GENERALIZED CONCAVITY AND ECONOMICS
W.E. Diewert'

The paper indicates where the various kinds of generalized concave
functions are used in economics. The producer's cost minimization, pro-
fit maximization, and the consumer's utility maximization problems are
discussed along with some applicarions to various areas of economics.
The role of generalized concave functions is discussed in what is known
in the economics literature as comparative statics analysis and in the
applied mathematics lirerature as perturbation or stability theory.

1. OVERVIEW

The purpose of this paper is to indicate where generalized concave
functions are used in economics. In section 2, we discuss the pro-
ducer’s cost minimizztion problem where the producer is subject to a
production function or technological constraint and we indicate how the
various types of concavity play a role in this theory. In Section 3, we
undertake a similar analysis for the consumer's utility maximization
problem. In both sections, we indicate applications of the basie theory
to various areas of economiecs. In Section &4, we study briefly the pro-
ducer's profit maximization and comparative statics analysis, one of the
fundamental tools of economic theory pioneered by Hicks {1946) and
Samuelson (1947). The latter topic is known as perturbation theory in
the applied mathematics literature. Section 5 offers a few concluding
remarks.

The reader may find it useful to consule the earlier paper in this
volume by Avriel, Diewert, Schaible and Ziemba (1981) for definitions

and alternative terminology for the various types of generalized con-

cave functions discussed in this paper.

+The author thanks W. Eichhorn, Y. Kannai and W.T. Ziemba for helpful
comments, the Social Sciences and Humanities Regearch Council of Canada
for financial support, and the National Bureau of Economic Research at
Stanford, California for providing office space.
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2. THE COST OR EXPENDITURE FUNCTION

2,1 The Basic Problem

One of the fundamental paradigms in economics has a producer com-
petitively minimizing costs subject to his technological constraints..
Competitive means that the producer takes input prices as fixed and un-
changing during the given period of time irrespective of the producer's
demand for those inputs. This is not always a reasonable assumption,
particularly if the producer is large relative to the size of the market,
but it is often a reasonable first approximation.

Assume that only one ocutput is produced using N inputs and that the
producer's technology can be summarized by a production function
F: y = F(x), where y # 0 is the maximal amount of output that can be
produced during a period given the nonnegative vector of inmputs xT =
(xl’XZ""’xN) B’ON ; T denotes transposition and all vectors are columms.
We further assume that the cost of purchasing one unit of input i is
By ? 0, i=1,2,...,N and that the positive vector of input prices that the
producer faces ig p = (Pl’PZ""’PN)T > > ON. For y 20, p > > DN’ the
producer's cost funetion C is defined as the solution to the constrained
minimization problem:

C(y,p) = min {p"x: F(x) >y} w
where pTx = Z'N FEIE
i=1

0f course, the minimum in (1) may not exist. However, if we impose
the following very weak regularity condition on the production function
F, it can be shown (e.g., see McFadden (1978)) that C will be well de-
fined as 2 minimum (at least for p > > 0
Asswmption 1 on F: F is a real valued nonnegative function defined for
all nonnegative input vectors x = 0N and F is continuous from above;

i.e., for every y € Range F, the upper level set U(y) = {x: F(x) = y)
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is closed.

Assumption 1 above is very weak from an empirical point of view,
gince it cannot be contradicted by a finite set of data on the inputs and
outputs of a producer. Define y = supx{F(x): b ;’ON}. If the supremum
is attained, define Y = {y: 0 Sy Sy}; if the sup is not attained,

define Y = {y: 0 <y < y}.

THEOREM 1. (Diewert, 1978b): If F satisfies Asswmption 1, then C is
well defined by (1) for ye€ Yand p > > ON. Moreover, C has the follow-

ing seven properties:

(2) yeY, p> >0y~ Cly,p) = 0 (nonnegativity)

[€)) yEY, p>> ON’ A > 0+ C(y, Ap) = AC(y,p) (linear homogeneity
in prices for fimed output)

(4) ye¥Y, DN < < po < pl (i.e., po Sipl but p0 # pl) + C(y, po) <
c(y, pl) (nondecreasing in prices for fized output)

()  ye¥,pl >0, 0% 550, 0K <1 cy, ph+ 10 B
My, pl) + (1-2)C(y, pz) {eoneavity in prices for fixed
output)

(6) y €Y > C(y, p) is continuous in p for p > > ON (eontinuity in
prices for fized output)

(7 p>> 0 Yev, yhevr,y? <yt e’ » <ot »
(nondecreasing in output for fiwmed prices), and

(8) p>> ON’ a € Rl + {y: C{y, p) <al is a closed set {continuity

from below in output for fized prices).

From an economic point of view, properties (2), (3), (4), and (7)
are intuitively obvicus. The most puzzling property to an economist is
the concavity property (5). In order to explain why this property holds,

we sketch a proof of it due to McKenzie (1956-7; 185).
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Let y € Y, pl > > ON, p2 > > 0N and 0 <X <1. Then Frequently, the functional form for C* is assumed to be linear:
ey, et + (12027 = min (Gpt + 00D Tx: B0 > ) . _
= (lpl + (l-l)pz)Tx* for some x* such that s B2 = %o +i£l "1P1 T e Y <0
F(xx) 2 v where the a, are unknown parameters to be estimated. However, if the
= A(plTx*) + (l—A)(pZTx*) firm's production function satisfies the very weak regularity condition
=2 AC(y; pl) + {(1-2C(y; p2) in Assumption 1 above and if the firm is competitively minimizing costs

since x* is feasible for the pl and p2 cost minimization problems, but it during the T periods, then property (3) of Theorem 1 implies that the

, . S . . .
is not necessarily optimal; i.e., PlTX* > ely, pb) for 1 =1, 2. firm's true cost function must be linearly homogeneous in prices p. Thus

if C* is the firm's t t f ti £ t =0= .
To a mathematician, the concavity property may not be so puzzling * is the firm's true cost function, them we must have 2 0= 2ayn

* . .
since C(y, p) is the support function for the upper level set But then C* does not depend on the output level ¥y, which is unrealistic.

