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Abstract

Defining the outputs of the property insurance and gambling sectors of an economy has proved to be a difficult
problem for national income accountants, It is well known that the traditionat expected-utility model is not con- -
sistent with economic agents fully insuring their property. Thus the present paper adapts existing non-expected-
utility theories to yield useful measures of output for the property insurance and gambling sectors.
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1. Introduction

It is generally recognized that the traditional expected-utility mode] is not sufficiently flex-
ible to provide an adequate empirical description of many aspects of economic behavior
in a risky environment (see Allais [1953], Machina [1982], Epstein [1992]). Using the
traditional choice over lotteries approach to modeling uncertainty, Epstein and Zin [1989,
1990, 1991a, 1991b] have provided empirically tractable generalizations of the expected-
utility model that achieve a greater degree of flexibility.!

Instead of taking the choice over lotteries approach, it is possible to use the contingent
commodity approach of Arrow [1951, 1953] and Debreu {1959, p. 101} to model choice
under uncertainty. Using the latter approach, Diewert [1993] derived a non-expected-utility
model that is a counterpart to the implicit linear utility model of Chew [1989] and Dekel
[1986).2 Diewert [1993, pp. 415-432] applied his model to some simple uncertain choice

. problems involving insurance, gambling, and investing. The present paper extends the earlier

analysis by explicitly considering functional-form problems and the related problems of
econometric estimation. A secondary purpose of the present paper is to indicate how the
outputs of the property insurance and gambling sectors could be measured in a national
income accounting framework.

A brief outline of the paper follows. Section 2 below summarizes the theoretical frame-
work from Diewert [1993]. Sections 3 and 4 deal with the problems involved in modeling
the demand for property insurance. A modified CES functional form that exhibits first
order risk aversion? is introduced in this section. This modified CES functional form turns
out to be a special case of classes of functional forms considered by Gul [1991, pp. 677-678]
and by Epstein and Zin [1991b, pp. 6-9]. Using this model, it can be rational for a risk-
averse consumer to fully insure. The same modified CES functional form is applied in
Section 5 to model the gambling decision. Section 6 concludes.
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2, A state contingent commodity approach to modeling uncertainty

Assume that a decision maker has a certainty utility function f(y) where y is a choice vector
belonging to some set S. There are N states of nature, and each state is equally likely and
hence has probability I/N. Denote the consumption vector of the decision maker if state
ioccurs by yi fori = 1, 2, ..., N. Then following Arrow [1953, p. 41} and Debreu
[1959, p. 101], it is natural to assume that the decision maker’s preferences over state con-
tingent commodities can be represented by a continuous utility function F(y!, y2, ..., y¥).
Following Samuelson [1952, p. 674, 1960, pp. 34-35], it is also natural to assume that
the state contingent preference function F has the following structure:

FOL Y2, ) = MIFOD. FOR, L FOM, €}
where f is the certainty utility function and M is a function that expresses the decision
maker’s atutude towarcl uncertamty If the state contingent consumption vectors are all equal,
so that y! = y? = yN =y, then it does not matter which state of nature occurs.
Under these cu‘cumstances, it is natural to require that

ML, SO - FOIY = £ @)

that is, the state contingent preferences collapse down to the certainty preferences when
all of the state contingent decision vectors y* are forced to be the same vector y. But prop-
erty (2) implies that the stochastic preference function M is a mean. Furthermore, since
the states of nature are equally probable, it is natural to require M to be a symmetric func-
tion. Thus the stochastic preference function M must be a symmetric mean under the above
hypotheses,

The above (equally probable) Arrow-Debreu state contingent preference model was used
by Blackorby, Davidson, and Donaldson [1977, pp. 352-354] in their proof of the expected-
utility theorem. In addition, they placed a separability assumption on F and then applied

a representation theorem due to Gorman [1968] to deduce an additively separable func-
tional form for M—that is, under Blackorby, Davidson, and Donaldson’s assumptions, M
can be written as follows:

Mlxy, X3, ..., xy) = 67 EL(UNSE)], 3
where x; = ¢(y*) fori = 1,2, ..., Nand ¢ is a continuous, increasing function of one
variable,

