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ABSTRACT

The paper develops the comparative statics of a multisectoral
model of the private production sector of an economy with an arbitrary
number M of constant (or decreasing) returns to scale sectors, an
arkbitrary number N of primary inputs or domesticaily traded goods, and
an arbitrary number K of internationally traded goods. The main
endogenous wariables are: (1) M industry scale variables, {2} N
domestic prices, and (3) K net outputs of internationally traded
goods. The main excgenous variables are: (1) M industry specific tax
or subsidy rates, {2) N endowments of factors (or demands for domestic
goods) and (3} K prices foxr internaticnally traded goods. Our
fundamental matrix equation of productien theory relates the wvarious

endogenous and excgenous variables.

*The author thanks the SSHRC of Canada for financial support.
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1. INTROCUCTION
Our goal in this paper is to develop & producer counterpart to
Barten's (1964, p. 2) fundamental matrix equation of consumer demand.1
We develop the comparative statics of the production sector of a
competitive economy that engages in international trade. We assume
that: {i) there are K internationally traded goods that can be bought
or sold at the positive world prices {Pl"'°'PK)T Ep > Ui, (ii)

3 firms or industries in the eco-

there are M constant returns to scale
noty, and (iii) there are W domestic goods which may be allocated
between industries. The economy's total "endowment" vector" of the W
goods is v = (v,l,...,vN)T q. We also assume that the mth industry's
scale is z > 0 and that zZ (z1,...zM)T > OM is a vector of industry
scales. Usually, the scale zrn will be the amount of a major

output produced by industry m. Finally, we assume that collectively.
the production sector will behave as if it maximizes the value of the
net output of internationally traded goods subject to the aggregate
domestic resource constraints of the economy.

The comparative statics of the above model of producer behavicur
were largely developed in Diewert and Woodland (1977)5. However, in
the present paper, a new class of exogenous variables is introduced,
namely s E {51,...5M)T, a vector of industry subsidies (or taxes if
negative); i.e., if industry m runs at scale z > 0, then total
subsidies paid to industry m are S, %" If S0 < 0, then -s T is the
amount of industry specific taxes paid by industry m. Since most
western governments do provide industry subsidies or impose industry
specific taxes, it is of some interast to work out how a competitive
production sector will respond te changes in these tax-subsidy
variables.

In section 2 below, we set up the economy's primal profit
maximization and wse duality theory in ordexr to derive & more
convenient dual problem. In section 3, the main comparative statics
eguation is derived, which relates the responses of three sets of
endogencus variables (w, z, and y) te changes in the three sets of

exogenous variables (v, s and p}, where w = (w1,-..wN)T > UN is a
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vector of shadow prices for the N domestic goods {we will generally
call w a factor price vector in what follows) and y = (yl,...,yK)T is
the vector of net outputs of internationally traded goods produced by
the entire production sector (if ¥ < 0, then the kth good is
imported into the production sector). In section 4, the nine matrices
of responses of the endogenous variables to changes in the exogenocus
variables are analyzed briefly.

We note that our model may be given an interpretation in the con-
text of a meltiplant or multidivisional firm: the sectoral scales
z, become plant or divisional scales; the world prices Py
become prices of goods that are traded on well established markets:
the endowment vector v becomes a vector of capital stocks or firm
resources that can be allocated between plants but well established
market prices do not exist for these resources; fimally, w becomes a

vector of interdivisional transfer prices.

2. THE ECONOMY'S PROFIT MAXIMIZATICN PROBLEM
We assume that there are K + N goods in the economy. The first K

are the internationally traded goods, while the last N are the
domestic goods. We assume that there are M sectors or industries and
that the technology of sector m (m = 1, 2,...,M) can be tepresented by
a feasible set of net outputs denoted by T" = {zmcm tzy 2z 0} where "
is a nonempty, closed, convex set of feasible net outputs6 that can be
produced by industry m when it runs at unit scale. We assume that

c™ has the following property: for p >> OK’ w >> 0., the

following maximum exists and is finite (m =1, 2,...,M):

{1} maxa’b{p-b - wea : (b, —a)sCm} = 7(p,w)