_ % i i {Ffim
U{y) = {x: F(x) 2 y}, the set of input vectors that can produce at least If C*(y, p) is a quadratic function iny, p, we encounter similar diffi

the output level y. culties. For examples of functional forms for cost functions that are

consistent with Theorem 1 but at the same time can approximate an arbi-
Properties (6) and (8) are somewhat technical in nature. Property PP b

i . .
(6) follows from the fact that a concave function is continuous over the trary (differentiable) cost function to the second order, see Diewert

interior of its domain of definition (see Fenchel (1953; 75) or (1974, 1978b) and Lau (1974, 1978).

Rockafellar 1970; 82)), while (8) follows from Berge's (1963; 111-112) We conclude this section by noting that the production function F

Upper Semicontinuous Maximum Theorem. completely determines the cost function C defined by (1}. In the follow-

Economists have been studying the cost function for a long time. ing section, we indicate how the process can be reversed.

Under somewhat stronger assumptions on the production function F,
2.2 Dualitv Between Cost and Production Functions

Shephard (1953; 14-15) obtained properties (2), (3}, (4) and (5),
Given a production function F satisfying Assumption 1, for y € Y
Uzawa (1964; 217) deduced (6) and (7), and Shephard (1970; 83) obtained
define the upper level set U{y) by
(8).
Uly) = {x: F(x) = yl. (11}
Theorem 1 has some important empirical implications. Fer example,
The family of level sets {or production possibilities sets) L(y) com—
economists often have data on cost, output and input prices for a firm
. c N pletely determines the production function F, Also, the producer's
during period t, C, ¥ and p ,respectively. A functional form for the
cost function C can be defined by (1)} or equivalently by
firm's cost function, C* say, is assumed and the unknown parameters which T
Cly, p) = minx{p x: x€ U(y)) forye ¥, p > > ON‘
characterize C* are estimated by minimizing the sum of squared errors
£2 For vye ¥, p > > ON’ define the isoccost plane for output level y
(e )" where the error in period t is: T
and input price wvector p as {x: p x = C(y, p)}. TFrom the definitions of

t - .t
et =t - ooxyt, p%Y, £ = 1,2,...,T. (9)
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C{y, p) and L(y), it follows that the set L{y) lies above this isocost
plane and is tangent to it; i.e., L{y) © {x: pTx 2 C(y, p))}, where

{x: pTx > c(y, p)} is a supporting halfspace for the true production
possibilities set L{y). Thus we may use the cost function in order to

form an outer approcimation M(y) to the true set U(y):

M(y) = {x: pTx = Cly, p}l. (12)

p >ﬂ> ON
Ssince L(y) € {x: pTx 2 C(y, p)} for every p > > Oy» uly) € M(y), where by
{12) M(y) is the intersection of the supporting halfspaces to the set
L(y). M{y) is often called (e.g., McFadden (1966)) the free disposal
convexr hull of U(y).

Since M(y) is the intersection of a family of convex sets, M(y) is
alsc a convex set. M(y) also has the following (free disposal}

le M(y}. Thus if we want U(y) to

propercy: XO € My}, xo = xl > x
coincide with M(y) for each y € ¥, then U(y) must be a convex set with
the free disposal property for every y € Y. However, if the family of
sers U(y) is convex for every y € ¥, then the production function F is
quasticoncave (see Avriel, Diewert, 8chaible and Zang). Similarly, if

U(y) satisfies the free disposal property for every y €Y, then T must

be a nondecreasing functiom.

Assumption 2 ¢n F: F is a quasiconcave function.

Assumption & on F: F is nondecreasing; i.e., if x0 < xl, then F(xo) =
F(xl).

THEOREM 2: If the production funetion F satisfies Asswmption (1) then the
cost Function C defined by (1) satisfies properties (2) - (8). If in
addition, ¥ satisfies Asswmptions (2) and (3) and we use the cost

function C in order to define the fumction F* for x B’ON as

Fx(x) = maxy{y: x € M(y)} (13)
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where M(y) is defined in terms of C by (12), then F = F*; {.e., the
production function F is completely characterized by its cost function C.

This duality theorem between cost and production functions (essen-
tially due to Shephard (1953, 1970)) has been established under a variety
of regularity conditions. In the economics literature, see Samuelson
(1953-4; 15), Uzawa (1964), McFadden (1966, 1978), Diewert (1971, 1974,
1978), and for leocal duality theorems, see Epstein (1981), Diewert
(1978b} and Blackorby and Diewert (1979). In the mathematics litera-
ture, see Fenchel (1953; 122-124) and Crouzeix (1977; 222).

We have seen why conaavity plays a central role in economic
theory —— from Theorem 1, the cost function C(y, p) is concave in p,
no matter what the functional form for the producer's production
function F is (provided that F is continuous from above, an empirically
harmless assumption). Quasiconcavity also plays a ceatral role in
economic theory: from an empirical point of view, it is harmless to
assume that the producer's production function is quasiconcave (and
nondecreasing), provided that the producer is competitively minimizing
costs. Why is this? Assume that the true producticn function F
satisfies only Assumption 1 and construct F's cost function C using
definition (1). Then use C to construct the function F* by definition
(13). It is straightforward to show that the cost function that
corresponds to F*% is also C. Thus the original production function F
and the derived (from the cost function) production function F* both
generate the same cost function, and so we might as well assume that F*
is the true production function. However, F* is quasiconcave {and
nondecreasing) even though the original F need not be.

To further explain the last point, we need an additional defini-
tion. For y €Y, p » > ON’ let v(y, p) denote the solution set of x's

to the cost minimization problem (1). Thus if x € yv(y, p}, then
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pTx = ¢(y, p}. Similarly, let y*(y, p) denote the solution set to the
cost minimization problem: minx{pTx: F*(x) > vy}. It can be seen that
ifyeEY,p>> 0N and x € yv{y, p), then x € y*(y, p) also. However, if
x € y*(y, p), then it is not necessarily true that x € y(y, p), unless
the original production function F was quasiconcave. Thus the net
effect of assuming that F* is the true production function is to enlarge
(incorrectly) the solution set to the cost minimization preblem if the
true F is not quasiconcave. However, this possibly enlarged solution
set v#(y, p) will always contain the true solution set y(y, p). Thus we
can always assume that any observable data set on costs, output and

inputs has been generated by the quasiconcave F* rather than the true F.