The right side of (3) defines what we will call a separable symmetric mean. It turns
out that stochastic preference functions M of the additively separable form given by (3) cannot
provide an adequate empirical description of actual choices made under uncertainty, as the
pioneering work of Allais [1953, pp. 527-530] made clear. However, if we simply allow
M to be an arbitrary symmetric mean as in (1), the resulting class of state contingent prefer-
ence functions F is too general for empirical applications. Thus we require a class of sto-
chastic preference functions M that are more general than the class of separable symmetric
means used in (3) but are less general than the class of symmetric means used in (1). An
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appropriate class of mean functions that will do the job is the class of implicitly separable
means, which will be defined below. The application of this class of functions to choice
under uncertainty leads to an axiomatic model of uncertain choice which is similar to the
implicit linear utility models obtained by Dekel [1986], Chew [1989]# and Chew and Epstein
[1989a, p. 211].

The main theoretical result that we use is Proposition 22 in Diewert [1993, p. 412},
which we restate as follows:

Proposition 1 (implicit expected-utility theorem): Suppose that a decision maker's pref-
erences over certain alternatives 'y € S (where S is a compact and connected subset of R%)
can be represented by the continuous wtility function f Suppose further that the decision
maker's preferences over n equally likely choices with utility payoffs x; = f(y%) Jori=1,
2, ..., ncan be represented by the stochastic preference function M "o, ..., X,) wWhere
forn=2,3, ..., the function M" satisfies axioms (A1) through (A6) listed in Appendix
A. Then there exists a function of two variables ¢,(2) defined over §° = {(x1, xp): a =
x<bi=121} (wherea = min{f(y): y€ S} and b = max,{f(y): y € §})
such that the decision maker’s state contingent preferences over N uncertain events with

positive probabilities Py, ..., Py can be represented by the function F where u = F(y',
UL Py) is the unique u solution to
ELIPidum) ~ ulw) = 0. @)

The class of stochastic preferences that appear in the above proposition are a bit too
general for our purposes. In order to be able to aggregate over consumers, we shall restrict
ourselves to homothetic preferences—that is, the M " are restricted to satisfy Axiom (A7)
listed in Appendix A. Using the implication (A 10) of Proposition 2 in Appendix A, a deci-
sion maker’s homothetic stochastic preference function over N alternatives X1y +.., Xycan
be obtained as the u solution to the following equation:

N Pry(xif) — (1) = 0, &)

where +y is an increasing and continuous function of one variable.
In the following sections, we shall postulate a specific functional form for .

3. Modeling the demand for property insurance

Consider the decision to insure a dollar’s worth of property of a certain class over a given
time period. In the first state of nature, which occurs with probability P, > 0, the property
is destroyed; in the second state of nature, which occurs with probability P, = 1 — P,
> 0, the property remains undamaged over the time period. A dollar’s worth of insurance
can be purchased at the premium rate » (where 0 < r < 1). If state 1 occurs during the
period, the insurance company pays out the face value of the policy less the premium, and
this payout rate is equal to 1 — ». If state 2 occurs (so that the property is not destroyed
during the period), the company pays nothing to the consumer and keeps the premium,
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Thus if the consumer purchases i = 0 units of insurance, the cost to the consumer if state
2 occurs (no damage) is ri while if state 1 occurs {complete destruction), the benefit of
the policy is (I — r)i. We assume that the consumer is not allowed to overinsure, so we
have the following restrictions on the purchase of insurance:

0=<i=<y, (6)

where y > 0 is the total value of insurable property of this class.

The consumer’s certainty utility function in this simple model is f(x) = x where x equals
consumption of the good and the consumer’s state contingent utility function is F(x,, x,,
Py, P;) where P; > 0 is the probability that state j occurs and x; is consumption in state
7,7 = 1, 2. We can model the consumer’s contingent consumption in stage j, x;, as a func-
tion of the amount of insurance purchased, I, as follows;

M= -nix=y-r %

If it is costless to run an insurance company and insurance is offered at an actuarially
fair price, then the amount of premjum income should equal the expected value of property
claims. Thus in this “no loading” case, the premium rate r satisfies ri = Piiorr = P;;
that is, the premium rate r equals the probability of loss P, in the actuarially fair case,
Of course, this is only a limiting case and in the real world, we would expect r > P,
(the “loaded” case).

