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1. Introduction

A recent development in produdivity andysis is the increased focus on the impact of
firm entry and exit on aggregate levels of produdivity growth. Haltiwange, and Bartelsman and
Doms, in ther survey pgoea's make the following observations?

Orhere are large and persistent differences in produdivity across establishments
in the same indudry... ! for total factor produwctivity [TFP] the ratio of the
produdivity level for the plant a the 75" percentile to the plant at the 5"
percentile in the same indudry is 2.4 (this is the average across indugries) ! the
equivalent ratio for labou productivity is 3.5.0 JohnHaltiwange (2000;9)

Orhe ratio of average TFP for plants in the ninth decile of the produdivity
distribution relative to the average in the second decile was about2 to 1 in 1972
and about2.75t0 1in 19870 Eric J. Bartelsman and Mark Doms (2000;579)

Thusthe recent produdivity literature has demondrated empirically tha increases in the
produdivity of the econony can be obtained by readlocating resources® away from low
produdivity firms in an indugry to the highe produdivity firms.* However, different
investigators have chosn different methods for measuring the contributions to indugry
produdivity growth of entering and exiting firms and theissue remains open as to which method
is estO We propos yet another method for accomplishing this decompostion. It differs from
existing methodsin tha it treats time in a symmetric fashion so tha the indugry produdivity
difference in levels between two periodsreverses sign when the periodsare interchanged, as do

! Erwin Diewert can be reached at the Department of Economics, University of British Columbia, Vancouver, B.C.,
Canada, V6T 1271, e-mail: diewert@econ.ubc.ca. Kevin Fox can be reached at the School of Economics, University
of New South Wales, Sydney 2052, Australia, e-mail: K.Fox@unsw.edu.au. The authors thank Bert Balk and Alice
Nakamura for helpful comments, the University of Valencia for hospitality, and the SSHRC of Canada, the
Australian Research Council, the Ministry of Education and Science of Spain (Secretar’a de Estado de
Universidades e Investigatci—1, SAB2003-0234) and the School of Economics at the University of New South
Wales for financial support. None of the above is responsible for any opinions expressed in the paper.
2 See their papers for many additional references to the literature. Some of the more important references are
Baldwin and Gorecki (1991), Baily, Hulten and Campbell (1992), Griliches and Regev (1995), Baldwin (1995),
Haltiwanger (1997), Ahn (2001), Foster, Haltiwanger and Krizan (2001), Aw, Chen and Roberts (2001), Fox (2002),
Bal dwin and Gu (2002), Balk (2003), and Bartelsman, Haltiwanger and Scarpetta (2004).

3 A more precise meaning for the term Geallocating resourcesOis Gthanging input sharesQ
* This conclusion has also emerged from the extensive literatures on benchmarking and on data envelopment
anaysis; e.g., see Codlli, Prasada Rao and Battese (1998).
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the various contribution terms.> Our propos®d produdivity decompostion is explained in
sections2 and 3 bdow, assuming tha each firm in theindugry produaes only onehomogeneous
outputand uses only onehomogeneousinput

Anothe problem with the variousprodudivity decompostionssuggested in the literature
isthat they often assume there is only oneoutput and oneinputtha each firm produces and uses.
If thelist of outputs beng produeed and inputs being used by each firm is congant across firms,
then there is no problem in usng nomal index numbe theory to congruct output and input
aggregaes for each continuing firm tha is present for the two periods unde consderation?
However, this approach does not work with entering and exiting firms, since there is no natural
base obervation for compaing the single period daa for these firms. This problem does not
seem to have been widdy recognized in the literature, thoughthere are notable exceptions’
Hence in the remainde of this paper, we focus our attention on this problem. Our proposd
approach is to use multilateral index number theory 0 tha each firm@ data in each time period
is treated as if it were pertaining to a @ounty.OThere are many possible multilateral methods
tha could be used, and we compare the new method we propos with some of thealterndives.

In section 5 bdow, we condruct an artificial daa set involving three continuing firms,
one entering firm and one exiting firm. In the remaining sections of the paper, we use various
multilateral aggregaion methodsin order to condruct firm output and inpu aggregates, which
we then use in our suggested produdivity growth decompostion formula. The multilateral
aggregaion methodswe consdde are: the star system (section 6); the GEKS system (section 7);
the own share system (section 8); the Gpatial Olinking method dueto Robat Hill (section 9), and
asimple deflation of value aggregaes method (section 10). Section 11 condudes.

2. Aggregate Productivity Level Measurement in the One Output One Input Case

We begin with avery simple case where firms produce oneoutput with oneinputsoitis
very straightforward to measure the produdivity of each firm by dividingits output by its input?®
We assume tha these firms are al in the same indudry, produdng the same output and usng the
same input, so that it is very straightforward to measure indugry produdivity for each period by
dividing aggregate indudry output by aggregate indudry input Our measurement problem is to
account for the contributions to industry productivity growth of entering and exiting firms.

In what follows, C denotes the set of continuing produdion units tha are present in
periods 0 and 1, X denotes the set of exiting firms tha are present in only peiod 0, and N

denotes the set of new firms present in only period 1. Let yE;i >0 and xtCi >0 denote,

®Balk (2003; 29) also emphasized the importance of a symmetric treatment of time. A symmetric decomposition
was proposed by Griliches and Regev (1995) and a modification of it was used by Aw, Chen and Roberts (2001).

® An economic justification for using a superlative index to accomplish this aggregation can be supplied under some
separability assumptions; see Diewert (1976).

" Aw, Chen and Roberts (2001)(2003) recognized the importance of this problem and used a modification of a
multilateral method proposed by Caves, Christensen and Diewert (1982). The modification is due to Good (1985)
and explained in Good, Nadiri and Sickles (1997). The original Caves, Christensen and Diewert method was
designed for a single cross section and is not suitable for use in a panel data context if there is considerable inflation.
8 We will consider the case of many outputs and many inputs in sections 4-10 below.
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respectively, the output produced and input utilized by continuing firm i C during periodst = 0,
1. Let ygﬁ >0 and xg)(i >0 denote the output and inputof exiting firmi" X in period 0. Findly,
let y}\“ >0 and x}\“ >0 denote theoutputandinputof thenew firmi" N in period 1.

Theproductivity level ! tCi of acontinuingfirmi” Cin each peiodt can bedefined as:

1 n4=y&/xy, ic t=0.1.

The produdivity levels of each exiting firm in period O and each entering firm in peiod 1 are
defined in asimilar fashion, as follows:

@ 0% =yX/x%. "X
@ Nl oyni/xNe 0N

Assuming for now tha the output and input products are the same for all firms, a natural
definition for period O industry productivity n is aggregde output divided by aggregae input®

0n 0 0 0 0
! [# iscYCi +# $X YXi]/[# iscXCi +# i$XXXi]
0 0,0 0 0,0
=ScH gcsCi! Ci +SxH gxSxi! Xis

(4)
where the aggregate input shares of thecontinuing and exitingfirmsin period O are:
B)  KH#D L XGM o X& ! XKl
(6) §<#I i"xxg)(i/[! i"CX%i+! i"xx())(i]'

The period 0 micro input share, S(():i , for a continuing firmi" Cisdeined asfollows:

0 0 0 n
(1) sci=x¢i! Y ecXek: 1"C
Similarly, the period O micro input share for exiting firmi" X is:
(8) s =x% I ex X, X

The peiod 0 aggregate productivities for continuing and exiting firms, ! OC, and ! 9( :

can bed€fined inasimilar manne to the definitionin (4) of m° for theentire indudry as.
0w 0 0 _ 0, 0.
Q) !c"#geYalH#igeXa =H# geSal! il

0 . 0 0 _ 0,0
(10) DX " #Higx YXi [# gy XXi = # igxSXi! Xi-

° It is possible to rework our analysis by reversing the role of inputs and outputs so that output shares replace input
shares in the decomposition formulae. Then at the end, we can take the reciprocal of the aggregate inverse
productivity measure and obtain an alternative productivity decomposition. We owe this suggestion to Bert Balk.
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Subdituting of (9) and (10) back into (4) for the aggregae period O level of produdivity of the
indugry andusng S% =1- 89( leadsto thefollowing decompostion of peiod 0 produdivity:

(11) 1= 2+ §
(12 =1 2+s30 %1 Q).