2.3 Some Applications of Cost Functions
THEOREM 3. (Hicks (1946; 331}, Somuelson (1947; 68), Shephard (1953: 11),

Fenchel (1953; 104), McKenzie (1856-7), and Karlin (1958; 273): Suppose
that the production function F satisfies Assumption I and the cost
function C is defined by (1). ILet y* € Y, pk > » 0y and suppose that
x* 48 g solution to (1), i.e., x* € y(y*, p*). Finally, suppose that
the partial derivaties of C with respect to input prices at y%, p*
extst. Then

x* = VpC(y*, pP*) {14)

and thus the solution to (1) is unique when y = y*, p = p*,
PROOF (Karlin (1959)}): For every p > > ON’ since x* is feasible for the
cost minimization problem minx{pTx: F(x) = y*},

T

p x* = C(y*, p). (15)

For p » > ¢, define g(p) = C(y*, p) - pTx*. From (15), g{(p) < 0 for
all p > > O but since P*Tx* = C(y*, p®), g(p*) = 0. Thus g(p) attains a
(global) maximum at p = p* and the following first order necessary

conditions must be satisfied:
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vg(p*) = VPC(Y*, p¥) - x% = Q. (16)

Q.E.D.

Thus if C{y*, p*) is differentiable with respect to prices, then
the vector of first order partial derivatives with respect to input
prices evaluated at (y*, p#%*), Vpc(y*, p*), is the unique solution to the
cost minimization problem. This property is known in the economics
literature (see McFadden (1978)) as the derivative property for the cost
function or as Shephard's Lemma. Actually, Shephard proved a versiom of

the following more difficult result:

THEOREM 4 (Shephard (1953; 11)): Suppose a cost function C satisfies
properties (2) - (8). If in addition the partial derivatives of C with
respect to input prices exist at y* € Y, p* > > O then x* = Vpc(y*, p*)
is the wmique solution to the cost minimization problem minx{p*Tx: F#(x)

> y*} where F* iz defined in terms of the givenm cost funetion C by (12)

and (13).

In Theorem 3, the production function F is given, while in Theorem
4, the cost function C is given, and the underlying production function
F* is defined in terms of the cost function.

One common application of Theorem 4 (see Diewert (1971, 1974) or
Lau (1974, 1978)) is as an easy method of gemerating a theoretically
valid system of cost minimizing input demand functions x(y, p): simply
postulate a functional form for the cost function C that is consistent
with properties (2) - (8) and in addition is differentiable with respect
to input prices and then estimate the unknown parameters occurring in
the cost function by minimizing a function of the errors et in the
equation system

t t

x = Vpc(yt, pt) + e ; t=1,2,...,T (17)



520 W. E. Diewert

where xt, yt and pt are observed data on inputs, output and input prices,
respectively, during pericd t. The alternative to the above method is to
assume a functional form for the production function F and then solve the
cost minimization problem (1) directly for the system of cost minimizing
demand function's x{(y, p), assuming that the solution set is unique.

The problem with this more direct method is that the unknowm parameters
which characterize the production function F usually occur in the demand
system x(y, p) in a highly nonlinear manner. On the other hand, using
Theorem 4 in order to generate the system of demand functions x{y, p),

we can choose our functional form for C in such a way that the system of
equation (17) is linear in the unknown parameters, and thus linear
regression techniques can be applied to the estimation problem.

A second equally important application of Theorem 4 can be given.
Suppose that C satisfies properties (2} - (8) and is twice continuously
differentiable with respect to input prices at the point y* € Y,

p% > > ON. Then by Theorem 4, the input demand functions are given by
x(y*, p) = VPC(y*, p) for p close to p*. Differentiate each demand
function xi(y*, p%) = 3C(y*, p*)/api with respect to input prices and
denote the resuleing matrix of partial derivatives as Vpx(y*, P*).
From Theorem 4,

2
7 % pk) = ¥ %, ph 18
pXT®s PR = T Lyt p¥) (18)

where Vﬁpc(y*, p¥) [azc(y*, p*)/Bpiapj] denctes the matrix of second
order partial derivatives of C with respect to the components of p. By
property (5), C(y¥, p)} is concave in p. By Proposition 3 in Avriel,
Diewert, Schaible and Ziemba (1981}, Vﬁpc(y*, p*) is a negative semi-

definite matrix, so that in particular, we must have

Bxi(y*, p*)/api = BZC(y*, p*)/Bp]z._ <0, i=1,2,...,N. (19)
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The inequalities in (19) admit & very simple economic interpretation:
if the price of input 1 increases, themr the cost minimizing demand for
input 1 needed to produce a fixed cutput level y* will not increase.

If ¥ = 2, so that there are only two inputs, then we may deduce
that Bxi(y*, p*)/ap2 = azc(y*, p*)/Bplap2 = azc(y*, p*)pr23p1 (using
the twice continuously differentiability assumption) = sz(y*, p*)/Bpl =
- (pglpi)ﬁxz(y*, p*)/sz # 0 since piaxz(y*, p*)/apli-pgaxz(y*, p*)/3p2=(l
The last equality follows from Euler's Theorem on homogeneous functions,
since C(y%*, p) is linearly homogeneous in p, 3IC{vy*, p)/ap2 is homogeneous
of degree zero in (pl, PZ) = pT.

The above results were obtained (under somewhat stronger hypotheses)
by Hicks (1946; 311 and 331) and Samuelson (1%47; 69). The present
derivation is taken from McFadden (1966, 1978) and Diewert (1978b).

These results illustrate a second major application of the duality
between cost and production functions: duality theory usuvally enables

us to derive theoretical theorems about the solutions to various economic
optimization problems in a comparatively effortless manner.

