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It was shown in 1976 that a difference in a quadratic function ofN variables evaluated at two points
is exactly equal to the sum of the arithmetic average of the first order partial derivatives of the function
evaluated at the two points times the differences in the independent variables. In the present paper, this
result is generalized and the resulting generalized quadratic approximation lemma is used to establish all
of the superlative index number formulae that were derived in Diewert [4]. In addition, some new exact
decompositions of the percentage change in the Fisher and Walsh superlative indexes intoN components
are derived. Each component in this decomposition represents the contribution of a change in a single
independent variable to the overall percentage change in the index. Finally, these components are given
economic interpretations.
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1. Introduction

Let F (z1, . . . , zN) be a quadratic function ofN variables, (z1, . . . , zN ) ≡ z; i.e.,
defineF as follows:

F (z) ≡ a0 +
N∑

n=1

anzn +
N∑

i=1

N∑
j=1

aijzizj (1)

whereaij = aji for all i andj. It is well known that a second order Taylor series
approximation to a quadratic function will exactly reproduce the quadratic function. It
is not so well known that the arithmetic average of two linear approximations will also
reproduce a quadratic function exactly. To see this, write the linear approximation to
F (z) around the pointz0 ≡ (z0

1 , . . . , z
0
N) as

F (z) ≈ F (z0) + ∇F (z0) · [z − z0] ≡ F (z0) +
N∑

n=1

Fn(z0)[zn − z0
n] (2)
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where∇F (z0) ≡ [∂F (z0)/∂z1, . . . , ∂F (z0)/∂zN ] ≡ [F1(z0), . . . , FN (z0)] is the
vector of first order partial derivatives ofF evaluated at the pointz 0 and

x · y ≡
N∑

n=1

xnyn

denotes the inner product of the vectorsx andy. The linear approximation toF
around another pointz 1 is

F (z) ≈ F (z1) + ∇F (z1) · [z − z1] ≡ F (z1) +
N∑

n=1

Fn(z1)[zn − z1
n]. (3)

Now let z = z1 in Eq. (2) andz = z0 in Eq. (3) and treat the two approximations
as equalities. Taking the arithmetic average of the resulting two equations and
rearranging terms yields the following equation:

F (z1) − F (z0) = (1/2)[∇F (z0) + ∇F (z1)] · [z1 − z0]
(4)

=
N∑

n=1

(1/2)[Fn(z0) + Fn(z1)][z1
n − z0

n].

It can be verified by substituting theF defined by Eq. (1) into Eq. (4) that ifF
is quadratic, then Eq. (4) holds exactly for any two points,z 0 andz1.2 Note that
this result shows that taking an average of two first order approximations yields the
equivalent of a second order approximation.

Diewert [4, pp. 118–121]used the fact that Eq. (4) holds as an identity for quadratic
functions to prove that the T̈ornqvist [21,22] quantity index is exact for a translog
aggregator function and that the Törnqvist price index is exact for a translog unit
cost function.3 Diewert established these results by taking a simple transformation
of Eq. (4).

It turns out that other transformations of the quadratic identity Eq. (4) can be used
to establish the exactness of all of the major families of superlative index numbers.4

We show this in Section 4 below.
In Section 2, we provide the economic framework for our index number results.
In Section 3, we provide a rather general transformation of the quadratic identity

Eq. (4). We then show how a special case of this general result yields the translog
results.

In Section 4, we specialize our general transformation of Eq. (4) to yield the
exactness of the quadratic mean of orderr indexes. Thus our transformation of

2Diewert [4, p. 118] and Lau [16] showed that the converse result also holds; i.e., if Eq. (4) holds, then
F must be quadratic. Diewert called this result the quadratic approximation lemma.

3The translog functional form was introduced into the economics literature by Christensen et al. [1,2].
4A superlative index number formula is exact for a flexible functional form; see Diewert [4].
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Eq. (4) provides a unified framework for deriving the commonly used superlative
index number formulae.

In Section 5, we specialize the results of Section 4 to the case wherer equals 2.
This specialization allows us to obtain additive percentage change decompositions
for the Fisher [12] ideal price and quantity indexes.

In Section 6, we specialize the results of Section 4 to the case wherer equals 1.
This specialization allows us to obtain additive percentage change decompositions
for some indexes that were originally defined by Walsh [24,25].

In Section 5, we find that our additive percentage change decompositions for
the Fisher ideal price and quantity indexes are not unique. Thus it is important to
provide some sort of an axiomatic or economic justification for any particular additive
percentage change decomposition. In Section 7, we provide economic interpretations
for our preferred decompositions.

Section 8 concludes. We conclude that the decompositions that we obtain for the
Törnqvist,5 Fisher and Walsh indexes are particularly attractive.

2. The economic framework

For simplicity, we consider a consumer6 who minimizes the cost of achieving
a given utility level in two periods where the utility or aggregator functionf(q)
is (positively) linearly homogeneous, positive for positiveq, nondecreasing and
concave function in theN variables,q ≡ (q1, . . . , qN ). We assume that we can
observe the price vectors that the consumer faces during these two periods, say
pt ≡ (pt

1, . . . , p
t
N ) for t = 0, 1, and the quantity vectors chosen for the two periods,

sayqt ≡ (qt
1, . . . , q

t
N ) for t = 0, 1. The unit cost functionc that corresponds to the

aggregator functionf is defined as the minimum cost of achieving the utility level 1;
i.e., for each vector of positive commodity pricesp, definec by:7

c(p) ≡ min
q

{p · q : f(q) = 1}. (5)

Under our assumptions on consumer behavior, the observed periodt expenditure
on theN commodities,

pt · qt =
N∑

n=1

pt
nq

t
n,

5The Törnqvist decomposition was obtained earlier by Diewert and Morrison [7] and Kohli [13].
6Alternatively, the same theory applies to a producer who minimizes the cost of achieving a given level

of output in two periods, wheref(q1, . . . , qN ) is the maximum output that can be produced by the vector
of inputsq ≡ (q1, . . . , qN ). This is the framework used by Shephard [20], Samuelson and Swamy [19]
and Diewert [4].