(1), also serves to define nm, the linearly homogeneous and
convex unit (scale) profit function for industry m, m =1, 2,...,M.
Given wm, the unit scale production possibilities set - may

be recovered as follows:

(2) c®= {¢b, ~a) : peb - wea tp,w) for every p > O w 2> ON}.
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If ﬂm is differentiable, then by & result due originally to
Eotelling7, the solution am(p,w}, bm(p,w) to {1} is unique and
may be obtained by differentiating the unit preofit function ﬂm

appropriately:

(3) B(pw = qu“‘(p.w),

{4} "am(p,w) = Vw'lrm(p,w),

where Vpnm = (awm/3p1,...,8w/3pK)T denotes the vector of first order
partial derivatives of Im with respect to the components of p, ste.

Since the components of anm(p,w) will all be nonposaitive if
domestic goods are only used as inputs in sector m, am(p,w) =
—Vwﬂm(p,w) will be nonwnegative in this case.

The sets Cm can be interprated as sets of feasible input-output
coefficients for industry m, with cutputs being indexed positively and
inputs negatively.

Given that producers face world prices p »> 0 industry subsidies

K’
{or taxes) s, and that the econcmy has the vector v of domestic
resources available, the economy‘'s aggregate profit maximization
problem is

M M
(5} magimitﬁe n MAax { ): (p-bm + sm)z H Eamz £ v}
(b -a )eC 220, =1 "o "
m= T;e00:,M
fowe { ] (22" j
= maximize max { {p*b” + 8 )z : VvV = 2 a"z >0 s 2> 0 ]]
(hp,nam}acm ® = mom me=1 m B - M
M M
= meximize [max min { § (peb™ + s )z + welv=] a2 )}]9
(bm,—a yec™ z_)_DM W_)_D'q m=1 nom =1 m

w=1,...M

M
(8)=max min { E ('nm(p,w) + sm)z‘.n + w-v} = R(p.s,.v)

ZZDM szN =l
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where (6) follows wpon performing the maximization with respect to the
bm and am and using (1), the definitions of the unit profit
functions 1m.
Note that the domestic resource price vector w in (6) is the vector of

Lagrange (or Ruhn-Tucker) multipliers for the domestic resource

M
. m
constraints, E a zm £V
m=1

Note alsc that the objective function in (€) is linear in z and hence
concave in z. It is convex in w (since the unit profit functions
nm(p,w) are convex in p,w}.

Finally, note that the primal maximization problem (5) involves (K +
N + 1}M variables whereas the dual problem (&) involves only M + N
variables. The dual or primal problem may be used to define the economy's
GNP function, % (p,s,v), as indicated above in (6).

Suppose z¥ >> OM and W >> 0N solve {8) when the vectors p*, s* and v*
of exogencus variables are given. Suppose further that the functions
© are differentiable at p*, w* for m = 1,...,M. Then the following

first order conditions for (6) will be satisfied:

m
(7) 7 (p*,w*) + s; = 0, M= T, M

M
sy ¥ Vwﬂm(PN’w‘)z; +vrom0
=1

In the following section, we totally differentiate (7) and (8) in
order to obtain the comparative static responses of z and w to changes in
pPr 8 and wlo.

Note that eguations (7) are zero profit conditions whereas equations
(8) tell us that industry demands for domestic rescurces sum up to the
economy's available supplies, v.

pefine the ¥ by M matrix of optimal unit scale input coefficients A by

(9) azia,...d™)

1 M
(9 7 to% v e = atlipr )]

and the X by M matrix of optimal net output coefficients B by

(10) B2 [b seensb ] = [va1(p-,w*),...,vpn"(P*,w*)].
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By the linear homogeneity in prices property of the wm, we have wm(p*,w*) =
i *

p*-bmx - wraa™ form = 1,...,M. Thus using (9) and (10), (7) and (8) may

be rewritcen as

*T *T *T
(11) p B-w A=-s {zero profit relations)

{(12) Az* = v* (demand equals supply for domestic goods).