In expression (12), the first term, ! OC, represents the produdivity contribution of continuing

firms while the secondterm, Sg((H())( —HOC) , represents the contribution of exiting firms, relative

to continuing firms, to the overal period 0 produdivity level. Usudly the exiting firm will have
lower produdivity levels than the continuing firms so tha ! 9< will be less than H%. Thus

unde nomal conditions the second term on the righthand side of (12) will make a negative
contribution to the overal level of period O produdivity.® Subgituting (9) and (10) into (12)
leads to the following decompostion of the period O produdivity into the contributionsof firms
groupal by whether they are continuing or exiting:

(13) ! 0=#i$CS?:i! (C):i+s())(#i$x59(i(! %" 2),
where we have also used thefact that | i,.xs% sums to unity.

Theabovemateria can berepeated with minor modificationsto provide a decompostion
of the indudry period 1 produdivity level I into its components. Thus ! isdeined as

1w 1 1 1 !
! [# iscYCi +#1$NYNi]/[# igc*Ci +#i$NXNi]

1

(14)
| L1 ol 1
=Sc# gcscil ci +SNH gnSNi! Nis

whee the peiod 1 aggregae input shares of continuing and new firms, Slc and S}\l, and

individud continuing and new firm shares, s};i and s%\]i , are defined asfollows:

(15) Se#!l Loxalll woxa+! XNl

(16) Su#! il Xt +] il
(17) SlCi # X%i /l K" CXle , 1" G
(18)  sii #xNi/l L XNk, BTN

Y 0lley and Pakes (1996; 1290) have an alternative covariance type decomposition of the overall level of
productivity in a given period into firm effects but it is not suitable for our purpose, which is to highlight the
differential effects on overal period O productivity of the exiting firms compared to the continuing firms.
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The peiod 1 counerpats to H% and ! 9( in (9) and (10) are the aggregate period one

productivity levels of continuing firms %: and entering firms ! }\| , defined as follows:
1 _ 1. 1 _ Tl .
(19) Ig-= EECVQ /EiECXC' = Eiecéilnai

(20) ! :IL\I ! #i$Ny]Ni/#i$NX:IL\Ii =#i$NS]I-\Ii! :IL\li'

Subdituting (19) and (20) back into definition (14) for the aggregae peiod 1 level of
produdivity leads to the following decomposition counerpats of (11) and (12) -- a
decompostion of aggregate period 1 produdivity into its continuing and nev components:

1) 1 l=shr L+shy §
(22)  =Mg+Sy(y-Ie),

where (22) follows from (21) usng Slc =1! S}\l . Thusthe aggregae period 1 produdivity level

1 Lis equd to the aggregae period 1 produdivity level of continuing firms, H%;, plusa second

term, S}\l (H}\l —H%;) , which represents the contribution of the new entrantsOprodudivity levels,
! %\1 relative to tha of the continuing firms, ! %;.“ Subdituting (19) and (20) into (22) leadsto

the following decompostion of the aggregae peiod 1 produdivity level ! Linto its individud
firm contibutions

(23) !'l-H oSt GFSNH g S N E).
This completes our discussion of how thelevels of produdivity in periods0 and 1 can be

decomposd into individud firm contiibution effects. In the following section, we study the

more difficult problem of decomposng the aggregate produdivity change ! L1 0% into
individud firm growth effects, taking into accounttha notall firms are present in both periods

3. The Measurement of Productivity Change Between Two Periods

It is traditiond to define produdivity changefrom period O to period 1 as a ratio of the
produdivity levels in the two periods rather than as a difference. This is because the ratio
measure will be indgpendent of the units of measurement while the difference measure will not
(unless some nomalization is performed). However, in the present context, as we are attempting

1 Baldwin (1995) in his study of the Canadian manufacturing sector showed that on average, the productivity level
of new entrants is below that of continuing firms. However, he found that for new entrants that survive, they reach
the average productivity level of continuing firms in about a decade. For additional empirical evidence on the
relative productivity levels of entering and exiting firms, see Bartelsman and Doms (2000; 581). See also Aw, Chen
and Roberts (2001) (who also find that the productivity level of new entrants is below that of incumbents) and
section 5 of Bartelsman, Haltiwanger and Scarpetta (2004).
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to calculate the contribution of new and disappearing produdion units to overal produdivity
change it is more convenient to work with the difference concept, at least initially.

Using formula (13) for the peiod 0 produdivity level ° and (23) for the period 1
produdivity level ! L we obtain thefollowi ng decompostion of the productivity difference:

R e B SO LTD

(24) oy 0
#I$X SXI ' C
(25) =LEmTEHSNE N 0" Sk X ),
where (25) follows from (24) usang (12) and (22). Thusthe overall indugry produdivity change
mt-1°, isequd to the produdivity changeof the continuing firms, ! %;"' 0 , plusaterm tha

reflects the contribution to overal produdivity change of new entrants, SN(! N 1C) Jand a
term tha reflects the contribuion to oveal produdivity change of exiting firms,

" Sg)((! 9( "l %) * Note tha the reference produdivity levels tha the produdivity levels of the
entering and exiting firms are compared with, ! 1C and ! 8 respectively, are different in generd,
so even if theaverage produdivity levels of entering and exiting firms are the same (so tha ! }\|

equds Hg)(), the contributionsto oveall indugry produdivity growth of entering and exiting

firms can still benonzroif 1 § " ! IC or ! 9< "l Oc.l“

The first two terms on the righthand side of (24) give the aggregate effects of the
changes in produdivity levels of the continuing firms. It is ussful to further decompose this
aggregae changein the produdivity levels of continuing firms into two sets of components: the
first set of terms measures the produdivity change of each continuing produdion unit,

12 This term is positive if and only if the average level of productivity of the new entrants in period 1, ! }\1 TS
greater than the average productivity level of continuing firmsin period 1, ! %: .
13 This term is positive if and only if the average level of productivity of the firms who exit in period 0, ! ?( , 1S less

o Lo : : 0
than the average productivity level of continuing firmsin period 0, ! -

1% Haltiwanger (1997) (2000; 10) argues that if the productivity levels of entering and exiting firms or establishments
are exactly the same, then the sum of the contribution terms of entering and exiting firms should be zero. However,
our perspective is different: we want to measure the differential effects on productivity growth of entering and
exiting firms and so what counts in our framework are the productivity levels of entering firmsrelative to continuing
firms in period 1 and the productivity levels of exiting firms relative to continuing firms in period 0. Thus if
continuing firms show productivity growth over the two periods, then if the entering and exiting firms have the same
productivity levels, the effects of entry and exit will be to decrease productivity growth compared to the continuing
firms. Bak (2003; 28) follows the example of Haltiwanger (1997) in choosing a common reference level of
productivity to compare the productivity levels of entering and exiting firms but Balk chooses the arithmetic average
of the industry productivity levels in periods 0 and 1 (which is at least a symmetric choice) whereas Haltiwanger
chooses the industry productivity level of period O (which is not a symmetric choice). In any case, our approach
seems to be different from other approaches suggested in the literature.
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! 1Ci "l ?:i, and the second set reflects the shifts in the share of resources used by each

continuing produdion unit, slcji! sOCi. As Bak (2003; 26) notes, thee are two naurad

decompostionsfor thedifference in the produdivity levels of the continuing firms, (27) and (29)
bdow, tha are the difference counterparts to the decompostion of a valueratio into the produd
of aLaspeyres (or Paasche) price index times a Paasche (or Laspeyres) quantity index:

Lwy 0 _ 1y 1w 0,0
(26) ¢! c=# gesai! ai" # gesail G

(27) ~H oSG G &)+ g Gilsti ! S8
(28) !¢t Oc:#i$cslcﬂ Ci "#i$csgi! Ci
(29) = Eiec s (Mg —TIg) + Eiecngi (S —S5)-

We now note a severe disadvantage assocdated with either (27)* or (29). these
decompositions are not invariant with respect to the treatment of time. |f we reverse theroles of
periods0 and 1, we would like the decompostion of the aggregate produdivity difference for
8 bt R G H okt B cogrgde  produdivty

difference tha involves the individud produdivity differences IIOCi - H};i and share differences

continuing  firms,

s%i —%) to satisfy a symmetry or invariance propeaty, but unfortunaely it does not' A

solution to this problem is to take the arithmetic average of (26) and (28), leading to a Bennet
(1920)type decomposition of the productivity change of continuing firms:

(30) Mg-TE =Y (1/2)(sdi +5ti (Mg - T1) + ¥ (U DTS + 118 )(SG -G -

The use of this decompostion for coninuing firms dates back to Griliches and Regev (1995;
185)"" Balk (2003;29) also endorsed the use of this symmetric decompostion.’® We endorse it
sinceit is symmetric and can also be given a strong axiomatic judification.”