7For additional material on unit cost functions and the other theoretical results used in this section, see
Diewert [3,5].
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will equal the product of the periodt utility level, f(q t), times the periodt unit cost,
c(pt):8

pt · qt = c(pt)f(qt); t = 0, 1. (6)

Thus taking ratios of the period 1 expenditures on theN commodities to the period
0 observed expenditures, we obtain:

p1 · q1/p0 · q0 = [c(p1)f(q1)]/[c(p0)f(q0)]
(7)

= [c(p1)/c(p0)][f(q1)/f(q0)].

The term[c(p1)/c(p0)] on the right hand side of Eq. (7) can be interpreted as the
consumer’s “true” price index9 and the term[f(q1)/f(q0)] can be interpreted as the
consumer’s “true” quantity index.

If the unit cost functionc(p) is differentiable with respect to the components of
the price vectorp, then Shephard’s [20, p. 11] Lemma implies the following useful
equations:10

∇c(pt)/c(pt) = qt/pt · qt; t = 0, 1. (8)

If the aggregator functionf(q) is differentiable with respect to the components
of q, the Wold’s [26, pp. 69–71; 27, p. 145] Identity implies the following equally
useful equations:11

∇f(qt)/f(qt) = pt/pt · qt; t = 0, 1. (9)

With the above economic preliminaries out of the way, we can derive a general-
ization of the Quadratic Identity, Eq. (4).

3. A transformed quadratic identity

We now suppose that our aggregator functionf(q) has the following transformed
quadratic functional form:

g[f(q)] ≡ a0 +
N∑

n=1

anh(qn) +
N∑

i=1

N∑
j=1

aijh(qi)h(qj); aij = aji (10)

8See Shephard [20] or Diewert [4, p. 120].
9This concept for a price index is due to Konüs [14].
10See Diewert [4, p. 120] for more details.
11In deriving Eq. (9), we also usedf(qt) = ∇f(qt) · qt which follows from Euler’s Theorem on

homogeneous functions.
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where thean and theaij are constants and the functionsg andh are continuous
monotonic functions of one variable with nonzero derivatives. Later, we will special-
ize the general functional formf defined by Eq. (10) by choosing specific functions
for g andh and we will place some restrictions on the coefficientsan andaij so that
the resultingf will be linearly homogeneous.

It is fairly obvious that Eq. (10) can be rewritten as a quadratic function of the type
defined by Eq. (1) if we make some transformations of variables. Thus define:

zn ≡ h(qn); n = 1, 2, . . . , N. (11)

Due to the assumed continuity and monotonicity of the functionh, we can invert
Eq. (11):

qn = h−1(zn); n = 1, 2, . . . , N. (12)

We rewrite theN equations in Eq. (12) in vector notation as follows:

q = H−1(z) (13)

whereq ≡ (q1, . . . , qN ) and z ≡ (z1, . . . , zN). Now define the function ofN
variablesF (z) by:

F (z) ≡ g[f{H−1(z)}]. (14)

Substituting Eqs (11)–(14) into Eq. (10) shows that theF defined by Eq. (14) is
the quadratic function ofz defined by Eq. (1).

We now need to express the first order partial derivatives ofF , Fn(z) ≡
∂F (z)/∂zn, in terms off, g andh. First note that sinceh′(qn) �= 0 by assumption,
we have

dh−1(zn)/dzn = 1/h′(qn); n = 1, 2, . . . , N. (15)

Now differentiate Eq. (14) with respect tozn:

Fn(z) = g′[f{H−1(z)}]fn{H−1(z)}dh−1(zn)/dzn

= g′[f(q)]fn(q)dh−1(zn)/dzn using Eq. (13)
= g′[f(q)]fn(q)/h′(qn) using Eq. (15).

(16)

Now substitute Eq. (16) into Eq. (4) and we obtain the following identity:

g[f(q1)] − g[f(q0)] =
N∑

n=1

(1/2)[Fn(z0) + Fn(z1)][h(q1
n) − h(q0

n)]

=
N∑

n=1

(1/2)[{fn(q0)g′[f(q0)]/h′(q0
n)} (17)

+{fn(q1)g′[f(q1)]/h′(q1
n)}][h(q1

n) − h(q0
n)].



68 W.E. Diewert / The quadratic approximation lemma and decompositions

Equation (17) is our generalized quadratic identity and it holds as an identity for
all functionsf defined by Eq. (10).

