximization problem in
{21) and definitions (25) and (26) yield the existence of A such that

av.g,(xi)=Np,, AN>0, 1=1,...T, (29)
¥y =Ng', t=1.....T. (30)

Egs. (23), (25) and (29) show that a, =X(B) ' for r=1,....T, h=1,..., H.
Substitution of these equalities and the equalities in (30) into (28) yields (20).
Q.E.D.

Somewhat surprisingly, we are unable to modify the above proof to cover
the non-differentiable case (as was done in the case of Theorem 1).'¢ However,

18We are unable 1o establish (29) in the non-differentiable case. In general. it is difficult to
characterize the set of supergradients of a composite function kike f[g (x,)..... gu{xy) y]in
terms of the supergradients of /. g,..... gy see Rockafellar (1978) for a survey of the literature.
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in Theorem 6 below, we indicate how a non-differentiable version of Theorem
4 can be obtained if we make use of the duality between utility and cost
functions. Before proceeding to the non-differentiable case, we first shov».' that
conditions (19) and (20) are sufficiens for the given data set to be consistent
with weakly separable utility maximizing behaviour.

Theorem 5 [Generalization of Afriar (1970) and Varian (1983)]. Suppose
that we are given T positive price vectors, (ph,.... Pin gy (Opn, .., 04,0y,
and t non-negative guantily vectors, (x{,..., X}y, y‘)z(ONl,...,ONu,O,,,r), for
t=1,...,T. Suppose that there exist 2T(H + 1} numbers X, B u'\ X, h=
1,...,H, t=1,...,T, such that these numbers and the given data satisfy the
inequalities (19) and (20). Then there exists a concave, i{icreasi{rg macro
function f of H+ M variables and there exist H concave, increasing micro
functions g, h=1,..., H, such thar (17) and (21 holds for these functions.

The proof is analogous to the proof of Theorem 2. The g, are defined by
g,,(x,,)smfin{g,’,(xk):t=1,...,T}, h=1,..., H,
where the TH linear functions g; are defined by

g};(xh) = le-’-BI’lp:z'(xh_ x}’l)'

The functions f and f' are defined by

I
f Xy Xy p) = ut = N 2 (BE) (X = X0) +Xg (v =),

he]

f(Xl,...,Xﬁ,y)Ern}n{f‘(Xl,..., Xy y)ie=1,...T}.

The inequalities (19) and (20) play the same role .in this section that the
inequalities (3) and (5) played in the previous secuon.’ Un!forlrunafely, th:e
inequalities (19) and (20) are not linear in the ‘unknowns’, Xj, Bj. u anq N,
so that linear programming techniques cannot be gsed to test whether a given
body of price and quantity data is consistent th we_alfly‘ separable ut}llty
maximizing behaviour. However, the unconstrained minimization techmque
associated with (14) in the previous section can be adapte'd to determine
whether the inequalities (19) and (20) have a solution. The details are left to the

reader.
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Comparing Theorem 3 with Theorem 1, it seems evident that we should be
able to weaken our regularity conditions on the macro and micro functions
and establish a stronger version of Theorem 4. The following theorem is a step
in this direction: the concavity assumption on the macro function S is replaced
by a quasi-concavity!? assumption,

The proof of Theorem 6 requires some knowledge about the duality between
cost and utility functions. Define the cost function €, that is dual to the micro
function g, for h=1,2,..., H by

Ci( X, 2s) Emin{ Pu Xyt gh(xh) Z X, x2 0 } ) (31)
N

where p, > 0,» and X, belongs to the range of g,- If g, 1s continuous,
quasi-concave, and weakly increasing, then C, will satisfy various regularity
conditions, including continuity and increasingness in its X, argument.'® If in
addition, g, is concave, then C, will be convex in its X, argument.’® In the
following theorem, in order to simplify the proof, we shall assume that each
Cy(X,, py) is differentiable with respect to its X, argument.?® The non-
differentiable case is proven in the appendix.