3. 4 FUNDAMENTAL MATRIX EQUATION OF STATIC PRODUCTION THEORY

We assume that the unit profit functions 2™ are twice continuously

differentiable around p* >> OK‘ wk D> 0N where v¥, g%, p* are
given, and z* >> OM and w* satisfy (7) and (8). Reuwrlte equations (3}

and (7) for v, s, p near vk, s, p¥ ag

3) -1 o, w(v,5,P))z (v,5,p) = v and
=]
(14) =n"(p,9(¥,5,p)) =s;om=l,.. .M

Using Hotelling's Lemme (3), for v, s, p in a neighbourhood around v¥*,
s%, p%,, tha economy's system of net supply functions for internationally

traded goods may ba dafined as

M
(15) ¥(v,s,8) = § 9 _1"(p,w(v,5,p))z,(v,5,P)-
w=1 P

Recalling (1), our definition of B when v,s, p equals v*, s*, p*, (15)

may be rewritten as

(16} y* = Bz*.

Equations (13) - (13) are the basic eguations in our model of

production behaviour. Toral differentiation of (13) - (15) ylelds:

{173 =S B ONxK dw IN, ONxM’ Swp dv
T _ T
AT, O}bcM‘ OMxK dz = D}‘[xl\" IM' 3 ds
-5 __, —B, dy 0. 0 s dp

Pw Kxi? “KxM?*® “pp
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where A defined by (2) is an N by M matrix of unit scale input
requirements, B defined by (10) is a K by M matrix of unit scale

input—ountput coefficients {each column of B has at least one positive

element bkm say, corresponding to industry m producing the kth

internationally traded good as an output), and the economy's aggregate

symmetric positive semidefinite substituetion matrix S is defined by

(18y s = {s s = |3 Moo T pT ot )zt ) M g2 2 p* et jax
ep’ “pw m=1 pp ' m’ L=l pw L m
2 m 2 m
Sup’ S Em-1 va T etz zm=1vw" p*,wtizg 1

s is the K by K aggregate internatiocnally traded goods substitution
mii:ix, sww is the N by W aggregate input substitution matrix, and

spw - S:P is the K by W aggregated substitution matrix between traded goods
and primary factors. The linear homogeneity of the unit profit functions
implies that S satisfies the following restrictions:

19) §_p* + 5w = 0;
119) St + Sy K

(203 Swpp* +* Swww* = ON'

The endogenous variables in (13) = (15) are:r (i) w = (w1,...,wN)T a
nonnegative vector of factor prices; (ii) z 2 {2z _,...,2 )T, a nonnegative

1 M
vector of industry scales, and (iii) y = (y1.---.yK)T, a vector of net

outputs of internationally traded goods produced by the entire economy (if
Yy < 0, then the k;h good is imported). The exogenocus variables are:

(i) v = v1,...,vn) . an endowment vector of domestic goods for the economy
(if vn < 0, then the nth domestic good is produced by the production
sector); (ii) s = (s1,..,,SM)T, a vector of per unit scale subsidies paid
to each industry {(if sm <0, the; the nth industry pays taxes egqual to
-smFm) and (iii} p §(p1,...,pKJ , a positive vector of world prices.

In order to apply the Implicit Function Theorem to {13) - (15) to
solve for w, z, and y as functions of v, s and p, we mustl! assume that the
N by M matrix A has rank M (and thus the number of industries M is at most
equal to the number of domestic resources N) and that Sww + ATA
has rank N {which reguires that the domestic resource substitution matrix

sww has rank at least equal to WN-M). Making these assumptions, define
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-1
{21 ~Sww, A D, E
gz z
T
2T, o EY, F

. . -1
The matrix equation &G = IN+M implies that D, E and ¥ satisfy:

T T,
~ E = H =
(22) -5 D + A I, 23) A’ = 0,

(24) A’z =1 (25) =5 _E + AF = 0___ .
. s

Since G is symmetric, so are D and ¥:
T
(26) D=D" (27) F=E° .
- R T
If we premultiply (25) by E and use {24}, we obtain:

T
(27) F=F 5§ _E.
wWW

Define the K by N + M matrix H as ® = [Spw,B}. Then the inverse

of the matrix on the left hand side of {17) is

eax{e , 0 |1 ¢, e

-H,IK HG P

befine va as the N by N matrix of partial derivatives 3i(v*,
5%, p*)/avj s i, 3 = 4,400 ,N; define sz as the N by M matrix of partial
derivatives Bwn(v*, s*, p*)/asm r S Tyae, M, M= 1,...,M; etc. Then
(21), (28) and the Implicit Function Theorem allow us to rewrite (17) as

the following fundamental matrix eguation of production theory:

v w, ¥ T
(28} o T pr D E M DSWP + EB
T T T
sz, Vsz, sz = g F , B SWP + FB
T -1 T
Vy, ¥ v +
vy sy, py Swa BE , SPWE + BF, SPP + HG HJ
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Using (21) and the definition of H, we may rewrite pr as

(30) Yy =5, + [sPw .B]lD, E Sup

e, ri BT

4. OOMPARATIVE STATICS THEOREMS

Note that the matrix on the right hand side of (29) is symmetric.
Thus we obtain the following extensions of Samuelson's (1953, p. 10)

reciprocity relations:

ERNLRTEN U209 LN ELL A L 2 P EE A LR

Thus the response of the nth factor price to a marginal increase in
the mth industry subsidy, awn/asm, is egual to the change in the
scale of industry m due to a marginal increase in the economy's endowment
of input n, aszavn. similarly, {(32) says that the response of
factor price n to a marginal increase in the price of the kth traded good,
awn/apk, is equal to the change in the net output of the kth
internationally traded good induced by a marginal increase in the endowment
of domestic good n, ayk/avn. Finally, (33) says that the change in
industry m's scale induced by a marginal increase in the price of the kth
traded good induced by a marginal increase in subsidies paid to industry m,
Byklasmlz.

We turn now to the properties of the three matrices which occur along
the main diagonal of (29}.

The N by N matrix D = va is known to be negative semidefinite of
rank N-M (recall (23)) while the M by M matrix F = Vsz is known to be
positive semidefinite, and each zero eigenvalue of S (if any exist}
reduces the rank of F by one. For proofs of these statements, see Diewert
and Woodland (1977). What is new is that the (potential) introduction of
industry subsidies into the model provides an economic interpretation of
the F matrix: its ijth element, azifasj' is the response of the
scale of industry i to a marginal increase in the subsidy rate paid to

industry j. The positive semidefiniteness of F implies that

(32) azm/asm >0, m=1 2,....M
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the inequalities in {32) will all be strict if the aggregate input
substitution matrix sww is of full rank ¥. In this case, an increase
in the subgidy rate for industry m will definitely expand the scale of that
industry.-

It is difficult to deduce the rank and definiteness properties of the
X by K matrix VPy defined by (3) since D is negative semidefinite while
F is positive semidefinite. However, the following alternative formula for

VPy is vaiid:

(33) Uy = (1, VPTw] s[1,. vgw}'r

where 5 is the aggregate K + N by K + W positive semidefinite substitution
matrix defined by (18}, and {(using the symmetry of the matrices in (29))
Viw = spwn + BET. In order to establish (33), we need to show that

(34) - s D=0 and {38) -DS_E = O

However, (34) and (35) follow by premultiplying (22) and (25) by D and then
using (23} and (26). Using {27}, {(34) and (35}, the reader may verify that
the right hand sides of (30) and (33) are equal.

It follows from (33) that V ¥y is a positive semidefinite matrix.

If S is of maximal rank K + N = ?, then V y is either of rank X or
k- 113, ?

The properties of the Rybezynski matrix ET = sz are identical
to those properties already developed in the literature; see the analysis
and references in Jones (1979, ch. 8) or Woodland {1982, ch. 3}. Thus we
now have economic interpretations for all of the matrices that occur in the
fundamental matrix equation (29},

By locking at the primal problem (5) or the dual problem {6), we can
readily deduce the homogeneity properties of our solution functions wiv, s,
p}, z{v, s, p} and yv(v, s, p): w is homecgenous of degree 0 in v and
homogenous of degree 1 in s, p, while z and y are homogenous of degree 1 in
v and homogenous of degree 0 in s, p. Thus by Euler's Theorem on
homogenows functions, the matrices in (29} must satisfy the following

restrictions:
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@36} [Tulvr =0, ¢+ @37 [Vw]sr + [qu]p, - s
(32) [sz]vi = zv (39) [gz]sﬁ + [szjp* - OM:
(40) {Vvy]v* -y (41) [vsylst " [VPY]P* _ UK'