Suppose that the consumer’s family of stochastic preference functions, {M": n = 2, 3,
.. .}, defined over equally likely alternatives, satisfies (Al) through (A6). Then we may
apply Proposition 1, the implicit expected-utility theorem, and conclude that the consumer’s
state contingent preferences over two states of nature (which have positive probabilities
Py and P;) can be represented by the function F, where u = F(xy, x, Py, Py) is the unique
u solution to (8):

Piop(0)) + Pydy(xy) — du(w) = 0, ®

where ¢,(z) is (1) jointly continuous in (z, 1), (2) increasing in z for each fixed u, and
(3) satisfies property (181) listed in Diewert [1993, p. 410].

If we represent consumption x; in each state of nature j = 1, 2 as a function of the
amount of insurance { purchased as in equations (7), and we also impose the no over in-
surance condition (6), then the consumer’s decision to purchase insurance ; in the implicit
expected-utility model can be formulated as the following constrained-utility maximiza-
tion problem:

max,;{u : P1g,[(1 — Ni]l + Pyd(y — ri) — () = 0,0 =i <y}, %)

As indicated in Section 2, we assume homothetic preferences and replace the function
$4(2), which appears in (8) and (9), by v(z/u) where + is continuous and increasing. We
further restrict the decison maker’s preferences by defining « to be the following specific
function:*
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{oe+(1 - &zf forzz=1

¥(@) = (10)
1 —a+a? forz<i,
where the parameters « and § satisfy the following restrictions:
N=a<;B=18=0 (11)

If we substitute ¢,(x1) = v{x)/10), ¢,(6) = v(x/w) and ¢,(u) = (u/u) = (1) into (8)
and make use of (10}, we find that the decision maker’s state contingent utility function
v = F(x), x;, Py, P;) may be defined as follows for x; = x;:

F(xy, X, Py, Py) = [oxf + (1 — oxf1'%, (12) .
where 6 is defined as
6 = Pyal[Pra + (1 — P)( -~ q)]. (13)

From (12), we see that for x; < x,, the state contingent-utility function F has a CES
functional form and using (10), we can show that for x, = x,, F(xy, x,, Py, P;) = [(1 —
8)xf + &c§1Y8, which is a similar CES functional form except that 6 and 1 — & have been
interchanged. Thus unless & = 1/2, the (xy, x;) indifference curves for the state contingent-
utility function F(x;, x5, Py, P,) will have kink at the certainty line where x; = x,. To
use the language of Chew [1989, p. 287] and Segal and Spivak [1990], the decision maker's
preferences will exhibit first-degree risk aversion

From (13), it can be verified that § = P, for all probabilities P; such that 0 < P, < 1
if and only if @ = 1/2. Thus when « = 1/2, the state contingent-utility function F collapses
into the following (nonkinked) ordinary CES function:?

F(xy, x3, Py, Py) = [Pyxf + Poxf1Y8 for o = 1/2. 14

P
We can summarize the curvature properties of the state contingent-utility function F defined

- by (12) and (13) as follows: (1) the closeg o is to 1, the sharper is the kink in each indif-

ference curve at the x; = x, point (and the greater is the degree of first-order risk aver-
sion) and for o = 1/2, the kink vanishes; and (2) the smaller 8 is, the more pronounced
is the curvature of the half CES indifference curve that emanates from the x, = x, point
in each direction (and the greater is the degree of second order risk aversion) and for 8 = 1,
the half indifference curves are straight lines? -

Returning to our specific insurance problem (9), substituting (10) into (9) yields the follow-
ing constrained-maximization problem:

max; {[(1 — NP+ 0 - &y - i) : 0 < i = y}. 5]

The first-order necessary condition for an interior maximum for (15) yields the foliow-
ing condition:
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[r(1 — 8)/6(1 — NpHu-#

=[ r (I—Pl)(l—a):,”““m

1-r P o
= c. (16)
Solving (16) for the optimal amount of insurance i* yields the following expression:
' =yir + el — A amn