> The decomposition defined by (26) is the one used by Baily, Hulten and Campbell (1992; 193) for continuing
firms except that they used logs of the TFP levels # cit instead of the levels themselves.

18 \We want the difference decomposition to satisfy adifferences counterpart to the index number time reversal test.
Y Griliches and Regev (1995; 185) also have a symmetric treatment of the industry difference in total factor
productivity (TFP) levels, but firms that exit and enter during the two periods being compared are treated as one
firm and they make adirect comparison of the change in productivity of all entering and exiting firms on this basis.
There are problems in interpretation if there happen to be no entering (or exiting) firms in the sample or more
generally, if there are big differences in the shares of entering and exiting firms. Aw, Chen and Roberts (2001; 73)
also use this symmetric methodology, except they work with logs of TFP.

18 On view of its symmetry it should be the preferred one.OBert M. Balk (2003; 29).

19 Diewert (2005) showed that the Bennet decomposition of a difference of the form ! ip}qil "l ip?q? into asum of

terms reflecting price change and a sum of terms reflecting quantity change can be given an axiomatic justification
that is analogous to the axiomatic justification for the use of the Fisher (1922) ideal index in index number theory.

The adaptation of this axiomatic theory to provide a decomposition of ! ip}s} "l ip?s? is straightforward.
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Subditution of (29) into (24) gives our find restO decompostion of the aggregate
produdivity difference 1t - 11° into micro firm effects

mt-n° = e 2)(sgi +s6i)(ITg; +11¢) el 2)(Ig; + 116 )(SG; +521)

+SN Yoy Shi (TR +11E) +SX By S5 (05 +112).
Thefirst set of terms ontherighthand sideof (31), ", ((/2)(sg +s6i)(! & +! &) . givesthe
contribution of the produdivity growth of each continuing firm to the aggregae produdivity

difference beween peiods 0 and 1, ! vy O The second st of terms
Y@ 2 L1 &)(ski +sL), gives the contribution of the effects of the realocation of

(31)

resources between continuing firms. Thethird set of terms, S}\l EiENS'l\” (H}\“ +ch) , gives the
contributon of each entering firm to productivity growth. The find set of terms,
—S?< Eiex sg)q (H% +H%) , gives the contribution of each exiting firm.

Note that the decompostionin (31) is symmetric: if we reverse the role of periods0 and
1, then the new aggregate produdivity difference will equd the negaive of the origind
produdivity difference and each individud firm contribution term on the new right hand side
will equd the negaive of the origind firm contribution effect. The only decompostion we are
aware of in the literature tha has this time reversal propety is due to Bak (2003; 28). His
decompostion differs from wha we propo® in tha he compares the produdivity levels of
entering and exiting firms to the arithmetic average of theindudry produdivity levelsin periods
0 and 1 ingead of to the average produdivity level of continuing firmsin period 1 for entering
firms, and continuing firmsin period O for exiting firms as we do.

We now make a find adjugment to (31) in order to achieve invariance to changesin the
units of measurement of output and input we divide both sides of (31) by the base period

produdivity level 11° . With this adjugment, (30) becomes thefollowing TFPG expression:

[0 01 L= g W 2)EG +SG)( &Y &)+ g WA & +! G)(sE " )
+SNH SN N LR Sk g S i ! C

In the following sections we illudrate the aggregae produdivity decompostion (32) usng an
artificia dda set. Note that (32) is only valid for an industry that produces a single output and
uses a single input. However, in practice, firms in an indugry produe many outputs and use
many input. Hence, before decompostion (32) can beimplemented, it is necessary to aggregate
the many outputs produced and inputs used by each firm into aggregate firm output and input
This problem is not straightforward because of firms entering and exiting. In the following
section, we address this unconventiond aggregaion problem.*

(32)

2 |nstead of dividing by HO, we could divide by the logarithmic mean of 1% and ! 1. The left hand side of the
resulting counterpart to (32) reduces to 1n(H°/H') , Which is completely symmetric in the data whereas the |eft

hand side of (32) is not. We owe this suggestion to Bert Balk.
2L Asnoted earlier, Aw, Chen and Roberts (2001) (2003) also addressed this aggregation problem.
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4, How Can the Inputs and Outputs of Entering and Exiting Firms Be Aggregated?

The aggregate produdivity decompostion defined by (32) above assumes that each firm
producs only oneoutput and uses only oneinput However, firms in the same indugry typically
produe many outputs and utilize many inpuss. Thusin order to apply (32), we have to somehow
aggregae all of the outputs produced by each firm into an aggregate output tha is comparable
across firms and across time peaiodsand aggregae all of theinputs utilized by each firm into an
aggregae inputthat is comparable across firms and across time periods It can be seen tha these
two aggregaion problems are in fact multilateral aggregation problems;# i.e., the output, or
input vector of each firm in each period mug be compared with the corresponding output, or
input vectors of al othe firms in the indugry over the two time peiods involved in the
aggregae produdivity comparison? In the following sections of this paper, we will illugrate
how these firm output and inputaggregates can be formed usng severa methodstha have been
suggested in the multilateral aggregdion literature.

In order to make the comparison of aternative multilateral methodsof aggregation more
conaete, we will utilize an artificial daa set. In the following section, we table our data set and
calculate the aggregate produdivity of theindugry usng nomal index number methods

5. Industry Productivity Aggregates Using an Artificial Data Set

We congder an indugry over two periods 0 and 1, tha conssts of five firms. Each firm f
produces varying amounts of the same two outputs and uses varying amounts of the same two

inputs. Theoutput vector of firm f in peiodt is defined as y} ! [y}l,y}z] and the corresponding
input vector is defined as x} E[x}l,x}z] fort =01 andf =12E 5 Firms 1,2 and 3 are
continuing firms, firm 4 is present in period 0 but not 1 (and hence is an exiting firm) andfirm 5

is not present in period 0 but is present in peiod 1 (and hence is an entering firm). Firm 1 is
medium sized, firm 2 istiny and firm 3 isvery large The output price vector of firm f in periodt

is p% s[p}l,p}z] and the corresponding inpu price vector is W]E ! [W}l,w}z] fort=0,1andf =
1,2,E ,5. Theindugry price and quantity data are listed in table 1.
Thusthe peiod 0 output price vector for firm 1 is p? =[1,1], the peiod 1 output price

vector for firm 1 is p% =[15,7] and so on. Note tha there has been a great deal of genera price
level changegoing from period 0 to 1.

2 Bijlateral index number theory compares the price and quantity vectors pertaining to two situations whereas
multilateral index number theory attempts to construct price and quantity aggregates when there are more than two
situations to be compared. See Balk (1996) (2001) and Diewert (1999) for recent surveys of multilateral methods.

% Fox (2002) seems to have been the first to notice that aggregating firm outputs and inputs into aggregate outputs
and inputs should be treated as a multilateral aggregation problem in order to avoid paradoxical results.