Finally, we note that the formulae (29) and (33) simplify under
various hypotheses. We list some hypotheses of economic interest and note

their consequences: (i) the number of sectors M equals the number of

domestic goods N; in this case Db = DNxN and E = (AT)d1; (ii} fixed

coefficients in production with respect to traded goods; i.e., S = OKxK
T

and SPw = Swp = OKxN' (iil) no joint producticn; each column of B has but

one positive element and the elements of A are nonnegative; (iv) no joint

production and no intermediate inputs; K = M, B = IM’ zZ =¥, SPP = onK

and Spw = DKxK in this case; {v) no joint production, no intermediate
inputs and the number of traded goods eguals the number of primary inputs;
in this case, K =M =N, B = IN' A > ONxN' z =y, SP

This last case is the one treated mest frequently in the international

" = 0 and Spw = 0.

trade literature. The reader is invited to work out the consequences of

the above special cases on the fundamental equation (29).
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Sae also Barten and Bdhm (1982, p. 410). 2-
Notation: the vectors p and y are column vectors, pT denctes the
T K
transpose of p and pry or p y = Ek=1 Py denotes the inner product
of p and y. p »> DK means each component of p is positive while
D> DK means each component is nonnegative. If x and y are
vectors and £ is a differentiable function of x and y, then
fo(x*,y*) denotes the vector of first order partial derivatives
2
of £ with respect to the components of x and Vxxf(x*,y*) denotes the
matrix of second order partial derivatives of £ with respect to the
components of X evaluated at x*, y*.
If a firm exhibits diminishing returns to scale, we may follow the
appreach of McKenzie {1959, p. 66) and introduce a firm specific fixed
factor to which the pure profits of the firm will be imputed. 10.
if Vo > 0 {the normal case), then the nth domestic good is an
input inte the production sector. If v, ¢ 8, then at least
i of the nth good must be produced by the economy. .
See also Samuelson (1953) (1967), Jones and Scheinkman (1977}, Chang
(1979), Jones (1979, ch. 8) and Woodland (1982, ch. 3). 12.
m
If x £ C and a component of x is negative, then the corresponding
m
good is used as an input in sector m. We also assume that C is
I
subject to free disposal; i.e. if x" ¢ ¢ and x' < x", then x* ¢
b
C also. 13-

For additicnal material on unit profit functions and their duality and
differentiability properties, see the analysis and references in
Diewert and Weodland (1977).

This GNP maximization proklem (without the subsidy variables) was
originally considered by Samuelson (1953) (1967) for neoclassical
technologies, by Samuelsen (1958} for linear technologies and by

McKenzie (1955) for general technologies.
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This equality follows by applying the Uzawa (1958, p. 34} - Karlin
{1959, p. 201) Saddle Point Theorem, which requires that: (i) the
sets Cm be convex, (ii} the objective and constraint functions be
concave in the composite variables bmzm and -amzm, me= 1,...,4 [which
is true in our present application since objective and constraint
functions are lineay) and (iii) that an appropriate constraint
gualification condition be satisfied (such as the Slater constraint
qualification: there exist (Sm, -a™ec™ and ;m > 0 such that

v - Em§1;mzm > DN). If the sets ® wera singletons (this is the
linear technology, no substitutability case), then we could readily
obtain a dual to the primal problem (5) by applying the duality
theorem for linear programs, as was originally done by Samuelson

(1958).

Comparative statics analysis (which is known as semsitivity analysis
in the applied wmathematics literature) is explained in Samuelson

(1947}.

See Diewert and Woodland (1977, p. 391) for necessary and sufficient

- .
conditions for G to exist where G is defined in (21).

(31) and (33) are new results while (32) provides a modest
genralization to the case of a subsidy ridden economy of Diewert and
Woodland's (1977, p. 390} generalization of the original Samuelson
{1953) result.

If S hags maximal rank K + N ~ 1 and s* = OM‘ then it can be shown

* = d hence V_y has rank K-1.
that [pr]p 0, an py

X
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