The candidate solution i* defined by (17) will in fact solve (15) provided that, in addition
to the inequalities (11), the following inequalities are satisfied:®

<1 (18)
[P QA ~ PR/(L - A — @)a] = 1. a9

If (19) is satisfied with a strict inequality, then i* < y and the decision maker does not
fully insure. If (19) is not satisfied, then the solution to (15) is the corner solution i* = y;
that is, the decison maker will fully insure if (19) is not satisfied. In the actuarially fair
case where r = P; (and hence 1 — r =1 ~ Py), nonsatisfaction of (19) is equivalent to
(1 — o) < 1 ore > 1/2. Thus if we are in the actuarially fair case and 12 < oo < 1
and 8 < 1, then we have first-order risk aversion in our model and the decision maker
will always fully insure,

If we have an interior solution so that there is not full insurance coverage, then we note
that i* (the optimal insurance) will decrease if the premium rate r increases and i* will
increase if & or Py (the probability of loss) increase. The parameter o is a measure of
first-order risk aversion: the bigger « is, the more risk averse the decison maker is and
the greater will be the tendency to fully insure.

In Appendix B, we generalizze the above model to situations where property damage fol-
lows a multinomial distribution of outcomes rather than the above binomial distribution.

We turn now to a dicussion of the problems involved in measuring the real output of
the property insurance sector.

4. Measuring the real output provided by property insurance

In the context of the simple model of insurance demand developed in the previous section,
it can be seen that in order to measure the real output of insurance services, we need to
know the parameters o and £ that appear in (10). In order to estimate these parameters,
we need two or more interior observations on

¥' = period ¢ (nominal) value of insurable property,
p' = period ¢ price index for insurable property,
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It

Y'/p' is the period ¢ real value of insurable property,
I' = period ¢ (nominal) value of insurance coverage,
i I'fp’ is the period ¢ real value of insurance coverage,

Il

period ¢ premium rate,
period ¢ expected damage rate.

o
Py
Given the above data, define the dependent variable
= - A - e Q0
and form the regression model
Inc' = (1 ~ B)7Unl(1 — a)e] + (1 ~ B MG — P/ — r)PI] + & 1)

in order to obtain parameter estimates for o and 8. Then period ¢ estimates for §' can be
calculated as follows:

8 = Plal[Pla + (1 — PH ~ &l 22)

Once estimates for §' and 3 have been obtained, we calculate period r utility Ievels with
insurance (#*) and without insurance (u%):1°

uOr

0% + (1 — )" F1V8 = (1 — a8y, 23)

u = {¥[1 - P + (1 - Y — rifFpe, 24)

Then the period ¢ real quantity of insurance services Q* is defined to be the difference
between the insured utility level #* and the uninsured utility level 1%

Q' = u" — ™ (25)
P
We define the corresponding price of insurance services P to be the value of insurance

. premiums paid divided by Q"

P = rlipYQt = FIt/Q". (26)

The quantity measure Q' for insurance services is illustrated in Figure 1! The quantities
x; and x, represent the consumer’s stock of insurable property in states of nature 1 (prop-
erty is destroyed) and 2 (no damage to property). For simplicity, we assume Py = P, = 1/2
and so the consumer’s stochastic indifference curves are symmetric around the 45 degree
line (or the certain consumption line). Since we are assuming homotheticity, the consumer’s
indifference curves through the points B and C are radial blowups of each other. The con-
sumer’s no insurance point is at A. If insurance could be purchased at an actuarially fair
price, the consumer could move along the line AD (with slope equal to —1/2) and fully
insure at the point D. However, in the “loaded” case, the consumer’s opportunity set is
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Figure 1. Quantity measure Q for insurance services.

the line AC (with slope —r/(1 — r) < —1/2 with r > 1/2). In Figure 1, the indifference
curves are sufficiently kinked so that the consumer’s optimal point is attained at C where
he or she fully insures. The improvement in utility (measured in real property units) due
to the avallabﬂlty of insurance is the difference in the post- and preinsurance utility levels,
Q' = u* — ¥, and this distance can be read off either the x; or x, axis as indicated in
Figure 1.