To illustrate the usefulness of Eq. (17), letg and h be the natural logarithm
functions; i.e., define:

g(y) ≡ ln y andh(y) ≡ ln y. (18)

Usingg′(y) = 1/y andh′(y) = 1/y, Eq. (17) becomes

ln f(q1) − ln f(q0) =
N∑

n=1

(1/2)[{fn(q0)q0
n/f(q0)}

(19)
+{fn(q1)q1

n/f(q1)}][ln q1
n − ln q0

n]

and Eq. (10) becomes

ln f(q) ≡ a0 +
N∑

n=1

an ln qn +
N∑

i=1

N∑
j=1

aij ln qi ln qj ; aij = aji. (20)

Note that thef(q) defined by Eq. (20) becomes the well known translog aggregator
function.12

In order to make thef(q) defined by Eq. (20) linearly homogeneous, we require
the following restrictions:

N∑
n=1

an = 1;
N∑

j=1

aij = 0; i = 1, 2, . . . , N. (21)

With the restrictions Eq. (21) imposed,f(q) defined by Eq. (20) is linearly ho-
mogeneous and we can apply Wold’s identity Eq. (9),fn(qt) = f(qt)pt

n/p
t · qt, for

t = 0, 1 andn = 1, 2, . . . , N . Substituting these relations into Eq. (19) yields:

ln [f(q1)/f(q0)] = (1/2)
N∑

n=1

[s0
n + s1

n] ln [q1
n/q

0
n] (22)

wherest
n ≡ pt

nq
t
n/p

t · qt is the share of periodt expenditure on commodityn for
t = 0, 1 andn = 1, 2, . . . , N . The right hand side of Eq. (22) is the logarithm of the
Törnqvist quantity index,QT (p0, p1, q0, q1), and the left hand side of Eq. (22) is the
logarithm of the true quantity index,f(q 1)/f(q0). Thus we have

f(q1)/f(q0) = QT (p0, p1, q0, q1). (23)

12This functional form was introduced into the economics literature by Christensen et al. [1,2].
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Note that the right hand sides of Eq. (22) and (23) can be calculated using observ-
able data.

The above algebra can be repeated for the translog unit cost function, which can
be defined by Eq. (20), except thatc(p) replacesf(q) andln pn replacesln qn. The
counterpart to Eq. (19) becomes

ln c(p1) − ln c(p0) =
N∑

n=1

(1/2)[{cn(p0)p0
n/c(p

0)}
(24)

+{cn(p1)p1
n/c(p

1)}][ln p1
n − ln p0

n].

Again, we assume that the restrictions Eq. (21) hold so that the translog unit cost
function c(p) is linearly homogeneous in the components ofp. Now use Shep-
hard’s lemma Eq. (8),cn(pt) = c(pt)qt

n/p
t · qt, for t = 0, 1 andn = 1, 2, . . . , N .

Substituting these relations into Eq. (24) yields:

ln [c(p1)/c(p0)] = (1/2)
N∑

n=1

[s0
n + s1

n] ln [p1
n/p

0
n]. (25)

The right hand side of Eq. (25) is the logarithm of the Törnqvist price index,
PT (p0, p1, q0, q1), and the left hand side of Eq. (25) is the logarithm of the true price
index,c(p1)/c(p0). Thus we have

c(p1)/c(p0) = PT (p0, p1, q0, q1). (26)

The exact index number results Eqs (23) and (26) illustrate the usefulness of the
generalized quadratic identity Eq. (17) even though these results are not new.13 In
the following section, we provide some new applications of Eq. (17).

4. The generalized quadratic identity and mean of order r indexes

Recall the generalized quadratic functional form defined by Eq. (10) above. We
now place the following restrictions on the coefficientsan:

an = 0; n = 0, 1, . . . ., N. (27)

We also assume that the functionsg andh which appear in the definition off are
defined as follows:

g(y) ≡ yr; h(y) ≡ yr/2; r �= 0. (28)

13See Diewert [4, pp. 119–121].
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Using the restrictions Eq. (27) and (28), the functionf defined by Eq. (10) becomes
the following quadratic mean of orderr aggregator function:

f(q) ≡ [
N∑

i=1

N∑
j=1

aijq
r/2
i q

r/2
j ]1/r; aij = aji. (29)

It can be shown thatf(q) defined by Eq. (29) is linearly homogeneous flexible
functional form; that is, it can provide a second order approximation to an arbitrary
twice continuously differentiable linearly homogeneous function.14

Substituting the restrictions and definitions Eq. (27) and (28) into the generalized
quadratic identity Eq. (17) yields the following identity:

[f(q1)]r − [f(q0)]r

= (1/2)
N∑

n=1

[{fn(q0)r[f(q0)]r−1/[(r/2)(q0
n)(r/2)−1]} (30)

+{fn(q1)r[f(q1)]r−1/[(r/2)(q1
n)(r/2)−1]}[(q1

n)r/2 − (q0
n)r/2]

or

[f1]r − [f0]r =
N∑

n=1

[f0
n{f0}r−1(q0

n)1−r/2

(31)
+f1

n{f1}r−1(q1
n)1−r/2][(q1

n)r/2 − (q0
n)r/2]

where we have simplified the notation by defining

f0 ≡ f(q0); f1 ≡ f(q1); f t
n ≡ fn(qt) ≡ ∂f(qt)/∂qn;

(32)
t = 0, 1; n = 1, 2, . . . , N.

Since thef(q) defined by Eq. (29) is linearly homogeneous, we may use Wold’s
identity Eq. (9) to replace the partial derivativesf t

n by pt
nf

t/pt · qt. The notation
will be simplified if we define the periodt normalized price for commodityn, w t

n,
as follows:

wt
n ≡ pt

n/p
t · qt t = 0, 1; n = 1, 2, . . . , N

= [1/f(qt)]∂f(qt)/∂qn using Wold’s identity, Eq. (9)
= ∂ ln f(qt)/∂qn

= f t
n/f

t using the notation in Eq. (32).

(33)

14See Diewert [4, p. 130]. F̈are and Sung [10] showed that the translog case considered earlier and
the present normalized quadratic function are the only special cases of the family of generalized quadratic
functions that are also linearly homogeneous.
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Thuswt
n is the periodt price for commodityn, pt

n, divided by periodt expenditure
on all commodities in the aggregate,

pt · qt ≡
N∑

n=1

pt
nq

t
n.