Theorem 6 (Generalization of Theorem 4). Suppose the macro Junction f is
(1) continuous from above, (ii) subject to local non-satiation, and (iii) quasi-con-
cave. Suppose the micro functions g,, h=1,..., H, are (i) concave, (if) weakly
increasing, and (iif) have dual cost functions C,( X,, p,) that are differentiable
with respect to their X, arguments. Suppose further that we are given T positipe
price vectors, (py,..., Py 4"} (Opn,...,04n,0,,); T non-negative quantity pec-
tors, y'20,; HT non-negative but non-zero quantity vectors, x> 0y, for
h=1,...,H, t=1,...,T. Finally, suppose that the data are consistent with
(weakly) separable wutility maximizing behaviour; i.e., (17 ) holds. Then there
exist numbers X, By, u' and X such that (19) and (20) hold.

Proof. Define
Xo=g,(x"), h=1,...,H, (=1,...,T (32)

YA function f is quasi-concave iff the upper level sets L{uy= {x! f{x)2u} are convex for
each level u in the range of f. A set § is convex iff €85, €8 0<h<l implies
AX“+(l-A)x"eSs.

'¥5ee Diewert (1982).
19Gee Diewert (1978, p. 33). A function f is convex iff —/ is concave.

O Blackorby and Diewert {1979) provide sufficient conditions on g, which guarantee the
differentiability of C,(X), p) with respect to X,,.



138 W.E. Diewert and C. Parkan, Non-parametric separability tests

Using (31) and (32), the relations (17) may be rewritten as

X{,.... Xj;. y' solves

H
max {f(Xn--nXH:J”): Zch(XinP;f)'*'qf')’ﬁ Y,
Xl ..... XH._'I' h=1

y=0,, X,,Erangeg,,,h=1,...,H}. (33)

For t=1,..., T, define the sets R and §' by

H

Ri= {(X,,...,Xﬂ,y): Y- zCh(Xh,pf.!)—q‘-yZO,
k=1

4
X,,Erangegh,h=1,...,H}, (34)

StE (X, Xy )t f(Xp Xy ) 2 (XL, X '),
y>0,, X,Erange g,, h=1....,H}. (35)

S' is a convex set since f is quasi-concave. R’ is also.a convex set, since ther
functions — C,( X, p,) are concave in X,.?' The relations (33) show that_S
and R' have no interior points in common, and her‘lce by the Separating
Hyperplane Theorem {Karlin (1959, p. 398)], the_re exists a l}yper;;alane tl:at
separates the two sets; i.e., forr =1,..., T, there exist vector§ A'=(A4f,...,4Y)
and a'={a!,...,a}) (at least one of these two vectors is non-zero) and a

scalar o' such that
(X,y)éR’ implies A X+a'-y<d, (36)
(X,y)ES' implies A" X+a'-yza. (37)
Since ( X', y") belongs to both R’ and §', we have
al=AX"+ay, r=1,...,T. (38)

i i hence the [unctions
gince the g, are concave, the C, are convex in their X, arguments and
— (,, are concave.
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Hence (Xj,..., X};, v} solves the concave programming problem (39) and
the quasi-concave programming problem (40) below:

H H
max {ZA},X,,+a‘-y: Y'— ZC,,(X;,,p},)-i—q’-yzO,
K Xyowl g h=1

X,,Erangeg,,,h=1,...,H}, (39)

H
Inin (ZA;:Xk_‘-ar.y: f(Xl,...,XH,y)Zf(X{,..,, X;hyr)v
Xiveons Xy ¥ he=1

y=0,, X,,Erangeg,,,h=1,...,H}. (40)

Since Xj,..., X}, y' solves (39) and since the constraints X, € range g, are
not binding at this solution,? the Kuhn-Tucker conditions for (39) yield the

existence of a Lagrange multiplier £’ > 0 such that the following first-order
conditions hold:

Ay = £9C,(X], p)/0X, =P}, (41)
k=1,....H, =1,...,T,
a'=¢yq’, t=1,...,T. (42)
Since (A", @) # 0y, »s» we must have &= 0 and hence
£>0, t=1,...,T. (43)

The substitution of (41) and (42) into (40) and the use of (43) means that, for
t=1,...,T,

X!, X}, y* solves

H
min {EP;Xh+q‘-y: X, Xy p) zf(X’,...,X,’,,y’),
P (TN Xy vy he=1

y=0,,, X,,Grangeg,,,h=1,...,H}. (44}

**We need the weakly increasing property of the g, and Xj, > Opa to establish this, We can also
establish that the Slater constraini qualification condition holds,
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Since the problem of minimizing the cost of achieving a giver} utility level. is
dual to the problem of maximizing utility subject to an .expendltun.'e copstramt
(when the utility function is subject to local non-satiation), (44) implies that,

fort=1,...,T,
X{, ..., X}, y' solves
H H
I
max { f( X, Xga2): ZP,{X,,+q’-yszP,fX,f+q‘-y,
Xi.oe Xy ¥ h=1 =1

45
y =0y, X,,Erangeg,,,h=1,...,H}. (45)
The maximization problems that occur in (45) are exactly the ki‘nd of utility
maximization problems that occurred in Theorem 3. Hence, applying Theorem
3, there exists N, u’ such that

H
w<u' + N Y P X - X)) +Ng () (46)
he1

A>0, s.0=1,...,T,
which is (20) if we define B; by
(Bi) ™" =P=3C,(Xi, £1)/8%,> 0, (47)
h=1,... . H, t=1,..T
We have yet to establish (19). Since the g, are concave, lhe_C,, are convex in
their quantity arguments. Hence applying the negative of the inequality (4), we

have, for t=1,...,T and h=1,...,H,

Ch[gh(xh)> Pi] - Ch[gh(x;!)’ Pir]

r 48
SCATACN AV AIEACAETACHIE (48)
Let x, =xj fors=1,...,T in (48) and use (32) and (47) to obtain
AN ARTALNARTAC A AL (49)

h=1,...,H, s,t=1,..T
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We also have
C (X, piy=ph-xi, h=1,...,H, t=1,...,T, (50)

Cfr(X;fs P;r) Emj“{ pi gi(x)2g(x})=X5, x> ON"}

(51)
SPht Xhs kh=1,...,H, s,1t=1,...,T,

where the last inequality follows from the feasibility of xj for the cost
minimization problem. Eqgs. (49) to (51) yield

Py (x5 —xi) = Pi( X3 - Xi), (52)
h=1,...,H, s,0=1,....T,
which is (19) using (47). Q.E.D.

Comparing the hypotheses of Theorem 6 with those of Theorem 4, we see
that the hypotheses of the latter theorem are considerably weaker: (i) the
concavity and monotonicity assumptions on the macro function f have been
weakened to quasi-concavity and local non-satiation, (ii) the differentiability
hypotheses on both the macro and micro functions have been dropped, and
(iif) the positivity restrictions on the quantity data have been considerably
weakened.

The hypotheses of Theorem 6 can be weakened and the result will still be
true. Let g, denote the free disposal, quasi-concave hull of the micro function
g, for h=1,..., H* Then all we require is that §, be concave and weakly
increasing for #=1,..., H.?® These hypotheses can be weakened even further:
all we require is that the §, be transformable into concave functions.?

Note that even under our weakened hypotheses, we still seem to require
some sort of curvature restriction on both macro and micro functions. How-
ever, the original Afriat result, Theorem 3, required no curvature restrictions at

3%, can be constructed from 8, as follows. Detine the cost function C;, dual to g, by (38)
Define g, in terms of C, for x, = Oy by &, (x,)= maxy, . { Xy Co( Xy, pr) < py - x,, for every
Pn = ON" J .