One question that we have not vet resolved is: wunder what condi-
tions on the production function F will the cost function C be differen-
tiable with respect to input prices? It is fairly easy to show that a
sufficient condition for C to be once differentiable with respect to
input prices is that F be strictly quasiconcave. However, the following
example shows that strict quasiconcavity of F is not necessary. Let

a, > 0, a, > 0, N = 2 and define F(xl, xz) = min{xl/a /az}. This

1* *2
production function is known in the economics literature as a Leontief
or fixed coefficient production function. It is not strictly quasi-
concave nor is it directionally differentiable since the two sided
directional derivatives of F, DvF(x) = 1imt¢0[F(x + tv) - F(x)]/t, do

not exist for all directions v. However, the cost function which corres-

ponds to F is C(y, P> PZ) = (alp1 + azpz)y which has partial derivatives
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of all orders. Thus simple necessary and sufficient conditions on F for
the differentiability of C with respect to input prices do not seem to
be known at present.

Another interesting question is: under what conditions on F will
C be twice differentiable with respect to prices with a negative
definite Hessian matrix Vipc(y*, p*) (which would imply that the inequal-
ities in (19) are strict)? Unfortunately, Vipc(y*, p*) camnnot be nega-
tive definite for any F, since property (3) on C (linear homogeneity in

prices) implies, using Euler's Theorem on homogeneous functions, that

2
% =
VPPC(Y*, pRpk = O (20)

so that p* is an eigenvector of viPC(Y*’ p*) that corresponds to a
zerc eigenvalue. However, we can ask under what conditions will
Vépc(y*, p*) be negative definite in the subspace orthogomal to
p¥* > > ON, and what does the last condition on C imply about F?
Suppose:
C satisfies (2) - (8), y* € Interior Y, p* > > ON’ C is twice {(21)
continuously differentiable in a neighborhood around y*, p*

with x* = VPC(y*, p¥) > > C)\T and Vﬁpc(y*, p*) satisifes the

following property:

T

zp*ao,Z#ON—PzT

2
VPPC(Y*, p¥lz < 0. (22}

First we show that (21) and (22) imply that the inequalities in
(19) hold strictly provided that W = 2. By (3), VipC(Y*’ p¥*) is negative
semidefinite while (3) implies (20); i.e., that p* is an eigenvalue of
Vipc(y*, p*) that corresponds to a zero eigenvalue. (22) implies that
the other N-1 eigenvalues of Vﬁpc(y*, p*) are negative. Thus

2 . . .
Vppc(yw, p*) satisifies:

x € RY, z # kpt - zTV§PC(y*, p¥iz < 0. (23)
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From (19), Bzc(y*, p*)/Bp2 < 0. Suppose BZC(Y*, P*)/api = 0. Then

i
T_2
* *
inpC(y » PFey

e azc(y*, p*)lapi = 0 where ey is the ith unit vector.
Since p* > > ON’ e; # kp* for any scalar k, and we have contradicted

(23). Thus our supposition is false and

ax, (y*, p*)/%p, = azc(y*, p*)/@pi <0 for i=1,2,...,N. (2&)

Thus assumptions (21) and (22) on C are sufficient to imply that the ith

input demand function xi(y, p) has a negative slope with respect to the
ith price 1 for all y, p in a neighborhood of y*, p*.

The meaning of (22) will become clearer if we note that (21) and
(22) are equivalent to (21) and (25):

217 Cly*, p*) = 0, z # Oy » 27V2 Cly*, pH)z < O. (25)
P N PP

Suppose (21) and (22) hold. Then (23) also holds. Let zTVPC(y*, p*) = 0,
z # ON where VpC(y*, pF) S x* > > ON by (21). If z = kp* for some k # 0,
then zTVPC(y*, p*¥) < 0 if k < 0 or zTVpC(y*, p*) » 0 if k > 0 since
pE > > ON’ which contradicts zTVPC(y*, p*) = 0. Thus z # kp* for any
scalar k and (23) implies vaﬁpC(y*, p*)z < 0. Thus {25} holds. The
proof that (21} and (25) imply (22) is similar.

From Proposition 17 in Avriel, Diewert, Schaible and Ziemba (1981)
{21) and (25) imply that C(y, p) is strongly pseudoconcave (quasiconcave)
with respect to p for v, p close to y*, p*. We now ask: what does
local strong pseudoconcavity of the cost fumction C imply about the
corresponding dual production function F# defined by (12) and (13)7
Using the material in Blackorby and Diewert (1979; 589-591), it can be
shown that if C satisfies (21) and (25), then F* satisfies Assumptions
1 - 3 and the following additional conditions (where

x& = VpC(y*, p%)} > > ON):
F* is twice continuously differentiable in a (26)

nelghborhood around x* with VF*(x*) > > ON; and
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T

zTVF*(x*) =0, z# ON >z VZF*(X*)Z < 0. @2n

Using Proposition 17 in Avriel, Diewert, Schaible and Ziemba (1981), it
can be seen that the differentiability properties of F* and (27) imply
that F* is strongly pseudoconcave (quasiconcave) in a neighborhood of x*.

It can also be shown that if a production function F satisfies
Assumptions 1 - 3, (26) and (27), then the corresponding cost function C
defined by (1) satisfies (2) - (8), (21) and (25)., Thus local strong
pseudoconcavity (quasiconcavity) of the production function is equiva-
lent to local strong pseudoconcavity (quasiconcavity) of the cost
function in the twice continuously differentiable case.

We have shown how concavity, quasiconcavity, strict quasiconcavity
and strong quasiconcavity arise in the context of the producer's cost
minimizacion problem. We conclude this section by indicating a few
additional economic applications of cost functioms.

First, the producer's cost minimization problem can be given an
interpretation in the context of consumer theory: interpret F as the
consurer's utility function (if F(xo) < F(xl), then the consumer prefers
the commedicy vector x1 to xo), interpret p > > 0N as a wvector of
commodity prices and y € Y as a utility level rather than as an output
level. Then the cost minimization problem (1), minx{pTx: F(x} =¥}
can be interpreted as the problem of minimizing the cost or expenditure
needed to achieve a certain utility level y € Y given that the consumer
faces the vector of commodity prices p > » ON' In the economics
literature, the resulting cost function C(y, p) is often called an
expenditure function (e.g., Blackorby and Diewert (1979)).

Two applications of expenditure functions can readily be given.