4 |n some applications of the literature on the contribution of entry and exit to aggregate productivity growth, the
comparison periods are a decade apart and so the period 0 and 1 price levels can differ considerably.
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Table 1. Firm Priceand Quantity Data for PeriodsO and 1
Firm 1 Firm 2 Firm 3 Firm4 Firm5
Output prices

t t t t t t t t t t
P11 P12 P21 P22 P31 P32 par pa P51 Ps2

t=0 1 1 0.8 12 0.9 0.8 12 11
t=1 15 7 13 8 14 7 16 8
Output quantities

y{l y{z Y21 ytzz yt31 yt32 yEu yElZ yt51 yt52

t=0 12 8 1 1 50 50 7 9
t=1 15 8 3 2 60 45 16 8
Input prices
Wil Wiz wh Wt22 Wél Wgz WE11 W£12 w§ W%z
t=0 1 1 0.7 0.8 09 11 12
t=1 10 23 13 16 8 26 14 20

Input quantities

t t t t t t t
X[ Xq2 X217 X2 X31 X32  Xa1 Xz X511 X352
t=0 10 10 1 1 45 35 13 12
t=1 8 6 2 2 35 30 7 6

In the following sections we will look at various methodsfor forming output and input
aggregaes for each firm and each period but before we do this, it is useful to compute rotal

industry supplies of the two outputs, yti [yfl,yfz] for each period t and fotal industry demands
for each of the two inputs xt [xﬁq,xiz] for each period t as well as the correspondng unit

value prices, pt =[pl,plo] and w'! [wl, wiy].2 Thisinformationis listed in (33) below.
(33) p°=[0.9460.869; p* =[14.4687.159: w® =[0.9681.057; w' =[9.308 24.31§:

y0 =[70,69); y'=[9463]; x" =[69,58]; x! =[52,44].

Note tha indugry output 1 has increased from 70 to 94 but indugry output 2 decreased dightly
from 68to 63. However, both indugry inputdemandsdroppel markedly; input1 decreased from
69 to 52 and input 2 decreased from 58 to 45. Thus overall, indudry produdivity improved
markedly going from period0to 1.

% The unit value price of output n in period t is defined as py, " ! 2Pty /! 72 ¥fa fOrn=12andt=0,1. The
t

unit value price of input n in period t is defined as wi, " | 2_ wixp, /! - xf, forn=12andt=0,1.
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In order to benchmark the reasonableness of the various produdivity decompostions
given by (32) above for different multilateral methodsto be discussed in the following four
sections it is useful to use theindugry daain (33) to congruct nomal index number estimates
of indudry total factor produdivity growth (TFPG). Following Jorgenson and Griliches (1967)

(1972)* TFPG can bedefined as a quantity index of output growth, Q(pO, pl,qo,ql) , divided by

aquantity index of inputgrowth, Q*(wo,wl,xo,xl) :
(34) TFPG$ Q(p°.p"a°%.a)/Q (WP, whxxh).

In order to implement (34), oneneedsto choo% an index number formulafor Q and Q* :

From an axiomatic perspective, the hestOchoices seem to bethe Fisher (1922)ideal formula” or
the TSrnquvist (1939 Thel (1967)formula.®® With these two choices of index number formula,
theresulting TFP growth rates® for thedatalisted in (33) are as follows:

(35) TFPGE =1.5553, TFPGt =1.5573.

If we subtract 1 from the above TFPG rates, we obtain indugry aggregae counerpats to

the left hand side of (32), [" Ly o]! 1. Thususdng the Fishe formula, indugry produdivity

improved 5553% and usng the TSrnqvist Theil formula, indugry produdivity improved 55.73%.
These produdivity growth rates should be kept in mind as we look at alternaive multilateral
methodsfor condructing output and inpu aggregaes for each firm in each period so tha we can
implement the decompostion formula (32). In other words a multilateral methodtha leadsto an

aggregae produdivity growth rate " Lym 0]! 1 tha isdifferent fromtherangeof .5553t0 .5573
is probably notvery reliable. We now turn to our first multilateral method.

6. The Star System for Making Multilateral Comparisons

Recall tha in the previous section, we defined the firm f and peiod t output and input

vectors as y} ! [y}l,y}z] and x} ! [x}l,x}z] fort=01andf =12FE 5 However, fort =0
andf =5andadsofort =1 andf = 4, there are no daa, since these two firms are entering and
exiting respectively. Thusthere are actudly atotal of 8 output and inputqueantity vectorsingead
of 10. It will prove to be more convenient to relabd our daa so tha there are only 8 distinct

output and input quantity vectors. Thus ddfine the output quantity vectors yl,yz,y3 and y4 as
the previoudy defined vectors y?,yg,yg and y2 respectively (these are the nonzro peiod 0

output quantity vectors) and define the vectors y5,y6,y7 and y8 as the previoudy defined

% For recent surveys on how to measure TFPG, see Balk (2003) and Diewert and Nakamura (2003).

27 See Diewert (1992). The Fisher output quantity index isdefined as Qg (p°,pL.a°.q%) $ [p°q'p g™/ p°q

where p% denotes the inner product of the vectors p and g.
8 See Diewert (2004). Both of these formulae can be given economic justifications aswell; see Diewert (1976).
2 Actually theserates are 1 plus the total factor productivity growth rates.

/
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vectors y%,ylz,yg and y15 respectively (these are the nonzro period 1 output quantity vectors).
Similarly, define the output price vectors pl,pz,p3 and p4 as the previoudy defined vectors
p?,pg,pg and p2 respectively and define the vectors p5, p6, p7 and p8 as the previoudy ddfined

vectors p%,p%,p% and p%, respectively. Undeatake the same reordering of the daa for inpus.

Now we can apply multilateral methods In effect, we treat each of the 8 output (or inpuf price
and quantity vectors as if they correspondel to thedaafor acounty.®

The first multilateral method we condder is the star system.® To implement this, we
choo® abilateral index number formula, say theFisher formula Qg, and choos oneobservation
as the base (or star), say observation k, and then compute the Fishe quantity aggregate of each

observation relative to the base k, Q(p*,phy*,y1), Qr(p*, % y¥,v?) .E. Qr(p*.p%.y*,v®).
Theresulting sequence of 8 numbers can serve as output aggregaes for our 8 observations

Of course, the problem with the star system aggregates is tha it is necessary to
asymmetrically choo® one obsrvation as the GtarO and usudly, it is not clear which
observation should be choen* Thusin tables 2 and 3 bdow, we list each of the 8 output and
input aggregaes respectively, choosng each observation as the base in turn. In order to make
these output and inputaggregates comparable, we divide each set of parities by the parity for the
first observation. Thusthe output and input parities listed in tables 2 and 3 for are the following
nomalized paities for outputs andinpuss, fork = 1,E, 8, respectively:®

(36) 1, Qr(p*.p%. 5, y2) /Qe(P*. Py . yh), E L Qr(pX.p%. v, v 1Qr(p . ph v . vh).,
(37) L, Qr(wX, w2, x¥,x2)1QewX, whx* xb), E , Qewk, w8 x¥ x®) 1Qewk, whx* xh).

Theinputaggregaes for observations1 and 2 are the same regardless of the base. Thisis dueto
the use of the Fisher formula and the fact the input vectors for observations 1 and 2 are
propottiond.* If the quantity vectors for the observationsbeing compared are propationd, then
the Fisher quantity index will reflect this factor of propationdity.® In general, however, the
choice of the base obervation affects the output and input parities.

%0 Note that we need to make two multilateral comparisons: one for outputs and one for inputs.

3 This terminology is due to Kravis (1984; 10).

*|n our particular example, a case could be made for choosing either observation 3 or 7; i.e., the observations that
correspond to the very large firm. So, there are two choices and again, it is not clear which of these two is better.

% Recall that our final decomposition of the industry productivity change defined by (32) does not depend on our
rather arbitrary units of measurement for aggregate firm outputs and inputs.