241f x# solves the competitive cost minimization problem {31), then x; will also be a solution
to min_ { p, - x,: Z,(x,) 2 X, x 2 0yn}; see Diewert (1982, p. 554) for more details.

> Necessary and sufficient conditions for the existence of such concavifying transformations are
surveyed and developed in Kannai (1981).
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alt.? This suggests to us that the hypotheses of Theorem 6 could be further
weakened,?” but we leave this task to other (more competent) researchers.
We turn now to tests for additive separability.

4. Tests for additive separability

Assume the same framework as in section 3, except that now we wish to
derive necessary and sufficient conditions for a data set to be consistent with
utility maximizing behaviour where the utility function F has the following
additively separable form: F(xy,...,%Xp, y)=f[):f_lg,,(x,,), y] where the
macro function f is a function of 1 + M variables and the micro function g, is
a function of N® variables for h=1,..., H.

Theorem 7 |Generalization of Afriat (1970) and Varian (1983)].2  Suppose

the macro function f is (i) concave, (ii) once differentiable, and (iii) increasing
in its first argument and non-decreasing in its last M arguments. Suppose H=2
and the micro functions g,, h=1,..., H, are (i) concave, (ii) once differentia-
ble, and (iii) weakly increasing in their arguments. Suppose further that we are
given T positive price vectors, (py,---» Pin 4 ) and T positive quantity vectors,
(xh,..., xh, ¥"), fort=1,...,T. Suppose the data are consistent with additively
separable utility maximizing behaviour; i.e., fort=1,...,T,

(x{,...,xi,, y") solves

H H
max y{f[zgh(xh)v}’]: rpxtq-ysY,
h=1 h=1

(53)

Xy 200, xy 2 0pw, yzOM},

where Y' is defined by (18). Then there exist HT scalars, X, h=1,..., H,
t=1,...,T, and 3T scalars, B, N,u', t=1,...,T, such that the following

)

3 However, we do require linear budget constraints in Theorem 3 and this is what allows us to
dispense with curvature restrictions.

2T0ne easy way of dispensing with the quasi-concavity assumption on [ is to assume (45),
instead of deducing it. However, we do not have a simple set of sufficient conditions that will imply
this assumption.

284 friat and Varian both consider the case where =2, M=0and f(X)=X.
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inequalities hold:
X; < Xi+ B'p- (x5 - x}), (54)

B'>0, h=1,..H, st=1,.. T
! IH
5 ! 0y £ 1
wu'+XN(B) EI(X;,-XJ)H\Q"(JJ‘—))’), (35)

}\r>0, S,f=1,‘...,T,

Proo!f ; Relfeatltheproof of Theorem 4, except that (i) f [Z}:’_IX 4 '] replaces
{[Xl,..., Xip, »'], (i) «f replaces &, and (iii) we deduce that Bi=N/a'=8'
éuii i]:) =1,..., H. Hence conditions (19) and (20) become (54) and (55).

C;oroflary 7..1.. Suppose f [Z,j:"?{l 8x{x,), ¥] is replaced by the Jellowing com-
Eetiy adgmtvc lstructa;e: gh_lg,,(xk). Then there exist HT scalars X

=1....,H t=1,....T, and T sealars, N, t=1, ... owing
i s« Ty such that the following

X< X+ N (xi ~ %), (56)

N>0, h=1,....H, s,r=1,...,T.

P:oof. Under the present hypotheses, we find that &' = a,=1forh=1,..., H
r—_l,...,T, and l}ence B'=X/a'=X for +=1,...,T Suppressing’ thé );
variables and substituting 8= X into (54) yields (56).% Q.E.D

The interesting point to notice about the i iti i
‘ . ‘ ’ nequalities (56) is that they are
:;I;ear bm th(;d upknm;ns X, and X, and hence linear programming techn?ques
y be used m order to check whether 2 gi i
ifying (o6, given data set has a solution
Theorem 8 pelow spows tl"lazt (54) and (55) are sufficient for the given data
set to be consistent with additively separable utility maximizing behaviour.