The expenditure function plays a central role in the economic theory of
the cost of living index. Let the consumer face the commodity price

vectors po L 0N and pl > > 0N during periods 0 and 1, let F be the
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consumer's utility function and € be the corresponding expenditure function
defined by (1). Then the Konus (1939} cost of living index P correspond-

ing to x > ON (the reference vector of quantities), is defined as
pe%, pl, %) = CclFG0, p11/CIFG0, 20). (28)

P is interpreted as follows: pick a reference indifference surface in-
dexed by the quantity vector x > ON' Then P(po, pl, x) is the minimum
cost of achieving the standard of living indexed by x when the consumer
faces commodity prices pl relative to the minimum cost of achieving the
same standard of living when the consumer faces period Q prices po. Thus
P can be interpreted as a level of prices in period 1 relative teo a level
of prices in period 0. The mathematical properties of P are completely
determined by the mathematical properties of F and C.

The expenditure function also plays a central role in the cost
benefit analysis which makes use of the consumer swurplus concept. Let
F, C, po and pl be defined as in the previous paragraph and let xo and
xl be the consumer's observed consumption vectors im periods 0 and 1,
respectively, Then Hicks (1941-42; 128) has used the expendirure
function in order to define two closely related measures of consumer sur-
plus or welfare change: Hick's eompensating variation in income is
defined as C[F(xl), pl] - C[F(xo), p1] while Hick's equivalent variation
in tncome is defined as C[F(xl), pO] - C[F(xo), po}. If the sign of
either of these consumer surplus measures is positive (negative), then
the consumer's utility or welfare has increased (decreased) going from
period 0 to period 1. The mathematical properties of these consumer
surplus measures are again completely determined by the mathematical

properties of F and C.
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3. CONSUMER THEORY THEOREM 5 (Diewert (1874; 121-124))}: Let F satisfy Assumption 4, Then

3.1 The Basic Problem G is well defined by (£9) for p > > ON and satisfies:
Another fundamental paradigm in economics is where a consumer's pre- (30) G is a continuous (finite) function,

ferences over alternative {nonnegative) comsumption vectors x = ON are (31) G is a nonincreasing (if 0 < < po < pl, then G(po) = G(pl)),
represented by a continuous utility function F and the consumer chooses (32) G is a gquasicomver function (u € Rl + {p: G{p) Sa, p > > ON}
his optimal consumption vector by maximizing utility F(x) with respect i8 q convex set), and
to the consumption vector x, subject to a budget constraint of the form {33) if for x> > ON’ we define F*(x) = minp{G(p); pTX=€ 1, p B’ON},
pTx < m wvhere p > > ON is a vector of positive commodity prices that he then F* 18 continuous over x > > ON and has a continuous exten-—
faces and m > 0 is the amount of money that he can spend on the commodi- sion to the nomnegative orthant x 3=0N.

ties during the period under consideration. Formally, the consumer's .
A few technical comments on the above theorem are in order., Pro-

utility maximization problem is defined by (29) below for p > > 0 .
N perty (33) requires G to be defined over the nonnegative orthant. We

G(p) = max {F(x): PTX‘Q 1, x ;}ON} (29) extend G from the pesitive orthant to the nomnegative orthant using the
where we have replaced the consumer's original budget constraint, Penchel (1953; 78) closure operation; i.e., define the epigraph of G
§Tx < m say, by the eguivalent budget comstraint pTx < 1 where p = over the positive orthant as E= {(u, p): p > » ON. u>G(p)}, let E
(Pl’ PZ""’pN) = (El/m’ Ezfm""’ﬁnlm) denotes a vector of normalized denote the closure of E and define G over the nonnegative orthant by
prices (the original commodity price vectox divided by the consumer's G(p) = infu{u: (u, p) € E}. Forp > > ON’ G(p) = G(p). Although G need
positive income). In what follows, the price vector p is always inter- not be finite on the boundary of the nonnegative orthant, G will be con-
preted as a vector of norxmalized commodity prices. tinuous from below and thus the minimum in (33) will exist using a result
Note that we have not only defined the consumer's constrained in Berge (1963; 76) (we have abused notation in (33) by letting G = G).
utility maximization problem in the right hand side of (29), but we have From the perspective of the role of generalized concavity in
also defined the function G as the maximized utility level as a function economics, the interesting point to notice about the above theorem is
of the normalized prices that the consumer faces. The function G is known that the indirect utility function G is quasiconvex (i.e., -G is quasi-
in the economics literature as the indirect wéility function. eoncave) irrespective of the properties of the direct utility function
It is techniczlly more convenient to assume that the utility F (provided only that F is continuocus).
function F is continuous rather than just being continuous from above as From the viewpoint of economics, properties (30) and (33) are
in Section 2, technical in nature while property (31) is intuitively obvious: 1if the

. . prices that a consumer faces increase, then his feasible consumption set
Assumption € on F: F is a real valued continuous function defined for

. {x: pTx <1, x =0} shrinks, and thus maximal utility must decrease or
a21ll nonnegative consumption vectors x ;:ON' N

remain constant., However, property (32) is not intuitive and it may
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be useful to indicate a proof of it (see Diewert, (1974; 160)).

Let 0 <2 <1, p" > >0, and G(pY) S u for i = 1, 2. Define

T

N

the sets H™ = {x: plxél, x?ON}, i=1, 2 and HAE

{x: (J\pl + (l—l)pz)Tx <1, x ?ON}. Then

GOpT + (1-0)pd) = max (F(x): x € B

Smaxx(F(x): x € Hl U Hz}

i, H2

since I-I)t CH
<u

since maxx{F(x): x € Hi} = G(pi) <u for i =1, 2.