Using Wold’s identity, the normalized pricew t
n is equal to the logarithmic deriva-

tive of the aggregator function with respect to commodityn evaluated at the periodt
data,∂ ln f(qt)/∂qn. Making use of Eq. (33), Eq. (31) can be rewritten as follows:

[f1]r − [f0]r =
N∑

n=1

[w0
n{f0}r(q0

n)1−r/2

(34)
+w1

n{f1}r(q1
n)1−r/2][(q1

n)r/2 − (q0
n)r/2].

Now divide both sides of Eq. (34) through by[f 0]r to obtain:

[f1/f0]r − 1 =
N∑

n=1

[w0
n(q0

n)1−r/2

(35)
+w1

n{f1/f0}r(q1
n)1−r/2][(q1

n)r/2 − (q0
n)r/2].

Now f1/f0 is the true quantity index,Qr ≡ f(q1)/f(q0). Replacef 1/f0 in
Eq. (35) byQr and solve the resulting equation forQr. We obtain the following
solution:

Qr = [
N∑

n=1

(q1
n/q

0
n)r/2s0

n]1/r[
N∑

n=1

(q1
n/q

0
n)−r/2s1

n]−1/r (36)

wherest
n is the periodt expenditure share for commodityn; i.e.,

st
n ≡ pt

nq
t
n/p

t · qt; t = 0, 1; n = 1, 2, . . . , N
= wt

nq
t
n using definitions Eq. (33).

(37)

The index number formula on the right hand side of Eq. (36) depends only on the
observed prices and quantities pertaining to the two periods under consideration and
it is equal to the quadratic mean of orderr quantity index defined by Diewert [4,
p. 130]. The above results show that it is exactly equal tof(q 1)/f(q0) wheref is
the quadratic mean of orderr aggregator function defined by Eq. (29). Thus we have
used the generalized quadratic identity Eq. (17) in order to establish this exactness
result.

The above algebra for quantity indexes has its counterpart for price indexes as we
now show. Define the quadratic mean of orderr unit cost functionc(p) by:

c(p) ≡ [
N∑

i=1

N∑
j=1

aijp
r/2
i p

r/2
j ]1/r; aij = aji. (38)
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Define the periodt normalized quantity for commodityn, v t
n, as follows:

vt
n ≡ qt

n/p
t · qt t = 0, 1; n = 1, 2, . . . , N

= [∂c(pt)/∂pn]/c(pt) using Shephard’s lemma, Eq. (8)
= ∂ ln c(pt)/∂pn.

(39)

Let the level of unit cost in period 0 bec0 ≡ c(p0) and the level of unit cost in
period 1 bec1 ≡ c(p1). The counterpart to Eq. (35) is now

[c1/c0]r−1 =
N∑

n=1

[v0
n(p0

n)1−r/2

(40)
+v1

n{c1/c0}r(p1
n)1−r/2][(p1

n)r/2 − (p0
n)r/2].

Note thatc1/c0 ≡ c(p1)/c(p0) ≡ Pr is the true price index that corresponds to
the unit cost function defined by Eq. (38). Now replacec 1/c0 in Eq. (40) byPr and
solve the resulting equation forPr . We obtain the following solution:

Pr = [
N∑

n=1

(p1
n/p

0
n)r/2s0

n]1/r[
N∑

n=1

(p1
n/p

0
n)r/2s1

n]−1/r (41)

wherest
n is the periodtexpenditure share for commodityndefined earlier by Eq. (37).

The index number formula on the right hand side of Eq. (41) depends only on the
observed prices and quantities pertaining to the two periods under consideration and
it is equal to the quadratic mean of orderr price index defined by Diewert [4, p. 131].
The above results show that it is exactly equal toc(p1)/c(p0) wherec is the quadratic
mean of orderr unit cost function defined by Eq. (38). Thus again we have used the
generalized quadratic identity Eq. (17) in order to establish this exactness result.

In the following two section, we examine Eqs (35) and (40) more closely for the
special cases whenr = 1 or 2.

5. Additive percentage change decompositions for the Fisher ideal indexes

It can be verified that whenr = 2, Q2 defined by Eq. (36) turns out to equal the
Fisher [12] ideal quantity indexQF ; i.e., we have

Q2 = QF (p0, p1, q0, q1) ≡ [{p0 · q1/p0 · q0}{p1 · q1/p1 · q0}]1/2. (42)

Using Eq. (34) whenr = 2, we have the following decomposition:15

[f1]2 − [f0]2 =
N∑

n=1

[w0
n{f0}2 + w1

n{f1}2][q1
n − q0

n] (43)

15This decomposition was used already by Reinsdorf et al. [18].
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where the normalized priceswt
n are defined by Eq. (33). From elementary algebra,

we have:

[f1]2 − [f0]2 = [f1 − f0][f1 + f0]. (44)

Now divide both sides of Eq. (43) byf 1 + f0. Using Eq. (44), the resulting
equation becomes:

f1 − f0

(45)

= f0
N∑

n=1

{(f0/[f0 + f1])w0
n + (f1/f0){(f1/[f0 + f1])w1

n}{q1
n − q0

n}.