29 a .
. We may also substitute ,Bf = X into (55) and deduce the inequalities u* < o' + 2, (X — XD
for s,e=1,....T. However, if we define w'm 2" X! for r=1,..., T. we see t}:'a-llthe‘r abo:
inequalities hold identically as equalities, and hence are not of any interest, )



144 W.E. Diewert and C. Parkan, Non-parametric separability tests

Theorem 8 |[Generalization of Afriat (1970) and Varian (1983)]. Suppqse
that we are given T positive price vectors, (pY,---, Py q'), and T non-negative
quantity vectors, (x%,..., xi, ¥'), t=1,..., T. Suppose that there exist (H+3)T
numbers, X!, B N, u', h=1,.. ., H t=1,...,T, such that these numbers and
> o » ] ] ] * ] ? ]
the given data satisfy the inequaliries (54) and (55). Then there exists a concave,
increasing macro function f of 1-+ M variables and there exist H concave,
increasing micro functions, g, h=1,..., H, such that (353) holds for these
funcrions.

The proof is analogous to the proof of Theorem 2.

Corollary 8.1.  Suppose that there exist (H + 1)T numbers, XN h = 1,.. . H
t=1,...,T, such that these numbers and the given data satisfy the inequalities
(36). Then there exist H concave, increasing funct:’or;f g h= l,..:,H, suc.h
that (53) holds for these functions, excep! that Sl Bulxy ), y) in (53) s

replaced by Zf_ 1&i{xp)

Recall how Theorem 6 generalized Theorem 4. We can similarly generalize
Theorem 7 and its corollary: the differentiability assumptions on f and the g,
may be dropped, the concavity assumption on f me_xy'bc replaced by t‘he
assumption of quasi-concavity, and the positivity re:stnctlons on the quantity
data may be relaxed. The proof of this generalization of Thcc?rem 7 follows
along the lines of Theorem 6, except that (X, X > y) is n?placed by
T X, ). The key to the proof is to look at the modified version of (40)
and conclude that XJ,..., X}, solves

H H H
min {EA;X,,: ZX,,zZX,i}, (57)
O A V11 h=1

he=1

and hence A, =A' for h=1,...,H and t1=1,...,T. T'hes.e equalities impl¥
that Pj=P'=( By~1 for all & and r and the generalization of Theorem

follows.

5. Conclusion

We have derived generalizations of the Afriat-Varian necessary and §uﬁi—
cient conditions for a given body of data to be consistent V\flth ‘.L!tlll.ty maximiz-
ing behaviour under the hypotheses that the‘ utility function 1s c1ther weakl‘y
separable or additively separable. Determining whether t.hc resulting oond.l—
tions are satisfied by the given data leads to non-parametric resis for separa{;zl-
ity. The tests are non-parametric because the_y do not depend on th.e underlylr}g
utility function having a particular parametric functional form, as is the case in
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the econometric literature on testing for separability. Blackorby, Primont and
Russell (1978, ch. 8) have pointed cut that this econometric literature is
seriously deficient from a theoretical point of view, since the econometric tests
tend to impose unwanted restrictions on the parametric functional form in
addition to the particular separability hypothesis being tested. Thus the
non-parametric tests developed here should serve as useful supplements to the
usual econometric tests for separability.

Even if the tests developed in this paper fail, the tests may be used to
construct utility functions (which satisfy the desired hypotheses) that are
approximately consistent with the data. For example, even if the objective
function (14) does not attain its lower bound of zero, the «’ and X' = (a2 + 1)
which solve (14) may be used in definitions (6) and (7) in order to construct a
utility function f that is approximately consistent with the data.3°

The necessity of conditions (3) and (5), or (19) and (20), or (54) and (55),
were very easy to derive, provided that we assumed positive data and that the
relevant utility functions were both concave and differentiable. The resulting
conditions turned out to be sufficient as well. Somewhat surprisingly, it proved
to be difficult to relax the positivity and differentiability assumptions: we were
forced to resort to rather complex arguments involving cost functions.