Suppose that the utility function F satisfies Assumption 4. Then
we may proceed &s in the previous section and define the function F#*
using (1}, (12) and (33). The resulting F* is the free disposal, quasi-
conave hull of the origiral function F. It can be verified that F and F*
generate the same indirect utility function G by definition (29) and
furthermore, that the F% defined in (33) coincides with the F* defined
using (1}, (12) and (13). Again, it is costless from an empirical point
of view to assume that F satisfies Assumptions 2 and 3 in addition to
Assumption 4; i.e,, given Assumption 4 on F and the assumption of utility
maximizing behavior on the part of the consumer, denote the solution set
to the original utiliry maximization problem (29) as 8(p), denote the
solution setr to maxx{F*(x): pTx <1, x B=0N} as B*(p) where F* is the
free disposal quasiconcave hull of F. Then for every p > > ON’
B(p) T B*(p). Thus if p and x are observed price and quantity vectors
that correspond to the original utility maximization problem (29)
(i.e., x € B(p)), then x is also a solution to maxx{F*(x): pTx =1, x» ON};
{i.e., x € p*(p) also).

Hence in both the producer's competitive cost minimization problem
and the consumer's maximization problem, it is completely harmless from

an empirical point of view to assume that the producer's production
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function or the consumer's utility function is quasiconcave.

There is a complete duality between utility functions F satisfying
Assumptions 2, 3 and 4 and indirect utility functions G satisfying (30) -
(33). For references to such duality theorems in the economics litera-
ture, see Diewert (1974; 132} or Blackorby and Diewert (1979). For a
similar duality theorem in the mathematics literature, see Crouzeix

(1977, 222; 1981).

3.2 Semistrict Quasiconcavity and Consumer Theory

Suppose F satisfies Assumption 1 and we define the consumer's
utility maximization problem by (29) for every (mormalized) commodiry
price vector p > > ON' By a theorem due to Berge (1963; 76), the in-
direct utility function G(p) is well defined as a maximum in (29).
Suppose G(p)} < supx{F(x): x 2 ON} and denote the solution set of optimal
consumption vectors for (29} as R(p). 1If F is constant over a neighbor-
hood (in economics terminology, some indifference surfaces are thick),
ther B(p) can contain points x such that pTx < 1; i.e., the consumer's
entire budget is not spent. From the viewpoint of economic applicatioms,
it is useful to be able to rule out this kind of behavior. The follow-

ing theorem gives sufficient conditions for this.

THEOREM 5: Suppose F satisfies Assumption 1 and is semistrictly quasi-

concave. Then F satisfies the following property:

P> > Oy, G(B) < sup (FGO): x 20}, x €B(p) » p'x=1.  (34)

PROOF: Suppose there exists p* such that

p* > > Oy G(p*) < supx{F(x): X 30N}, x* € g(p*) and
pHlxx < 1. (35)

2

Then there exists xz BON such that G{p*) = F{x*) < P(xz) with p*Tx > 1.

By the semistriect quasiconcavity of F (see Definition 7 in Avriel, Diewert,
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Schaible and Ziemba):

Flx*) < F(Ax* + (l—l)xz) for 0 S < 1, (36)

Sinca p*Tx* < 1 and p*sz > 1, there exists ( < A* < 1 such that

p*T(A*x* + (1—A*)xz) = 1. Thus A%x* + (1—A*)x2 is feasible for the G(p*)
maximization problem, maxx{F(x): p*Tx <1, x =2 ON}' But {36) shows that
this feasible solution gives a higher level of utility than F(x*) = G(p*),
a contradiction to the definition of G(p*). Thus (35) is false and (34)
follows.
Q.E.D.

Semistrict quasiconcavity of F is not a necessary condition for (34):
the following function of two variables satisfies Assumptions 1 through 4
as well as property (34), but it is not semistricrly quasiconcave (con-

sider the behavior of the function along the x, axis):

1

F(xl,xz)E 0 if O €x1 <1, xy = 0

t if X, =0, %y =0, t >0, tx) + (l+t)x2 = £{1+t)

3.3 Strict Ouagiconcavity and Consumer Theory

In most applications of consumer theory in economics, we Tequire not
only that property (34) hold, but also that the set of cptimal consump-
tion vectors B{p) is a singleton. Thus we are interested in finding con-
ditions on the direct utility function F or the indirect utility function
G that will ensure that the consumer's demand correspondence, the set of
uaximizers B(p) to (29}, is an ordinary function, at least for a region

of prices.

TREOFEM 6: Suppose the direct utility function F satisfies Assumptions
2 and 4 and the Ffollowing (local) condition:
pE o> > Oy Gip*) < supx{F(x): x & ONE x* € 3(p*} and F s (37)

strictly quasiconcave over W (¥ = {x: (x - )T (x - x%) < 62,
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X & ON}, the open ball of radius 8 arownd x* for some 6> 0.
Then (38) holds:

p* > > 0, B(p) is & continuous function in a neighborhood of (38)

normalized prices around p*, P say, with pTB(p) =1 forp€P.

2
PROOF: 1Let p* and x* be defined in (37) and let x” be such that G(p*) =
F(x*) < F(xz). Suppose p*Tx* < 1, Then since F is quasiconcave, for
0= XM S1, F(Ax* + (l-l)xz) 2 F(x*). By the local strict quasiconcavity

of F, there exists 0 < A\* < 1 such that
FOx* + (1-M)%%) > F(x*) for A% <) < 1. (39)

For Al sufficiently close to 1, p*T(Alx* + (1—A1)x2) = 1, which implies
along with (39) that G(p*) ?=F(Alx* + (l—hl)xz) > F(x*), a contradietion.
Thus our supposition is false, and p*Tx* = 1.

Now suppose there exists xl # x* such that xl € R{p*). Then the
quasiconcavity and local strict quasiconcavity of F again imply a con-
tradiction. Thus B(p*) is the singleton x* with p*Tx* = 1.

By the Debreu (1952; 889-890, 1959; 19), Berge (1963; 116) Maximum
Theorem, B(p) is an upper semicontinuous correspondence for p > > ON'
Hence for p sufficiently close to p*, B(p) N Nﬁ(x*) # §. Strict quasi-
concavity of F in Na(x*) will imply as before that B{p) is single valued
and pTB(p) = 1 for p close to p*. When § is single valued, upper semi-
continuity reduces to continuity.

Q.E.D.

Versions of the above theorem are common in the economics literature
(e.g., Debreu (1959)) except that strict quasiconcavity is generally
assumed to hold globally rather than locally.