Divide both sides of Eq. (45) byf 0 and usingQF = f1/f0, we have the following
additive percentage change decomposition for the Fisher ideal quantity index:16

QF − 1 =
N∑

n=1

{(1/[1 + QF ])w0
n + (QF /[1 + QF ])QFw

1
n}{q1

n − q0
n}. (46)

In the above decomposition, the term in front of the change in quantityn going
from period 0 to 1,QFn, thenth percentage change quantity weight, is defined as
follows:

QFn ≡ (1/[1 + QF ])w0
n + (QF /[1 + QF ])QFw

1
n. (47)

Note that thenth percentage change quantity weight is almost a weighted average
(with weights (1/[1 + QF ]) and (QF /[1 + QF ]) which sum to unity) of the two
normalized prices for commodityn in the two periods under consideration,w t

n ≡
pt

n/p
t · qt for t = 0, 1. However, the period 1 normalized pricew 1

n gets an extra
weighting factor equal toQF , the value of the Fisher quantity index going from period
0 to 1. If QF = 1, thenQFn is equal to the arithmetic average of the normalized
prices for commodityn, (1/2)w0

n + (1/2)w1
n.

In a manner analogous to the derivation of Eq. (46), we can obtain the following
additive percentage change decomposition for the Fisher ideal price index:

PF − 1 =
N∑

n=1

{(1/[1 + PF ])v0
n + (PF /[1 + PF ])PF v

1
n}{p1

n − p0
n} (48)

where the Fisher ideal price indexPF is defined as follows:

PF (p0, p1, q0, q1) ≡ [{p1 · q0/p0 · q0}{p1 · q1/p0 · q1}]1/2

(49)
= p1 · q1/p0 · q0QF (p0, p1, q0, q1)

16If we solve Eq. (46) forQF , we obtain the Fisher ideal index defined by Eq. (42) as the solution.
This shows that Eq. (46) is an identity, which is valid for allp0, p1, q0, q1.
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whereQF is the Fisher ideal quantity index defined earlier by Eq. (42). In the
decomposition Eq. (48), the term in front of the change in price n going from period
0 to 1,PFn, thenth percentage change price weight, is defined as follows:

PFn ≡ (1/[1 + PF ])v0
n + (PF /[1 + PF ])PF v

1
n (50)

where the normalized quantities,v t
n are equal toqt

n/p
t · qt for t = 0, 1.

It should be noted that the concept of a price or quantity index number formula
having an additive percentage change decomposition is not quite the same as an index
number formula having the property of additivity. We now explain the difference.

A price index,P (p0, p1, q0, q1), is said to be additive if it can be written as follows:

P (p0, p1, q0, q1) =
N∑

n=1

q∗np
1
n/

N∑
n=1

q∗np
0
n (51)

where the “quantity” weightsq∗n are usually taken to be some sort of average of
the base and current period quantities for commodityn, q 0

n andq1
n. However, in

principle, more complicated quantity weighting could be used: the important factor
in the definition of additivity given by Eq. (51) is that the quantity weights be the
same in the numerator and the denominator of the right hand side of Eq. (51).

In a similar manner, a quantity index,Q(p0, p1, q0, q1), is said to be additive if it
can be written as follows:

Q(p0, p1, q0, q1) =
N∑

n=1

p∗nq
1
n/

N∑
n=1

p∗nq
0
n (52)

where the “price” weightsp∗n are usually taken to be some sort of average of the base
and current period prices for commodityn, p 0

n andp1
n. However, in principle, more

complicated price weighting could be used: as before, the important factor in the
definition of additivity given by Eq. (52) is that the price weights be the same in the
numerator and the denominator of the right hand side of Eq. (52).

It is straightforward to show that additive price and quantity indexes have additive
percentage change decompositions. For example, suppose we have an additive
quantity index of the type defined by Eq. (52) above. Then we have:

Q(p0, p1, q0, q1) − 1 = [
N∑

n=1

p∗nq
1
n/

N∑
n=1

p∗nq
0
n] − 1 using Eq. (52)

= [
N∑

n=1

p∗nq
1
n/

N∑
n=1

p∗nq
0
n] − [

N∑
n=1

p∗nq
0
n/

N∑
n=1

p∗nq
0
n]

(53)

= [
N∑

n=1

p∗n{q1
n − q0

n}]/
N∑

n=1

p∗nq
0
n
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=
N∑

n=1

Qn{q1
n − q0

n}

where thenth percentage change quantity weightQn is defined as

Qn ≡ p∗n/
N∑

n=1

p∗nq
0
n; n = 1, . . . , N. (54)

Thus we can always find an additive percentage change decomposition for an
additive price or quantity index. However, it may not always be possible to go
from an additive percentage change decomposition to a corresponding additive index
number formula.

Unfortunately, the additive percentage change decompositions Eqs (46) and (48)
that we obtained for the Fisher quantity and price indexes are not unique. For
example, Van Ijzeren [23, p. 6] chose the following values for the quantity weights
q∗n which appear in Eq. (51) above:

q∗n ≡ (1/2)q0
n + (1/2)q1

n/QF (p0, p1, q0, q1); n = 1, 2, . . . , N (55)

whereQF is the Fisher quantity index defined by Eq. (42). Thus the reference
quantity for commodityn in Eq. (51),q ∗

n, is chosen to be the arithmetic mean of the
period 0 and period 1 observed use of commodityn, except that the period 1 use,q 1

n,
is deflated by the Fisher quantity index,QF , for the entire group of commodities in
the aggregate. To show that the resulting price index defined by Eq. (51) is the Fisher
ideal price index, replaceQF in Eq. (55) byp1 · q1/p0 · q0P if necessary. Now solve
Eq. (51) using the weights defined by Eq. (55) forP ; i.e., solve the resulting equation
for P :

P =
N∑

n=1

(1/2)[q0
n + q1

n/Q}]p1
n

/
N∑

n=1

(1/2)[q0
n + q1

n/Q]p0
n

= [p1 · q0 + p1 · q1/Q]
/[p0 · q0 + p0 · q1/Q] or

PQp0 · q0 + p0 · q1P = Qp1 · q0 + p1 · q1 or
[p1 · q1/p0 · q0]p0 · q0 + p0 · q1P

= Qp1 · q0 + p1 · q1 usingPQ = [p1 · q1/p0 · q0] or
p0 · q1P = Qp1 · q0 canceling terms or
p0 · q1P = [p1 · q1/p0 · q0P ]p1 · q0 usingQ = p1 · q1/p0 · q0P or
P 2 = [p1 · q1/p0 · q1][p1 · q0/p0 · q0] or

(56)

P = {[p1 · q1/p0 · q1][p1 · q0/p0 · q0]}1/2 ≡ PF . (57)
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Thus Eqs (51) and (55) provide an exact additive representation for the Fisher ideal
price index.