One problem with the above model is that if the consumer is always fully insured, then
the parameters o« and § cannot be identified from observable data. Conversely, if the con-
sumer is always partially insured, then we are fitting parts of indifference curves that are
perhaps quite remote from the certainty equivalent line, x; = x,. Yet in order to calculate
the certainty equivalent value for insurance services as we have done in (24), it is necessary
to extrapolate the indifference curves from the observed region all the way to the certainty
equivalent line where x; = x,. The same kind of extrapolation problem does not arise in
ordinary certainty consumer theory.

We conclude this section by contrasting our measure of the real output of the property
insurance sector with the measures that have been suggested in the national income account-
ing literature.

Some authors and statistical agencies'? propose that the nominal output of the insurance
sector should be measured as premium payments less claims paid out during the period.
Real measures of insurance output are obtained by various methods of deflating this net
nominal measure. On the other hand, Denny [1980],12 Ruggles {1983, p. 67], and Hornstein
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and Prescott {1991] ail suggest that gross premiums paid rather than net premiums paid
: is a more appropriate measure of nominal output, which is in agreement with our suggested
nominal measure of output, rI'. However, none of the above authors suggest the use of
our certainty equivalence measure of real output, u* — u%.
Soie In the following section, we adapt the theoretical model presented in Sections 2 and 3
to measure the real output of the gambling sector.

5. Measuring the real output of the gambling sector

: Consider a very simple lottery. In state 1, the gambler loses his or her wager w with proba-

i bility Py. In state 2, the gambler wins Rw with probability P, = 1 — P, where R is the
payout ratio. The gambler’s state contingent consumption possibilities set as a function of. .
the amount gambled is

X =Y=WwW, X =y+ Rw, @7

where y > 0 is the consumer’s real “income” during the period under consideration.!4

We again use the implicit expected-utility mode} with homothetic preferences that we
used in the previous sections. The function (z), which generates the consumer's preferences
over gambles, is again defined by (10) where the parameters o and 8 now satisfy the follow-
ing restrictions:

t<a</Z;8< ;80 (28)

The gambler’s state contingent utility function F is still defined by (12) where the parameter
| 6 is defined by (13). Again we obtain a family of kinked CES indifference curves. However,
now the kinks along the x; = x, line make obtuse angles instead of acute angles. The closer
« is to 0, the more obtuse are the angles. As before, the parameter 8 controls the curvature
i of the half indifference curves that emanate from the x; = x, line: the smaller g is, the
bigger the curvature.

- 7 S The gambler’s utility maxiniization problem may be written as follows:15

max, {(8[y — wl® + (1 — &)y + R : 0 = w < y}. 29

The first-order necessary conditions for an interior maximum for (29) yield the following
equation that characterizes the optimal wager, w':

[y + Rw')y — w'] = [(1 — 8)5~'R]" A
= [(1 — PPl — o)R/Pc] B using (13)
= b. (30)
Solving (30) for w" yields the following equation:

w" = yb — Y® + R). (31
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In the actuarially fair case, we have R = P/l — P)) and in the unfair case, we have
R < P/l — Py.

In order to obtain w* = 0, we require & = 1. Thus in the actuarially fair case, we re-
quire 1 — ao = lora < 2.

In the unfair case, if b < 1, then the solution to (29) under the restrictions (28) is the
corner solution w* = 0; that is, the gambler will wager nothing if the degree of unfairness
becomes too great.

Given a series of observations on income in period 1, ¥*; on amounts wagered, T'; and
the relevant period f consumer price index, p*; then we can calculate period £ real income
y" and real wagers w' by

yf = YI/I)!; wl = Wf/pl. (32)

Furthermore, given information on payout ratios, R%; and probabilities of winning, P§ =
1 — P}, we can use (30) to calculate a & for each period and then a regression model
counterpart (21) can be set up in order to estimate « and §3.