Another set of conditions that are sufficient to ensure that the

consumer's demand correspondence B{p) is single valued and continuous

around p* > > ON can be phrased in terms of the indirect utility fupction
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G. Sufficient conditions are that G satisfy (30) - (33) and the follow-
ing conditiom:
G is once continuously differentiable in neighborhood

around p* with VG{p%) # Og- (40)

If the above conditions on G are satisfied, then it cam be shown (see
Roy (19475 222) or Diewert (1974; 125)) that B(p) = (pivG(p}) 1vG(p)
for p close to p*.

Neither set of sufficient conditiens for the single valuedness and
continuity of B(p) implies the other. It appears to be difficult to
find necessary and sufficient conditions for this problem, just as it is
difficult to find necessary and sufficient conditiens for the differenti-

ability of the cost function with respect to input prices.

3.4 Strong Quasiconcavity and Consumer Theory

Suppose that we not only want the consumer's demand correspondence
B{p) to be single valued and continucus for a neighborhood of prices P,
but z2lso we want the demand functions to be once continuously differen-
tiable.

As usual, it is difficule to find necessary and sufficient condi-
tions on F for the above property to hold. However, the following

thaorem gives sufficient conditions.

THEOREM 7: Suppose the direct utility fumction F satisfies:

Assumptions 2,3, and 4, (41)

it is twice continuously differentiable in a neighborhood  (42)

around x* > > DN with YF(x*) > > 0, and

2z = 1, 2 VF(x*) = 0 » 2 02F(x¥)z < O. (43
Then the indirect wtility functiom G defined by (29) satisifes

(30) - (33}. HMoreover, i we define p* = (x*TVF(x*))_lVF(x*), then G
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satisfies
G is twice continuously differentiable in a neighborhood (44)

avound px > > 0 with YG(pk) < < O, and

sz = 1, zTVG(p*) =0 > zTVG(p*)z > 0. (45)

Moreover, the solution to the utility mawimization problem (28) reduces
to B(p) = (pTVG(p))-IVG(p) for p elose to p* and is onee continuously
differentiable there.

Conversely, given an indirvect utility function G satisfying (30} -
(33), (44) and (45), then F* defined in (33) satisfies (41} - (43) if
we define x* = (p*196(p*)) 1VG(p).

The above theorem can readily be proven using the techniques in
Blackorby and Diewert (1979).

Our differentiability assumptions and (43) imply that F is strongly
quasiconcave in a neighborhood around x* while (45) implies that G is
strongly quasiconver around p*.

Thus sufficient conditions for the local continucus differentiability
of a consumer's system of demand functions can be obtained by assuming
that the direct utiliry function F is stromngly quasiconcave lecally or
equivalently, by assuming that the indirect function G is strongly

quasiconvex locally.

3.5 Pseudoconcavity and Consumer Theory

To obtain a system of demand functions comsistent with utility
maximizing behavior, economists frequently postulate a functional form for
direct utility function F and then they attempt to solve algebraically
the utility maximization problem (29) for an explicit solution. As part
of this exercise, economists often assume that necessary conditions for

0

% to solve (29) are also sufficient.

When F is not necessarily differentiable, if xo is a solution to
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(29) when normalized prices p > > ON prevail, it can be verified that the

following necessary conditions must be satisfied:
+u. 0 . . 0
Dv F(x') <0 for every direction v € S(x, p) (46)

where D:uF(xo) = lim sup +[F(x0 + tv) - F(xo)]/t is the upper Dini
t->0

derivative in the direction v (see Diewert {1981)) and the set of feas—
ible directions is defined as S(xo, p) = {v: vTv = 1 and there exists
at t > 0 such that xo + tv B’ON and pT(xO + tv) = 1}. The meaning of
(46} is that for all feasible directions, F cannot increase locally.

If F is once continuously differentiable over the neonnegative
orthant, (46) reduces to the following more familiar Kuhn-Tucker (1951)
conditions: if xo solves (29), then there exists a multiplier Ao such
thac

vr(x%- 2% <oy, 20>, >0, «T9rG?) - 2% =0, @)

0

pTx -1<9, JLO[pTxO - 1] = 0.

Since the constraint set in (29) is polyhedral, constraint qualifi-
cation conditions are satisfied.

From the definition of pseudoconcavity (see Diewert (1981), defini-
tion B), the necessary conditions (46) or (47) are also sufficient if F is
pseudoconcave; i.e., if F is pseudoconcave and x0 satisfies (46), then
xo is a solution to the consumer's utility maximization problem (29).
Similarly, if F is strictly pseudoconcave and x0 satisfies (46), then
x° is the wnigue solution to (29).

There are several other similar applications of the concept of
strict pseudoconcavity to economics; e.g., see Donaldsen and Eaton
(1978; 1981),

Thus far, we have shown how seven different kinds of generalized
concavity occur naturally in economies. In the following section, we

indicate how an additional two types occur.
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4. PROFIT MAXIMIZATION AND COMPARATIVE STATICS ANALYSIS

Consider the model of producer behavior presented in section 2.1
where the producer minimized costs subject to an output constraint. We
now make a stronger assumption about producer behavior; namely, that he
competitively maximizes profits. Denote the production function by F,
and input vector by x B;ON’ an input price wvector by p > > ON and a scalar
price of output by EO > 0. A competitive producer takes all prices as
fixed and chooses ¥ in order to maximize profits, EOF(x) - ETx. Thus
the producer's competitive profit maximization preblem is

sup, {F(x) - px: x ¥ 0.} = 1(p) (48)

. — = 4ml= =
where the vector of normalized input prices is p = (PO) P =

(51/50, EZ/EO,...,EN/EO). It is obvious that maximizing profits is
equivalent to solving (48), since the objective function in (48) is
simply profits divided by the positive price of ocutput 50. The maxi-
mized value in (48) is defined to be the producer's (normalized) profit
function m (see Lau (1978) or Jorgenson and Lau (1974a, 1974b) for
additional details on this model).

Mathematicians will recognize m as the (negative of the) conjugate
function to F (see Fenchel (1953; 90) or Rockafellar (1970)).

Recall how we used the cost function C to define outer approxima-
tions to the true level of the production function F. Now we show how
the profit function 7 can be used in order to provide another outer
approximation to the true production function.