3 The input vector for firm 1 in period O is x' = [10,10] and for firm 2 in period O is x% = [1,1].

% Similarly, if the two price vectors are proportional, then the Fisher price index between the two observations will
reflect this factor of proportionality. The Fisher formula seems to be the only superlative formula that is consistent
with both HicksOand L eontief® aggregation theorems; see Allen and Diewert (1981).
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Table 2. Fisher Star Output Aggregates

Outputs Y1 Y2 ¥3 Y4 Ys Yo Y7 V8
Base=1 1 0102 4971 0794 1170 0250 5203 1.225

Base=2 1 0102 5103 0824 1.199 0256 5405 1247
Base=3 1 0099 4971 079 1216 0256 5365 1270
Base=4 1 0098 4997 0794 1243 026 5482 1296
Base=b 1 0100 4785 0748 1.17 0247 5070 1232
Base=6 1 0100 4857 0764 1.184 025 5169 1243
Base=7 1 0098 4821 0754 1201 0252 5203 1261
Base=8 1 0100 4794 0751 1.163 0246 5052 1225
Table 3. Fisher Star Input Aggregates
Inpus X1 X2 X3 X4 X5 Xg X7 Xg
Base=1 1 0100 3975 1.252 0680 0200 3.183 0.646
Base=2 1 0100 3958 1.251 0677 0200 3.175 0.644
Base=3 1 0100 3975 1.243 0692 0201 3281 0.650
Base=4 1 0100 4005 1.252 0.690 0200 3.229 0.650
Base=5 1 0100 3904 1.234 0680 0201 3.260 0.644
Base=6 1 0100 3.949 1.250 0675 0200 3.170 0.643
Base=7 1 0100 3856 1.235 0664 0201 3.183 0.637
Base=8 1 0100 3946 1.244 0682 0201 3228 0.646

Now go along each row of table 2 and divide by the corresponding inputaggregae listed
in the corresponding row of table 3. This determines the produdivity level of each observation.
These star produdivity levels are listed in table 4. There can be consdeable variation in the
produdivity levelsfor each observation, depending on which observation is chosen asthebasein
the star system comparison. Thusif we choo® the base to equd 1 (firm 1 in period 0), the
produdivity level of firm 2 in peiod0is 1.021whereas if we choo the base to equd 7 (firm 3
in period 1), the produdivity level of firm 2 in period 0 is 0.980:a4% variation in produdivity.*

Aggregae output prices tha correspondto the 8 output aggregaes that are listed in table
2 for each choice of base obsrvation can be obtained by dividing the value of output produced
by each firm in each period by the corresponding output listed for tha observation in table 2.
Similarly, aggregae inpu prices tha correspondto the 8 inputaggregates tha are listed in table
3 for each choice of base obervation can be obtained by dividing the value of inputs used by
each firm in each period by the corresponding input listed for tha observation in table 3. Once
these aggregate output and input prices have been condructed, then we are in a postion to apply
thedecompostion andysis tha was discussed in sections2 and 3 above

% | deally, we would like all the entries in each column of table 4 to be identical so that the productivity levels of
each firm observation do not depend on the choice of index number base.
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Table 4. Fisher Star Productivity Levels

ProdLevels Y1/X1 Y2/X2 Y3/X3 ys/x4 Ys/Xs VYelXe y7/x7 YglXg
Base=1 1 1.021 1.251 0.634 1.721 1.250 1.635 1.897

Base=2 1 1.021 1.289 0.659 1771 1.279 1.703 1.937
Base=3 1 0.990 1.251 0.636 1.756 1271 1.635 1.953
Base=4 1 0.982 1.247 0.634 1.802 1.296 1.698 1.993
Base=5 1 0.992 1.226 0.606 1721 1.226 1.555 1914
Base=6 1 0.997 1.230 0.612 1.754 1.250 1.630 1.933
Base=7 1 0.980 1.250 0.611 1.809 1.253 1.635 1.981
Base=8 1 1 1.215 0.604 1.706 1.227 1.565 1.897

We define the variousterms tha occur on the right and left hand sides of the aggregae
produdivity growth decompostion (32) asfollows.

(38) TI'= [H1 /HO] -1 (aggregae indugry produdivity growth);
(39)  S$cp # U W2 +sE)( &t &)/ °
(thedirect produdivity growth contribution of continuing firms);

(40) S$cr # %&C(ll 2)(! % +1 %;i)(slq " s%i)/! O(cominuingfirm reallocation contribution);
(41) $y #S}\l%&Né,L\“(! }\“ " %;)/! 0 (thecontribution of entering firms to TFPG);

(42) $x #s‘;(%&xsg’ﬁ(! 9(1 "l OC)/! 0 (the contribution of exiting firmsto TFPG).

The terms defined by (38)(42) are listed in table 5 for each choice of basg; i.e., we use
the daa in tables 2-4 above (along with the corresponding prices) in order to condrud an
aggregae indudry produdivity growth decompostion for each of the 8 bases.

Table5. Aggregate Productivity Growth Decompostions
for Each Choice of Base

r !

co 'cr IN Ik

Base=1 05356 04054 -0.0061 0.0337 0.1025
Base=2 05496 0.4247 -0.0062 0.0300 0.1010
Base=3 05471 04128 -0.0063 0.0391 0.1015
Base=4 06025 04704 -0.0071 0.0374 0.1017
Base=5 05174 0.3739 -0.0066 0.0440 0.1061
Base=6 05684 04311 -0.0070 0.0387 0.1056
Base=7 05678 0.4249 -0.0075 0.0425 0.1080
Base=8 05296 0.3887 -0.0065 0.0418 0.1056
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The choice of base matters. Aggregae produdivity growth usng observation 5 (daa of
firm 1 in peiod 1) as the base leads to estimating indudry produdivity growth as 51.74%
whereas if obervation 4 (daa of the disappearing firm 4 in peiod 0) is used as the base, then
indugry produdivity growth is estimated as much larger at 60.25%% In the last 4 columnsin
table 5, the direct produdivity growth of continuing firms account for mog of the indugry
produdivity growth (between 37.3%% and 47.04%), the contribution of the exiting firm is
between 10% and 11%, the contribution of the entering firm is between 3.0% and 4.4%, and the
reallocation of resources between continuing firms sums to a neggligible contribution.

Now, define the three continuing firm terms on the right hand side of (39) as I'cpg,
I'cp2 and I'cps: the direct produdivity growth contributions of continuing firms 1, 2 and 3
respectively. Definethethree terms ontherighthand sideof (40)as ! cry, I'cr2 @and ! cr3z: the

reallocation contributions of continuing firms 1, 2 and 3 respectively. These terms are listed in
table 6. We see tha the largest contribution to indugry TFP growth is the direct TFP growth of
firm 3 (thelarge firm); it contributes between 24.29% (the index base 5 estimate) and 32.61%
(theindex base 4 estimate). The next largest contribution comes from the medium sized firm 1.
Theother contributionterms are al less than 5%.

Some form of averaging of the star decompostionsis caled for. Our next method takes
the geometric averages of the output and inputaggregates in tables 2 and 3 and implements (32).

Table 6. Direct and Reallocation Contributionsto Aggregate Productivity Growth
for Each Continuing Firm and for Each Choice of Base

Icpt 'cp2 'cp3 Tcrt 'cr2 !'cr3

Base=1 0.1210 0.0073 02771 -0.0372 0.0309 0.0002
Base=2 0.1262 0.0080 0.2905 -0.0381 0.0305 0.0014
Base=3 0.1263 0.0088 0.2777 -0.0396 0.0296 0.0037
Base=4 0.1345 00099 03261 -0.0367 0.0305 -0.0009
Base=5 0.1234 00076 02429 -0.0456 0.0298 0.0093
Base=6 0.1289 0.0082 0.2939 -0.0403 0.0312 0.0021
Base=7 0.1372 0.0089 02788 -0.0492 0.0304 0.0112
Base=8 0.1216 0.0074 0.2597 -0.0414 0.0305 0.0044

7. The GEKS Method for Making Multilateral Comparisons

The GEKS method daes back to Gini (1931) EltetS and KSves (1964)and Szulc (1964)
As already indicated, this method takes the geometric mean of the star output and inputparities.®

3" The choice of observations 2, 3, 6 and 7 as the index number base gives rise to industry TFP growth rates that are
closest to our target rates of around 55.53% and 55.73%; recall (35) above. Note that the average of the industry
productivity growth rates for the large firm observations (3 and 7) is 55.74%.