Once estimates for o and @ have been obtained, we calculate period ¢ utility levels with
gambling (x") and without gambling (x):

= Ly + Q- YTV =y (33)
' =y~ wlf + (1 + &y + Rw!F]ME, (34)

The period ¢ real output of gambling services Q' can again be defined by u™ ~ u® (recall
(25)) and the corresponding period ¢ price can be defined as deflated (by O°) money gam-
bled in period r:

Pt = w0 = wiplQ'. (35)

The above model of gambling is illustrated in the upper portion of Figure 1 for the case
Py = P, = 1/2. In this case, the indifference curves are symmetric around the certainty
line. The consumer’s initial no gambling point is on the certainty line at the point E. The
gambler’s opportunity set is the line segment emanating from E in the direction F; its slope
is —R where R < 1/2 in the unfair case. This opportunity set is tangent to the highest
attainable indifference curve FGH at the point F. The certainty level of utility that is equiv-
alent to the uncertain point F is G. Thus the point G has the coordinates ", u™*) while
the initial point E has the coordinates (¥, #%). Thus the ex ante increase in utility that
the consumer gets from gambling is 4" — 1.

Of course, most real.life lotteries do not offer an equal chance of winning and losing;
rather they offer a large probability of losing (P; tends to 1) along with a large prize (R
becomes large). In this case, both the gambling line FE and the half indifference curve
HG will have steeper slopes than shown in the diagram. In the actuarially fair case where
R = P\/(1 — Py}, b defined by (30) turns out to equal the constant [(I — &)/e]V0~®. Thus
in this case, the optimal wager w" defined by (31) will tend to 0 as P, tends to 1. In the
unfair case, the optimal amount of wagering will be small as Py becomes large.
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6. Conclusion

Two of the more difficult problems in national income accounting are the measurement of
the real outputs of the insurance and gambling sectors. In this paper, we have tried to adapt
existing choice under uncertainty theories to yield relatively simple measures of real outputs
for these industries. The kinked CES model that we used in this paper is a special case
of Chew’s [1989] scalar invariant weighted-utility model, of Gul’s [1991)} disappointment-
aversion model, of Epstein and Zin’s [1991b] semiweighted utility model, and of Diewert's
{1993] implicit expected-utility model. Thus it appears that the new non-expected-utility
theories that have been developed in the past ten years can be very useful in providing
possible solutions to very difficult measurement problems.

Appendix A: Axioms for stochastic preference functions

Let the stochastic preference function M" be a function of » variables defined over the set
8" = {x:al, = x < bl,} where 1, is a vector of ones of dimension » and the scalars
a and b satisfy a < b. M™(xy, ..., x,) represents the utility level of the decision maker
if the outcome x; occcurs in state of nature i fori = 1, 2, .. ., » where the n states of nature
are equally probable.

Forn = 2,3, 4, ..., the function M" satisfies the following six axioms:

Mean value property: 1, € 5" implies M"(y1,) = . (AD

Symmetry: M"(Px) = M"(x) where Px is a permutation of the components of the

vector x = (x;, X3, ..., %), (A2)
Continuous function: M"(x) is a continuous function for x ¢ S”. (A3)

Strictly increasing function: M"(x) is a strictly increasing function over §"—that is, if

x' € 8% x% € $"and x; < Xy, then M"(x)) < M"(x?).  (Ad)

Conditional consistency in aggregation: There exists a function of three variables, M3 (x,,

. Xz, w), defined for (x), x,, u) € S* and such that x € §" and u = M"(x) implies u =

M M7, x5, w), Mi(x, %, ©), %3, ..., x,}. The function M has the following
properties: (AS)

(1) Symmetric mean: For every u € §', M}(x,, x,, 1) is a symmetric mean in (x1, %) € 8%

(2) Jointly continuous: M3(xy, x,, u) is jointly continuous in (x;, x5, 1);

(3) Bisymmetry: M3 (x,, x,, u) is bisymmetric in x,, x, for each u € §'; that is, for every
(xb X2, X3, X4, u) € Sss Mg[Mg(xl’ X2, u)’ M’f(xih X4, u)s u] = Mf[Mf(xl! X3, u):
Mf(xz, X3, W), ul.