Far p & U define the following halfspace in RV, H{p) =
{(v, x)1 v ~ pTx < w{p}}. Then an outer approximation to the true pro-
duction possibilities set 3= {(v, x}): ¥y SF(x), x 3=ON} can be defined

as §= 0  H(p). Assuming that m(p) < + a for at least ome
P ;=ON

p > > ON, an outer approximation to F can be defined for x B’ON as
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F(x) = maxy{y: (v, x) € s). (49)

Since § is a closed convex set, the approximating production function F
is a concave function. Moreover, for any input price vector p* > > 0N
such that there exists an x* ?=ON which attains the sup in (48), we have
maxx{F*(x) - p*Tx: x = ON} = maxx{F(x) - p*Tx: x B’ON} = p*Tx* = n(p*}).
Hence from an empirical point of view, it is harmless to assume that the
producer's production function is concave, provided that the producer is
competitively maximizing profits. The present situation is analogous to
the result we obtained in Section 2.2 where we indicated that the pro-
duction function could be assumed to be quasiconcave provided that the
producer was competitively minimizing costs. We now obtain the stronger
concavity result because we assume the stronger hypothesis of competitive
profit maximizing behavior.

For references to duality theorems between production functions,
production possibilities sets and profit functions, see McFadden (1978),
Lau (1978) and Diewert (1974).

However, our main concern in this section is not to show how con—
cavity arises naturally in the context of production theory, but to show
how strong concavity arises naturally in the content of comparative
statics theory.

A typieal application of the Hicks (1946) Samuelson (1947) compara-
tive statics analysis can be illustrated by using the profit maximiza-
tion model (48). The analysis given below follows Lau (1978; 147-149).
Given a positive vector of (normalized) input prices p¥% > » ON, it is
assumed that x* > > ON is the unique solution to the profit maximization
problem maxx{F(x) - p*Tx: x ?-ON} = w(p*). (A sufficient condition for
this is that F be globally concave and locally strictly comecave around
a point x* > > 0N such that VF(x*) = p*.}) It is also assumed that F is

twice continuously differentiable in a neighborhood of x*. S$ince
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x% > > 0N solves the profit maximization problem, the nonnegativity con-
straints x 2 0N are not binding and hence the following first order

necessary conditions must be satisifed:

VE(x*) - p* = 0. (50)

Since F is assumed to be twice continuously differentiable, the

following second order necessary conditions must also be satisfied:
z # 04+ 2 VFGtz <0 (51)

i.e., the matrix of second order partial derivatives of F evaluated at
x* must be negative semidefinite, Comparative statics analysis pro-
ceeds by assuming that F satisfies the following stronger ceonditions at
x* (second order sufficient conditions).

T

240, >z PE(x¥)z < 0; (52)

i.e., VZF(x*) is a negative definite symmetric matrix, and hence
(92F(x*) 1™} exists. Note that (51) implies that F is stromgly comcave
in a neighborhood of x* (see Proposition 5 in Avriel, Diewert, Schaible
and Ziemba (1981)).

The reason for assuming (51) is that we may now apply the Implicit
Function Theorem to (49) to deduce the existence of a unique once con-
tinuously differentiable solution to the profit maximization problem (48),
x(p) say, for p close to p*, and the matrix of partial derivatives of

the functions [xl(p),...,xN(p)]T = x(p) evaluated at p* is
UR(pR) = [ox, (R /2p,] = [OF G0 ] L. (s3)

Since VZF(x*) is a negative definite matrix, so is its inverse
[VZF(x*)]_l. Hence the input demand functions satisfy the following
restrictions (the diagonal elements of a negative definite matrix are

negative):

Bxi(p*)/Bpi <0, 1i=1,2,...,N. (54)
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Thus if the price of the ith input increases, the demand for the ith
input decreases. Hence the assumption of local strong concavity leads
to economically meaningful theorems.

In the mathematical programming literature, the terms "stability
theory" ox "perturbation theory" are used in place of the economist's

term "comparative statics analysis”.

5. CONCLUSION
We have considered three models of economic behavior in this paper
(the producer's cost minimization problem, the consumer's utility maxi-
mization problem, and the producer's profit maximization problem) and
have shown how nine different kinds of generalized concavity and con-
vexity arise in the context of these models. However, we have by no
means exhausted the applications of generalized concavity in economics.
In many economic problems (e.g., see Kannai (1977)), it 1s extremely

useful to be able to represent a consumer's preferences by means of a
concave utility function rather tham a quasiconcave function. Thus
given a quasiconcave utility function F(x) defined for x = ON’ we ask
under what conditions does there exist an increasing function of one
variable, f say, such that £[F] is a concave function? Under various
regularity conditions, answers have been given by Fenchel (1953), Kannai
(1977; 1981), Crouzeix (1977: 1980}, Schaible and Zang (1979), and
Zang (1981). In a related vein, Diewert (1973) using the work of Afriat
(1967) shows how any finite set of price-quantity data generated by a
consumer maximizing a continuous from above utility functlom can be
generated by maximizing a concave utility function, while Kannai (1974)
shows how arbitrary quasiconcave preferences can be approximated by

concave preferences.

A problem which is related to the issue of concavifiability is:
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given that the direct utility function is concave, what does this imply
about the corresponding cost and indirect utility functions C and G?
On the other hand, if G is convex, what does this imply about the corres-—
ponding F and C? Answers to these questions can be found in Fenchel
(1953; 122-123), Crouzeix (1977; 110, 1980) and Diewert (1978a; 33).
Another interesting problem is: given that F(xl, xz,...,xM) =
'El fi(xi) where xiE Si, a convex subset of finite dimensional Euclidean
space for each i and F is quasiconcave, what does this imply about the
functions fi? For answers to this question and some economic applica-
tions (particularly to consumer choice under uncertainty), see Yaari
(1977: 1184), Blackorby, Davidson and Donaldson {1977) and Debreu and
Koopmans {(1978).
Finally, another area which is too large to be reviewed here is
economic dynamics, where strong concavity plays a particulary important

role (see, e.g.,Rockafellar (1976; 75)).
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