¥ The GEK S aggregates can be defined in anumber of equivalent ways; see for example, Diewert (1999; 31-37).
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The GEKS relative output and input aggregaes are listed in table 7. Once the output and input
aggregaes have been condructed, then the GEKS produdivity levels can be condructed by
dividing each output aggregate by the corresponding inputaggregate, as shown in table 7.

Table 7. GEKS Output and Input Aggregates and Productivity Levels

Outputs Y1 Y2 y3 Ya Y5 Y6 y7 yg
1 0100 4911 0777 1193 0252 5242  1.250
Inpus X X2 X3 X4 X5 X6 X7 Xg
1 0100 3946 1245 0680 0201 3213 0645
ProdLevels Y1/X1 Y2/X2 Y3/X3 yalxsq Ys/Xs ye/xe Y7/X7 yg/Xg
1 0998 1245 0624 1755 1256 1631 1938

Aggregae output prices tha correspondto the 8 output aggregaes that are listed in table
7 can be obtained by dividing the value of output produced by each firm in each period by the
corresponding output listed for that observation in table 7. Similarly, aggregate input prices tha
correspond to the 8 input aggregaes that are listed in table 7 can be obtained by dividing the
value of inpuss used by each firm in each period by the corresponding inpu listed for tha
observation in table 7. Once these aggregae output and inpu prices have been condructed, then
we can repeat the decompostion andysis tha was implemented in the previoussection.

The produdivity growth decompostion terms defined by (38)-(42) are listed in table 8
bdow. We also list thedirect and reallocation contribution terms defined by theindividud terms
in (39) and (40) for each continuing firm in table 8.

Table 8. The GEK S Aggregate Productivity Growth Decompostion

! | | | |
- CD ‘' CR * N - X

0.5521 0.4162 -0.0066 0.0384 0.1040

Icpt Tep2 'eps !'cri Tcr2 !cr3

0.1274 0.0083 0.2806 -0.041 0.0304 0.0039

From Table 8, the GEK'S aggregae produdivity growth & is55.21% which is reasonably
close to our targe rates of around5553% to 55.73%; recall (35 above Thuswe condudethat
the GEKS methodfor condructing relative outputand inputlevels for each firm in each periodis
satisfactory, at least for our particular numerical example.

One problem with the (unweighted) GEKS methaod is tha each firm observationis given
equd weighting. For example, for small firms, thar star parities could be quite different than for
large firms. Hence it may not be wise to give these small firms equd weighting in the
condruction of the output and input aggregaes. In the following section, we look at a
multilateral methodtha gives largefirms more weight
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8. The Own Share Method for Making Multilateral Comparisons

Recall our discussion in section 6 when we described how the star output aggregates
could be condructed usng obervation k as the base. We noted tha the sequence of 8 numbers,

Qr(p*.p".y".yh) . Qe .p% Y .y) . E , Qr(p*.p%.y*.y?). could serve as comparable
output aggregates for our 8 observations Hence, usng observation k as the base, the share of
total output of observation k iSs.

s ! QE(P, P Y YVIQE( Y .y + Qr(p*,p% y*, ¥2) +K + Qe(p*,p% ¥ . v)]
= V[Qe(P*,phy* .y + Qr(p . P2y  y?) +K +Qr(p . P8y  ¥B):  k=1K 8.
The last equaion in (43) follows from the fact that the Fisher ideal quantity index satisfies an
identity test and hence Q,:(pk,pk,yk,yk) equds 1. Thus usng the metric of observation k to

(43)

make theindex number comparisons the share of observation k in QvorldGoutput, sf( , isdefined
by (43)for k= 1,2, E, 8. Each observation®own share of GvorldOoutput is defined by (43). Put
another way, if we lodk at the entries in table 2 above the nunbers listed in the Base=1 row

determine the share of observation 1 in total output over the two periods si ; the numbers listed

in the Base=2 row determine the share of observation 2 in total output over thetwo peiods s*z ;
E; andthenunmberslisted in the Base=8 row determine the share of observation 8 in total output

ove thetwo periods sg Thuseach row in table 2 determines only oneshare of GvorldOoutput

and so the rows tha correspondto smaller shares of world output get a smaller influence in the
ovaal multilateral comparison. This means that the own share system does weight the
individud star paities according to thdr economic importance as oppo®d to the more
democratic GEKS method where each star parity has the same importance.

Unfortunaely, the own shares si defined by (43) do not sum up to unity and so we
renomalize these GharesOto sum up to unity as follows:®

(44) " sl sl k=1E 8

The output aggregaes y defined by (44) are the own share output aggregates.”® The same

procedure can be used to define own share input aggregates. The own share relative output and
inputaggregaes as well asthe outputto inputprodudivity ratiosare listed in table 9. Once these
aggregaes have been congructed, then the own share produdivity levels can be condructed by
dividing each output aggregae by the correspondng input aggregae. The resulting 8
produdivity levels are listed in the bottom row of table 9.4

*1n our empirica example, the s: summed up to 0.99996 so that the differences between the y, and the sf( were

negligible. The corresponding input shares summed up to 0.99997.

“0 The own share system was proposed by Diewert (1988; 69). For axiomatic properties see Diewert (1999; 37-39).
“I Note that the units of measurement for the output and input aggregates are quite different in Tables 7 and 9. This
illustrates the importance of providing a productivity growth decomposition that is independent of the units.
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Table9. Own Share Output and Input Aggregates and Productivity Levels

Outputs Y1 Y2 y3 Ya ¥s Y6 y7 Y8
0068 0007 0332 0052 0082 0017 0357  0.085

Inputs X1 X2 X3 X4 X5 X6 X7 X8
0091 0009 0357 0113 0062 0018 0293 0058

ProdLevels Y1/X1 y2/Xp Y3/X3 ya4lxs Ys/Xs YelXe Y7/X7 YglXg
075 0742 0931 0465 1322 0943 1218 1462

Aggregae output prices tha correspondto the 8 output aggregaes listed in table 9 can be
obtained by dividing the value of output produced by each firm in each peiod by the
corresponding output listed for that observation in table 9. Similarly, aggregate input prices tha
correspond to the 8 input aggregaes tha are listed in table 9 can be obtained by dividing the
value of inputs used by each firm in each period by the corresponding inpu listed for tha
observation in table 9. Once these aggregae output and inpu prices have been condructed, then
we can repeat the decompostion andysis tha was implemented in the previoussections

The produdivity growth decompostion terms defined by (38)-(42) are listed in table 10.
Here we also list the direct and reallocation contribution terms, defined by theindividud termsin
(39) and (40) for each continuing firm. From table 10, the own share aggregae produdivity
growth & is 5545% which is close to our target rate of 5553% to 55.73%; recall (35) above*
Thuswe condudetha theown share methodis very satisfactory, at least for our example.

Table 10. The Own Share Aggregate Productivity Growth Decomposdtion

|
: 'eop  TIcr 'N 'x

0.5545 0.4165 -0.0067 0.0403 0.1044
| |

I'cpt Tep2 'ep3 'cri Tcr2 !cr3

0.12900 0.0086 0.2789 -0.0423 0.0302 0.0054

9. Hill@ Method for Making Multilateral Comparisons

Anothe method for finding output and input aggregates is based on the following idea:
observationswhich are mog similar in ther price structures (i.e., their output prices are closest to
being propottiond across items) should be linked usng a bilateral index number formula first.
Then the observation outside of thefirst two observationstha has the mog similar relative prices
to thefirst two observationsshould be added, etc. This basic idea has been successfully exploited
by Robet Hill at highe levels of aggregation® with complete price and expenditure data.

“2 The own share decomposition is very close to the GEK S decomposition in table 8. Diewert (1988; 69) (1999; 38)
showed that the own share aggregates and the GEK S aggregates will usually approximate each other closely.