Consistency of stochastic preferences in the implicity separable model:
M3y, x5, 4) = My(xy, Xy, ) for (xp, o, ) € SPand forn = 2,3, ...  (A6)
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Axiom {A6) says that the conditional certainty equivalence functions M are always the
same no matter how many equally likely alternatives # the decision maker faces.
To obtain homothetic stochastic preference functions, we need to add the following axiom:

Positive linear homogeneity: x € §%, N = 0, &x" € §" implies M"(Ax) = AM"(x) (A7)

The linear homogeneity axiom (A7) implies that each indifference surface of M. (x) is
a radial blowup of a single indifference surface.
A way of imposing homothetic preferences is to use Proposition 17 in Diewert [1993,
p- 398], which we restate as Proposition 2 below.
Consider the following property for ¢,(z):
for (z, ¥) € 5%, ¢.(z) = (z/u) where ¥(z) is a continuous increasing function of z
forah = z < bla, where 0 < a < b. (AB)

Proposition 2: Let ¢,(2) be defined for (z, u) € 8% and satisfy (AB). Forx = X, ..x)
€ 8", define u = M(x) as the u solution to

Lic(UnyyCeduy — 4(1) = 0. (A9)
Then M" satisfies (Al) through (A7).

The function of one variable +y that appears in (A8) and (A9) may be used to generate
a decision maker’s homothetic stochastic preference function M over N alternatives with

probabilities Py, ..., Pyas follows: u = M(x;, ..., x; Py, ..., P,) is the unique « solu-
tion to

ZL Pylxdu) — v(1) = 0 (A10)
where x; is the outcome in state {, i = 1, ..., N.

Appendix B: More general insurance medels

In this Appendix, we indicate how the simple 2 state model of insurance demand can be
extended to an N state model.

Consider a2 homogeneous class of assets that could be insured against property damage.
For a given time period, there are N = 2 states of nature: the probability that state r occurs
isPyforn=12,...,N. Let 0 = f, = 1 be the fraction of the asset class that is
destroyed if state n occurs where

lzfi>h>...>fy1 > fv=0 (B1)

Thus in state N, no damage occurs, while in state 1, maximum damage occurs (complete
destruction if fi = 1).
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As in Section 3, let y > 0 be the amount of property that could be insured, let i be
the amount of insurance coverage where 0 < i =< y (no over insurance allowed) and let
r > 0 be the premium rate.

If state n occurs, the loss of property is f,y. If i = f,y, then the insurer pays for this
loss, However, if the damage in state n exceeds the insurance coverage (i < fu¥), then
the insurer pays out only i and the consumer loses the amount f,y ~ i in addition to the
premium paid, ri. Define the function of one variable Y(x) as follows:

x forx =0
¥ = (B2)
0 forx < 0.
Let x, be the consumer’s consumption of the asset if state n occurs for n = 1, ..., N.

For each n, we can express x, as a function of the insurance coverage i as follows:
Y=y —r—¥fhy—-9 n=12,..,N {B3)
Thus each x, is a piecewise linear (and concave) function of the amount of insurance pur-

chased, i.
The N state counterpart to the insurance choice problem (9) is:

max,;{u : o Poy(ly — ri — Wy = )W) — Y1) =0;0 s i <y}, (B4)
where v is defined by (10) and (11). Substituting (10) into (B4) yields
max, {(ZL 8Dy — ri ~ Wy — D0 =i =<y}, (®5)
where the coefficients 5,({) are defined by

L ..., 00,

I

Pool[ZY ab; + Tl — )Py, n
8,() = . . (B6)
Po(1 — o)[T] P + L1l — P, n=n'G) + 1, ..., N.

Define the optimized objective function in (BS) as x"(?). The integer n"(), which appears
in (B6), is chosen to satisfy the following inequalities:

i

y-—r WLy -D=ud@ forn=nr@H+1,.. N

y—r— Yy - H <u'@) forn=1,2,...,n%0. B7

The model defined by (BS) collapses to our old two state insurance model (15)if N = 2,
fi = 1and f, = 0. If the first-order risk aversion parameter « equals 1/2, then the 8.0
defined by (B6) collapse down to §,(f) = P,forn = 1, ..., Nand the objective function
in (B6) becomes an ordinary CES function (or a mean of order 8), which is consistent
with homothetic expected utility maximization.