In a similar fashion, Van Ijzeren [23, p. 6] showed that if we choose the following
values for the price weightsp∗n which appear in Eq. (52) above:

p∗n ≡ (1/2)p0
n + (1/2)p1

n/PF (p0, p1, q0, q1); n = 1, 2, . . . , N (58)

wherePF is the Fisher price index defined by Eq. (49), then Eqs (52) and (58) provide
an exact additive representation for the Fisher ideal quantity index.

Since an additive representation for index number formula implies an additive
percentage change decomposition for the formula, we see that our additive percentage
change decompositions for the Fisher ideal price and quantity indexes given by
Eqs (46) and (48) above are not unique.17

In retrospect, it is not surprising that additive percentage change decompositions
of any index number formula are not unique (unless the decomposition has to satisfy
further properties). To see this, look at the right hand side of Eq. (52), which is
homogeneous of degree 0 inp∗

1, . . . , p
∗
N . Thus given an index valueQ, we can never

determine the scale of thep∗n. Hence, let us impose a normalization on thep∗
n, such

as:

N∑
n=1

p∗nq
0
n = 1. (59)

Using Eq. (59), Eq. (52), which defines an additive representation for the quantity
indexQ, can be rewritten as follows:

N∑
n=1

p∗nq
1
n = Q. (60)

Equations (59) and (60) can be regarded as two simultaneous linear equations in
theN unknowns,p∗1, . . . , p

∗
N . Obviously, as soon asN exceeds 2, there will be an

infinite number of solutions to Eqs (59) and (60) in general. Thus the quest for unique
additive representations or unique additive percentage change decompositions of an
index number formula is doomed to failure. Hence any particular additive percentage
change decomposition needs to be justified on axiomatic grounds or on its economic
interpretation. We will return to this topic after the following section.

In the following section, we examine Eqs (35) and (40) for the special case when
r equals 1.

17In fact, two additional additive percentage change decompositions for the Fisher indexes may be
found in Reinsdorf et al. [18]. The first of these two decompositions turns out to be equivalent to the
decomposition of Van Ijzeren [23, p. 6], which was also independently derived by Dikhanov [8]. The
Van Ijzeren decomposition is currently being used by Bureau of Economic Analysis; see Moulton and
Seskin [17, p. 16] and Ehemann et al. [9].
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6. Additive percentage change decompositions for the implicit Walsh indexes

Our goal in this section is to provide some additive percentage change decompo-
sitions for some indexes defined by Walsh.

Walsh [24, p. 398; 25, p. 97] defined the following very useful price index:18

PW (p0, p1, q0, q1) ≡
N∑

n=1

[q0
nq

1
n]1/2p1

n/

N∑
n=1

[q0
nq

1
n]1/2p0

n. (61)

Thus the Walsh price index is an additive price index of the type defined by Eq. (51)
where the quantity weightsq∗n are equal to the geometric means of the period 0 and
1 consumption of commodityn, [q 0

nq
1
n]1/2. As indicated in the previous section, the

Walsh price index necessarily has an additive percentage change decomposition.
Using the fact that the price index times the quantity index should equal the value

ratio for the two periods under consideration; i.e., using19

PW (p0, p1, q0, q1)Q∗
W (p0, p1, q0, q1) = p1 · q1/p0 · q0, (62)

we can define the implicit Walsh quantity indexQ∗
W that corresponds toPW defined

by Eq. (61) as follows:

Q∗
W (p0, p1, q0, q1)

≡ [p1 · q1/p0 · q0]/PW (p0, p1, q0, q1)

=

{
N∑

n=1

[q0
nq

1
n]1/2p0

n/p
0 · q0

} /{
N∑

n=1

[q0
nq

1
n]1/2p1

n/p
1 · q1

}
using Eq. (61)

=

{
N∑

n=1

[q1
n/q

0
n]1/2p0

nq
0
n/p

0 · q0

}
/{

N∑
n=1

[q0
n/q

1
n]1/2p1

nq
1
n/p

1 · q1

}

=

{
N∑

n=1

[q1
n/q

0
n]1/2s0

n

} /{
N∑

n=1

[q0
n/q

1
n]1/2s1

n

}
using Eq. (37)

= Q1(p0, p1, q0, q1)

(63)

whereQ1 is a quadratic mean of orderr quantity index defined by Eq. (36) when
r = 1. Thus the Walsh implicit quantity index,Q∗

W , is equal to a special case of the
quadratic mean of order quantity indexes defined earlier.

18Diewert [6] made a case for this index being the “best” pure price or fixed basket type index. The
Australian statistician Knibbs [15, pp. 43–44] was perhaps the first to define the class of fixed basket type
indexes, which he called unequivocal indexes.