“3 See Robert Hill (1999a) (1999b) (2001) (2004). The basic idea of spatially linking countries with the most similar
price and quantity structures dates back to Fisher (1922; 271-272). We apply the idea here to firm observations.
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In order to apply this ides, it is necessary to choo® a measure of the degree of
dissimilarity for the (relative) output prices correspondng to any two obsrvations There are
many measures of relative price dissmilarity tha could be chosen.* Our pick is the following
onetha measures the degree of dissmilarity between the output prices of observationsj and k
(j,k=1K 8):

(45)  D(p!,p¥) ={In[pf / P=(p,p!, o, a)p{1H? +{In[ p5 1 P(p bl o o )pbT} 2,
whee PF(pk,pj,qk,qj) is the Fisher output price index of observation j reative to k.” Thus

ingead of comparing the price of output 1 for observation Kk, p%‘ , with the price of output 1 for

observation |, pf, we multiply pf by the Fisher price index for observation k relative to j,

PF(pk,pj,qk,qj), which inflates the base prices j by a gened inflation factor that makes the
prices of k comparable to theinflated j prices. In particular, if thej pricesareequd to' timesthe

k prices, so that pj =1 pk, then the Fisher index tha compares the j prices to the k prices will
pick up this propottiondity factor so that PF(pk,pj,qk,qj) =A. In this case, the dissmilarity

measure defined by (45) will be zero; i.e., we will have D(pj,pk) =0. It can aso beverified tha
thedissimilarity measure defined by (45) satisfies thefollowing symmetry property:

46) D(p*,p) = D(p',p%) jk=1..8.

Table 11 lists the Fisher output price indexes PF(pk,pj,qk,qj) between pairs of observations®

Table 11. Fisher Output Price Indexes Between Each Pair of Observations

Basek=1 1 0980 0.855 1.152 12.007 11.000 11.100 13.064
Basek=2 1.021 1 0.850 1.133 11.963 10.969 10.904 13.093
Basek=3 1170 1.176 1 1.354 13518 12570 12591 14.738
Basek=4 0868 0.883 0.738 1 9811 9190 9.145 10.720
Basek=5 0.083 0084 0074 0.102 1 0927 0949 1.081
Basek=6 0.091 0091 0.080 0109 1.079 1 1016 1170
Basek=7 0090 0092 0079 0109 1.054 0.985 1 1.143
Basek=8 0077 0076 0068 0093 0925 0855 0.875 1

“4 See Diewert (2002) for an axiomatic treatment of the topic.
“5 This dissimilarity measure is essentially equal to that used by Allen and Diewert (1981) except that they used the

TSrngvist index PT(pk,pj,qk,qj) to adjust for general price level change in place of the Fisher index
P-(pX.p’,q",q!) in (45). Diewert (2002; 20) defined a weighted counterpart to (45) which he called the weighted
log quadratic index of relative price dissimilarity.

% The Fisher (1922) output price index is defined as P=(p®,pt,a%,a%)! [p'a®plat/p%a®p%gt1Y 2. Row k of table 11

8 k 8

isequato  Pr(p*.p,a%.q"), Pe(p*.p%.a%.6%) E , Pe(p¥.p.a%.a®) .
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Note tha Fisher output price levels for firms present in period 1 are 9.145to 14.738 times the
levels of prices for firms present in period O (see the entries in the northeast corner of Table 11).

Table 12 lists thedissimilarity measures D(pj,pk) defined by (45): a symmetric matrix.

Table 12. Log Quadratic Output Price Dissimilarity Measures

0 0.08220 0.00705 0.00380 0.34067 0.12932 0.26641 0.28161
0.08220 0 0.13759 0.12365 0.71777 0.40242 0.61510 0.63505
0.00705 0.13759 0 0.00047 0.23304 0.07164 0.17715 0.18557
0.00380 0.12365 0.00047 0 0.24608 0.08182 0.19079 0.19811
0.34067 0.71777 0.23304 0.24608 0 0.04837 0.00305 0.00324
0.12932 0.40242 0.07164 0.08182 0.04837 0 0.02565 0.02722
0.26641 0.61510 0.17715 0.19079 0.00305 0.02565 0 0
0.28161 0.63505 0.18557 0.19811 0.00324 0.02722 0 0

Note tha the dissimilarity measure between observations7 and 8 is 0; this is dueto the
fact tha the output price vectors for these two observationsare propationd.

Ingpection of table 12 shows tha the lowest dissimilarity measures tha link the data are:
7-8; 7-5; 7-6; 3-4; 1-4; 1-2 and 3-5. This set of links will enable usto congruct output aggregates,
Y1,..-,Yg, Which are listed in table 15 bdow. The same strategy tha was used to condruct Hill

output aggregaes can be used to condruc inputaggregates. Theinput counerpats to tables 11
and 12 aretables13and 14.

Table 13. Fisher Input Price Indexes Between Each Pair of Observations

Base k=1 1 0.750 0.994 1102 16.029 14500 16.650 16.884
Basek=2 1333 1 1331 1471 21474 19.333 22257 22570
Base k=3 1.006 0.752 1 1117 15.842 14497 16.254 16.867
Basek=4 0907 0680 0.895 1 14338 13.131 14.896 15.214
Basek=5 0062 0.047 0.063 0.070 1 0.898 1014 1.056
Basek=6 0069 0052 0069 0076 1.114 1 1153 1169
Basek=7 0060 0045 0062 0067 098 0.867 1 1.028
Base k=8 0059 0044 0059 0066 0947 0855 0.972 1

Fisher input price levels for firms present in period 1 are 13.131to 22570 times the levels of
prices for firms present in period 0 meaning tha input prices grew faster than output prices.

Ingpection of table 14 shows tha the lowest dissimilarity measures tha link the data are:
3-6; 2-3; 1-2; 1-4; 6-8; 5-7 and 5-8. This set of links will enable us to condruct Hill input
aggregaes, xi,K ,xg, which are listed in table 15. The eight Hill produdivity levels,

Y1/Xq,...,Yg! Xg, aredso listed in table 15.
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Table 14. Log Quadratic Input Price Dissimilarity Measures

0 0.00893 0.02014 0.01669 0.35300 0.02161 0.73589 0.06377
0.00893 0 0.00225 0.04993 0.25127 0.00277 0.58761 0.02507
0.02014 0.00225 0 0.07378 0.20284 0.00002 0.50447 0.01219
0.01669 0.04993 0.07378 0 0.51780 0.07605 0.95664 0.14529
0.35300 0.25127 0.20284 0.5178 0 0.20208 0.06805 0.11723
0.02161 0.00277 0.00002 0.07605 0.20208 0 0.51192 0.01122
0.73589 0.58761 0.50447 0.95664 0.06805 0.51192 0 0.36697
0.06377 0.02507 0.01219 0.14529 0.11723 0.01122 0.36697 0

Table 15. Hill Output and Input Aggregates and Productivity Levels

Outputs Y1 y2 Y3 Y4 Ys Yo y7 Ys
1 0102 4997 0794 1222 0256 5295 1284
Inputs X] X2 X3 X4 X5 X6 X7 X8
1 0100 3958 1252 0681 0200 3263  0.644
ProdLevels Y1/X1 Y2/X2 Y3/X3 yalxa Ys/Xs Ye/Xe Y7/X7 Ygl/Xg
1 1021 1262 0634 1795 1277 1623 1992

Comparing the entries in table 15 with the correspondng GEKS entriesin table 7, it can
be seen tha with the exceptions of observations 1 and 7, the Hill produdivity levels tend to be
greater than the correspondng GEK'S produdivity levels.

Aggregae output prices tha correspord to the 8 output aggregaes that are listed in table
15 can be obtained by dividing the value of output produced by each firm in each period by the
corresponding output listed for that observationin table 15. Similarly, aggregate input prices that
correspond to the 8 input aggregates tha are listed in table 15 can be obtained by dividing the
value of inpuss used by each firm in each period by the corresponding inpu listed for tha
observationin table 15. Once these aggregae output and inputprices have been condructed, then
we can repeat the decompostion andysis tha was implemented in the previoussections

The produdivity growth decompostion terms defined by (38)-(41) are listed in table 16
bdow. We also list thedirect and reallocation contribution terms defined by theindividud terms
in (39) and (40) for each continuing firm in table 16.