148 W. ERWIN DIEWERT

.

If N > 2, then the first-order condition for (B5) does not yield an equation that can
be solved explicitly for the optimal insurance i* as a function of the exogenous variables.
Hence econometric estimation of the parameters « and 8 is much more difficult in the
multiple state case compared to the two state case.

An explicit solution to the problem (B4) can be obtained if we replace our old generating
function 7y(z) defined by (10) by the following kinked quadratic generating function:

zH+az— 1)+ Bz - 1)7° forz = I;
@) = (B8)
b4 for z < 1;

where the first-order risk aversion parameter o must satisfy —1 < « =< 0 for risk-averting
behavior and the second-order risk aversion parameter 8 must satisfy § < 0O for strict risk
aversion. L
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Notes

1. Epstein and Zin {1989, 1991a] provide an infinite horizon extension of a model due to Kreps and Porteus
[1978, 1979]. The non-expected-utility models of Weil {1990} and Farmer [£990] are closely refated to this
Epstein-Zin model, Other empirically useful gensralizations of the expected-utility model have been provided
by Chew [1983, 1989] and Chew and Epstein [1989a, 1989b, 1950], Epstein and Zin [1991b] and Gul [1991].

2. See also Chew and Epstein [1989a, p, 211] for an alternative development of this model using a separability
approach. Chew's [1983] weighted utility, Gul's [1991] disappointment averse utility, and Epstein and Zin's
[1991b] semiweighted utility models are all special cases of the implicit linear-utility model.

3. The term appears in Segal and Spivak [1990], but the concept appears to be due to Chew {1989, p. 287].
See also Epstein and Zin [19%01 and Epstein [1992, pp. 9-11].

4. Chew [1989, pp. 286-287] used the term implicit weighted utility o describe his model. His function n(z, &)
corresponds to our function of two varisbles ¢,(z}, which appears in (4).

5. Chew [1989, p. 287] obtained 2 special case of his general model by setting his 5(z, 4} = o{z/t) where o
was an increasing continuous function of one variable, Thus if we ignore the different axiomatic justifications
for the uncertainty models (preferences over lotteries versus preferences over state contingent commodities),
our model (10} is a special case of Chew's scalar invariant implicit weighted utility model. Our model (10)
is also a special case of Gul’s [1991, p- 674] disappointment aversion model; in place of our zf, Gul has
the general utility function u(z). Similatly, (10) is a special case of Epstein and Zin's [1991b, p. 9] semiweighted
atility model (set their § = ).

6. For further expositions on this concept, see Epstein and Zin [1950], Epstein [1992, pp. 9-11] and Diewert
[1993, pp. 415-423]. Note that the inequality restrictions (11) imply that Fi (x1, X2, Py, P;) is a concave func-
tion of (xy, x;). To obtain strict concavity and hence strict risk aversion, we require the additional restric-
tion § < L.

7. The preferences defined by (14) are the only homothetic preferences consistent with the expected-utility theorem
(see Diewert [1993, p. 399]).

8, For a dizgram of these preferences in the case where Py = P, see Figure 2 in Epstein and Zin [1991b].
Another usefu! diagram can be found in Diewert [1993, p. 419].
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9. If the inequalities (18) and (19) are satisfied, thene = ! and i* = y and hence the inequality constraint in
(15) will be satisfied.

10. In order to evaluate (23), we require 0 < 8 = 1.

11. Machina [1995] calls diagrams of this type Hirshleifer [1965)-Yaari [1965] diagrams.

12. See Hirshhorn and Geehan [£977] and the references listed in Hornstein and Prescott [1991, pp, 917-918].
13. Denny’s theoretical position is very close to ours as the following quotation indicates: “Consumers purchase
life insurance to avoid risks and any output measure must reflect this fact” (Denny [1980, p. 151)).

14. Thus nominal wagers and income are W and ¥, respectively, and real wagers and income are w = Wip and

¥ = Yjp where p is the relevant consumer price index.
15. This is a counterpart to (15) in Section 3. For more details on this gambling problem, see Diewert {1993,
pp. 424-427].
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