19See Eq. (7) above. Fisher [11] was the first to suggest that that the product of the price and quantity
indexes should equal the value ratio between the two periods under consideration.
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It is not at all obvious what an additive percentage change decomposition for the
implicit Walsh quantity index would look like. However, using the decomposition
Eq. (35) forr = 1 yields the following equation:

Q1 − 1 =
N∑

n=1

[w0
n(q0

n)1/2 + w1
n{Q1}(q1

n)1/2][(q1
n)1/2 − (q0

n)1/2] (64)

whereQ1 is defined by Eq. (63). Now multiply the numerator and the denominator of
thenth term on the right hand side of Eq. (64) by(q 1

n)1/2+(q1
n)1/2 forn = 1, . . . , N .

The resulting equation is:

Q1 − 1 =
N∑

n=1

[w0
n{(q0

n)1/2/[(q1
n)1/2 + (q1

n)1/2]}

+w1
nQ1{(q1

n)1/2/[(q1
n)1/2 + (q1

n)1/2]}[q1
n − q0

n] (65)

=
N∑

n=1

Q1n[q1
n − q0

n]

where thenth Walsh percentage change quantity weightQ1n is defined as

Q1n ≡ w0
n{(q0

n)1/2/[(q1
n)1/2 + (q1

n)1/2]}
(66)

+w1
nQ1{(q1

n)1/2/[(q1
n)1/2 + (q1

n)1/2]}.
Note that thenth percentage change quantity weight is almost a weighted average

(with weights(q0
n)1/2/[(q1

n)1/2 + (q1
n)1/2] and(q1

n)1/2/[(q1
n)1/2 + (q1

n)1/2] which
sum to unity) of the two normalized prices for commodityn in the two periods under
consideration,wt

n ≡ pt
n/p

t · qt for t = 0, 1. However, as was the case with the
Fisher decomposition defined earlier by Eqs (46) and (47), the period 1 normalized
pricew1

n gets an extra weighting factor equal toQ1, the value of the Walsh implicit
quantity index going from period 0 to 1.

The counterpart to the Walsh price index defined by Eq. (61) above is the Walsh [25,
p. 103] quantity indexQW defined as follows:20

QW (p0, p1, q0, q1) ≡
N∑

n=1

[p0
np

1
n]1/2q1

n/

N∑
n=1

[p0
np

1
n]1/2q0

n. (67)

It is easy to see that the Walsh quantity index has the additive form defined by
Eq. (52) where thenth price weightp∗

n is the geometric mean of the period 0 and

20The Walsh quantity index is a special case of Knibb’s [15, pp. 43–44] class of unequivocal quantity
indexes. See Diewert [6] for further discussion.
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1 prices for commodityn, [p0
np

1
n]1/2. Thus the Walsh quantity index also has an

additive percentage change decomposition; recall Eqs (53) and (54) above.
The Walsh [25, p. 103] implicit price index that corresponds to the Walsh quantity

indexQW defined by Eq. (67) is defined as follows:

P ∗
W (p0, p1, q0, q1)

≡ [p1 · q1/p0 · q0]/QW (p0, p1, q0, q1)

=

{
N∑

n=1

[p0
np

1
n]1/2q0

n/p
0 · q0

}
/{

N∑
n=1

[p0
np

1
n]1/2q1

n/p
1 · q1

}
using Eq. (67)

=

{
N∑

n=1

[p1
n/p

0
n]1/2p0

nq
0
n/p

0 · q0

}
/{

N∑
n=1

[p0
n/p

1
n]1/2p1

nq
1
n/p

1 · q1

}

=

{
N∑

n=1

[p1
n/p

0
n]1/2s0

n

} /{
N∑

n=1

[p0
n/p

1
n]1/2s1

n

}
using Eq. (37)

= P1(p0, p1, q0, q1)

(68)

whereP1 is a quadratic mean of orderr price index defined by Eq. (42) whenr = 1.
Thus the Walsh implicit price index,P ∗

W , is equal to a special case of the quadratic
mean of order quantity indexes defined earlier.

We can repeat the algebra associated with Eqs (64) and (65) above using the
decomposition Eq. (40) in place of Eq. (35) to show that the Walsh implicit price
index has the following additive percentage change decomposition:

P1 − 1 =
N∑

n=1

P1n[p1
n − p0

n] (69)

where thenth Walsh percentage change price weightP1n is defined as

P1n ≡ v0
n{(p0

n)1/2/[(p1
n)1/2 + (p1

n)1/2]}
(70)

+v1
nP1{(p1

n)1/2/[(p1
n)1/2 + (p1

n)1/2]}.
Note that thenth percentage change price weight is almost a weighted average

(with weights(p0
n)1/2/[(p1

n)1/2 + (p1
n)1/2] and(p1

n)1/2/[(p1
n)1/2 + (p1

n)1/2] which
sum to unity) of the two normalized quantities for commodityn in the two periods
under consideration,v t

n ≡ qt
n/p

t · qt for t = 0, 1. However, as was the case with the
Fisher decomposition defined earlier by Eq. (48), the period 1 normalized quantity
v1

n gets an extra weighting factor equal toP1, the value of the Walsh implicit price
index going from period 0 to 1.
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The results in this section show that all four of the Walsh price and quantity indexes
have additive percentage change decompositions. In the following section, we will
attempt to provide economic interpretations for the terms in two of these additive
decompositions.