Table 16. The Hill Aggregate Productivity Growth Decompostion

|
: 'ep  'cr 'N 'x

0.5401 0.3986 -0.0063 0.044 0.1038
| | |

Iept 'ep2 'eps 'cri Tcr2z !cers

0.1318 0.008 0.2588 -0.0428 0.0301 0.0064
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From table 16, the Hill aggregate produdivity growth & is 54.01%, which is not as close
to our targe rates of around 55.53% to 55.73% compaed to the GEKS and own share
decompostionsof produdivity growth. Thusfor this particular numerical example, we condude
tha the Hill method for congructing relative output and inputlevels for each firm in each period
is satisfactory but not as goodat the GEK'S and own share estimates.

10.  An Approximate Method for Constructing Output and Input Aggregates

The multilateral methods for congructing output and input aggregates tha have been
discussed in the previous3 sectionsare theoretically satisfactory methods However, they suffer
from two major disadvantages:

¥ They may notbe practical for very large data sets; i.e., they are computationintensve.

¥ Detailed price and quantity information may not be available for each firm; i.e, only
information on outputrevenues and inputcods by unit may be available.

Thusin the present section, we assume tha we have only information on firm revenues
and cods by peiod and tha we also have aggregate intertemporal price indexes for both outputs
and input available. In paticular, we assume tha we have the aggregae Fisher output and input
price indexes at our disposal. Using the aggregate period 0 and 1 information on the indugry®
two outputs and inpuss listed in section 5 above* the Fisher and TSrnqvist output price index
nunbers for peiod 1 are 12283 and 12.239 respectively* while the Fisher and TSrngvist input
price index nunbers for peaiod 1 are 16,035 and 15.998 respectively. We will use the Fishe
indugry price index values for outputs and inpus for peiod 1, Pe(p°p'o’q") and
Per(w®wh x° x1) respectively, to deflate al of the period 1 firm revenues and cods in order to
make them at least approximately comparable to the period O firm revenues and cods. Recalling
the nofation tha was introduced at the beginning of section 6, for observations 1-4, we define
firm aggregae outputs and input as firm revenues and cods respectively; i.e., definethe output
and input aggregates, Y¥1,Y2,Y3,Y4 and Xq,Xo,X3,X4 respectively, asfollows:

A7)y =pv*:k=1234; x =wkxK;k=1234.

For observations 5-8 (the period 1 obsrvationg, we deine firm aggregae outputs and
inputs as Fisher index deflated firm revenues and cods respectively; i.e., define the output and
input aggregates, Ys,Yg,Y7,Yg and Xsg,Xg,X7,Xg respectively, asfollows:

(48) yi! pkyk/P,:(pO,pl,qo,ql) and xy = kak/PE(WO,Wl,xo,xl) fork=5,6,7,8.

Obvioudy, the output and input aggregaes defined by (47) and (48) are not going to be
as accurate as the output and inpu aggregates defined in the previous3 sections However, it is
still of some interest to see how close these approximate aggregates are to the previoudy defined
multilateral aggregaes. The approximate output and inputaggregates are listed in table 17 along
with the corresponding plant produdivity levels.

" See the listing of the industry data in (33) above.
“8 The corresponding index values are 1 in period O.
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Table 17. Approximate Output and Input Aggregates and Productivity Levels

Outputs Y1 Y2 y3 Ya Y5 Y6 y7 Y8
20.000 2000 85000 18300 22877 4478 94031 26.052

Inpus X X2 X3 X4 X5 X6 X7 Xg
20000 1500 79.000 27.600 13595 3617 66105  13.595
ProdLevels Yi/X1 Y2/Xp Y3/X3 yalxq Ys/Xs ye/xe¢ Y7/X7 yg/Xg
1 1333 1076 0663 1683 1238 1422 1916
GEKS 1 0998 1245 0624 1755 1256 1631 1938

In order to make the units of measurement for outputs and inpus listed in table 17
comparable to the units listed in the correspondng GEKS table 7, it is necessary to divide the
outputs row by 20 and the inpus row by 20. The productivity levels row in table 17 is
comparable to the corresponding row in table 7. For easy reference, the GEKS produdivity
levels are listed as the last row in table 17. It can be seen tha there are some rather subdantial
differencesin the GEKS produdivity levels compared to the corresponding approximate ones.

Asuaud, aggregate output prices tha correspondto the 8 output aggregates listed in table
17 can be obtained by dividing the value of output produced by each firm in each period by the
corresponding output listed for that observationin table 17. Similarly, aggregate input prices that
correspondto the 8 input aggregaes listed in table 17 can be ohtained by dividing the value of
inputs used by each firm in each period by the corresponding inputlisted for tha observationin
table 17. Once these aggregae output and input prices have been condructed, then we can repeat
thedecompostion andysis tha was implemented in the previoussections

The produdivity growth decompostion terms defined by (38)-(41) are listed in table 18
bdow. We also list thedirect and reallocation contribution terms defined by theindividud terms
in (39) and (40) for each continuing firm in table 18. For ease of compaison, we list the
decompostionsfor the GEK S, own share and Hill methodsin table 18 as well.

Table 18. The Approximate Method Aggregate Productivity Growth Decompostion

! I'ecb Ter  !'N 'x
Approx Method 05553 04033 -0.0023 0.0659 0.0885
GEKS 05521 0.4162 -0.0066 0.0384 0.104
Own Share 05545 0.4165 -0.0067 0.0403 0.1044
Hill 05401 0.3986 -0.0063 0.044 0.1038

'epr 'cp2 'epz 'crt Terz  !'cr3
Approx Method 0.1264 -0.0028 0.2798 -0.0491 0.0374 0.0094
GEKS 0.1274 0.0083 0.2806 -0.041 0.0304 0.0039
Own Share 0129 00086 0.2789 -0.0423 0.0302 0.0054

Hill 0.1318 0.008 0.2588 -0.0428 0.0301 0.0064




W. Erwin Diewert and Kevin J. Fox 24

From table 18, the approximate method aggregate produdivity growth ! is 5553%
which is exactly equd to our target Fishe rate of 5553% This exact equdity is not a statistical
fluke but is a consequence of the fact tha we have used the indudry Fishe price indexes to
deflate the period 1 value data. Thusour approximate method works extremely well in terms of
replicating the indusry@ aggregate produdivity growth. However, the other terms on the right
hand side of (32) are not aways well predicted by the approximate method. In paticular, it leads
to a contibuton of entry term !y equd to 6.5% whereas the othe methods lead to

contribution terms in the 3.84 to 4.40% range Also, the approximate method leads to a
contribution of exit term ! x equd to 8.85% whereas the other methodslead to contribution

terms in the 10.38 to 1044% range However, consdeing the smplicity of the approximate
method, we condudetha at least for this example, this method was suitable for congructing
output and inpu aggregates to be used in a produdivity growth decompostion such as (32),
though,of course, it was notas goodas the GEK S and own share methods

11. Conclusion

This paper proposs a new formula (32) for decomposng indugry produdivity growth
into terms tha reflect the produdivity growth of individud produdion units tha opeate in both
the base and comparison peiods and also the redlocation of resources among continuing firms
fromlower produdivity to highea produdivity units, as well as entry and exit contribution terms.
Unfortunately, this formula and the othe formulae presented in the literature are derived unde
the assumption tha each produdion unit produes a single homogeneous output and uses a
single honogeneous input Mog of the pgoe (sections 4-10) is concerned with the problems
involved in aggregaing many outputs and many inputs into output and inputaggregdes. In order
to accomplish this aggregdion, we suggested the use of multilateral methods and we
implemented four multilateral methodson a test data set that is described in section 5 above For
our test daa set, we foundtha the own share method worked best but the GEKS method was
very close. The Hill methodsand an approximate method tha used value aggregates in the base
period and deflated value aggregates in the comparison period also worked reasonably well for
our daa set. The fact tha the approximate method worked so well is very encouraging for
empirical work in this area, since variants of it are wha have been used in empirical applications
of productivity decompostionstha involve entry and exit.*
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