We have not derived all possible combinations of tests in this paper. For
example, if we wish to impose linear homogeneity on the micro function g,,
then add the following restrictions to (19) and (54):

Xy=Bip'-x', 1=1,..,T. (58)

If we wish to impose linear homogeneity on the macro function f, then add the
following restrictions:

H

W= NY (BT X+ NGy, r=1,..,T, (59)
h=]

to (20) or (55) [except that 8; = B* in (55)]. The restrictions (58) and (59) have
the effect of forcing the linear functions g/ and f* defined in Theorem 5
through the origin, and hence the g, and f defined in Theorem 5 will be
linearly homogeneous functions.

Finally, we note that Theorems 1-2, 4-5 and 7-8 may be adapted to yield
theorems in the context of producer theory if we interpret utility as output. If
output is unobservable, then the above theorems are applicable, except that we
substitute the hypothesis of cost minimizing behaviour rather than utility
maximizing behaviour. If in addition, output is observable, then the ‘un-
knowns’ u’ in (5), (20) and (54) become known output levels, and the above

*See Afriat (1973) for a further development of this approximate consistency idea.
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theorems must be modified accordingly. Other tests for a separ_ab]e producuor;
structure could be developed, but these developments are outside the scope o

this consumer-oriented paper.

Appendix: Proofs of theorems in the non-differentiable case

Proof of Theorem 1. Apply the Uzawa (1958) ?nd Karlin (1.959,1 p.UZOOIIz
Saddle Point Theorem to the concave programmmng pix;?b;t?msszﬁcg ;., ;;;.Po

i ivi ints x > 0, are not binding N
noting that the non-negatmty'consn;am Nh | binding sinoe & =

lude that there exists A’>90 such that x

‘::vec?:l:lction f(x)+N[p'-x'—p'-x] for r=1,...,T. By a rel;s_ulli dl;e lt)(;
Rockafellar (1970, p. 270}, Oy € [Bf(x").—)\"p‘] for r=1,..., T, which may
rearranged to yield the following conditions:

=Np',  N=20, z'e€df(x), 1=1,....T, (A1)

where z' is some supergradient to f around the point' x'._ The weakly increasing
hypothesis on f implies z'> 0, and thus A’ >_0 whlch is @3). L4 excent that
In the non-differentiable case, the inequality (?)[13 stll{ll \lr(a ;euar (11;70 :

¢ be replaced by any member of 3f(x") sec Rocka , P-
‘JVIfS()T ;:::Z wz reglace vf(x') by the z* which occurs in (A.1). The rest of the

proof of Theorem 1 remains the same.

hrough (40). Now apply the
Theorem 6. Repeat the argument t g -
;’::v{/a?ff{arlin Saddle Point Theorem to the concave programming plt-ozi::;rll
(39). Thus there exists £ > 0 such that X,.... X, 4. y' solves the unconstr:

concave maximization problem:

H H
max {ZA,’.,X,,+a’-y+€’ Y=Y G X, ph)=a"y|}-

X..... Xy-ylp=1 h=1

(A2)

Applying Rockafellar’s (1970, p. 218) optimality conditions to (A.2), we again
obtain (42) but (41) becomes

A3
Ay=¢Pf,  h=1,..H, t=1,..T, (A.3)

i t
where P} € 3C}( X}), where Ci(X;)= C;,(X,i,p}z) amdr ACI(XD) is tdc‘i)i{:;ledou?
be the s::t of subgradients to the convex function OC,, "1?}; the pqmder ,(,).f ut

ici i i hat Pf>0. The remain
ity assumptions on g, imply t 4 : of d
;izg?tgzlz iLmugh as before except that we replace the partial denvative
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dC, (X}, p)/8X, whenever it occurs by the subgradient P/ that occurs in
(A.3) above.
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