7. Economic interpretations for some additive percentage change
decompositions

Given that in general an infinite number of additive percentage change decompo-
sitions are possible for any given price or quantity index, it will be useful to find
decompositions such that each term in the decomposition has an economic interpre-
tation. In this section, we shall show how this can be done for some of the most
commonly used superlative index number formulae.21

We first need to provide an exact interpretation for each of theN terms on the right
hand side of the quadratic identity Eq. (4) above. LetF (z) be the quadratic function
defined by Eq. (1) and consider a change in the vectorz from the base period situation
z0 ≡ (z0

1 , z
0
2 , . . . , z

0
N) to (z1

1 , z
0
2 , . . . , z

0
N ); i.e., only the first component ofz changes

from the base period valuez 0
1 to the period 1 valuez1

1 . Then sinceF (z1, z2, . . . , zN)
is quadratic inz1, we can apply the quadratic identity Eq. (4) to this change and get
the following equation:

F (z1
1 , z

0
2 , . . . , z

0
N ) − F (z0

1 , z
0
2 , . . . , z

0
N)

= (1/2)[F1(z0
1 , z

0
2 , . . . , z

0
N) + F1(z1

1 , z
0
2 , . . . , z

0
N)][z1

1 − z0
1 ]

= (1/2)[a1 + 2a11z
0
1 +

N∑
i=2

2a1iz
0
i + a1

+2a11z
1
1 +

N∑
i=2

2a1iz
0
i ][z1

1 − z0
1 ] (71)

partially differentiating theF defined by (1)

= (1/2)[F1(z0
1 , z

0
2 , . . . , z

0
N) + 2a11(z1

1 − z0
1) + F1(z0

1 , z
0
2 , . . . , z

0
N)][z1

1 − z0
1 ]

= [F1(z0
1 , z

0
2 , . . . , z

0
N) + a11(z1

1 − z0
1)][z

1
1 − z0

1 ].

Now consider a change inz from (z 0
1 , z

1
2 , . . . , z

1
N) to z1 ≡ (z1

1 , z
1
2 , . . . , z

1
N ). In a

manner analogous to our derivation of Eq. (71), we can show that

F (z1
1 , z

1
2 , . . . , z

1
N ) − F (z0

1 , z
1
2 , . . . , z

1
N)

21For the T̈ornqvist price and quantity indexes, we will obtain multiplicative decompositions rather
than additive ones.
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= (1/2)[F1(z0
1 , z

1
2 , . . . , z

1
N) + F1(z1

1 , z
1
2 , . . . , z

1
N)][z1

1 − z0
1 ]

= (1/2)[a1 + 2a11z
0
1 +

N∑
i=2

2a1iz
1
i + a1

+2a11z
1
1 +

N∑
i=2

2a1iz
1
i ][z1

1 − z0
1 ] (72)

partially differentiating theF defined by (1)

= (1/2)[F1(z0
1 , z

1
2 , . . . , z

1
N) + 2a11(z1

1 − z0
1) + F1(z0

1 , z
1
2 , . . . , z

1
N)][z1

1 − z0
1 ]

= [F1(z0
1 , z

1
2 , . . . , z

1
N) + a11(z1

1 − z0
1)][z

1
1 − z0

1 ].

Finally, take the arithmetic average of Eqs (71) and (72) and we obtain the following
exact identity:

(1/2)[F (z1
1, z

0
2 , . . . , z

0
N ) − F (z0

1 , z
0
2 , . . . , z

0
N )]

+(1/2)[F (z1
1 , z

1
2 , . . . , z

1
N) − F (z0

1 , z
1
2 , . . . , z

1
N)] (73)

= (1/2)[F1(z0
1, z

0
2 , . . . , z

0
N) + F1(z1

1 , z
1
2 , . . . , z

1
N )][z1

1 − z0
1 ].

Note that the right hand side of Eq. (73) is the first term on the right hand side of
the quadratic identity Eq. (4). Thus this first term is equal to the arithmetic average
of two differences in the level ofF (z) where only the first component of thez vector
changes in each of these two differences.

We define the left hand side of Eq. (73) as the first difference effect,δ 1. In general,
define thenth difference effect,δn, as follows:

δn ≡ (1/2)[F (z0
1, . . . , z

0
n−1, z

1
n, z

0
n+1 . . . , z

0
N) − F (z0

1 , z
0
2 , . . . , z

0
N)]

+(1/2)[F (z1
1 , z

1
2 , . . . , z

1
N) − F (z1

1 , . . . , z
1
n−1, z

0
n, z

1
n+1, . . . , z

1
N )]; (74)

n = 1, 2, . . . , N.

Thusδn is the arithmetic average of two hypothetical changes inF (z) where in
the first (second) change, only thenth component changes from its period 0 level of
z0

n to its period 1 levelz1
n and all other components ofz are held constant at their

period 0 (1) levels. In a manner analogous to our derivation of Eq. (73), we can show
thatδn is equal to thenth term on the right hand side of the quadratic identity Eq. (4);
i.e., we have:

δn = (1/2)[Fn(z0
1 , z

0
2 , . . . , z

0
N) + Fn(z1

1 , z
1
2 , . . . , z

1
N)][z1

n − z0
n];

(75)
n = 1, 2, . . . , N.

We now have to translate Eqs (74) and (75) into our generalized quadratic identity
framework. If f(q) is defined by Eq. (10), it is straightforward to show that the
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counterpart to Eq. (75) is

δn = (1/2)[{fn(q0)g′[f(q0)]/h′(q0
n)}

+{fn(q1)g′[f(q1)]/h′(q1
n)}][h(q1

n) − h(q0
n)]; (76)

n = 1, 2, . . . , N

whereδn is now defined as follows:

δn ≡ (1/2){g[f(q0
1, . . . , q

0
n−1, q

1
n, q

0
n+1, . . . , q

0
N)]

−g[f(q0
1 , q

0
2 , . . . , q

0
N )]} + (1/2){g[f(q1

1, q
1
2 , . . . , q

1
N )]

(77)
−g[f(q1

1 , . . . , q
1
n−1, q

0
n, q

1
n+1 . . . , q

1
N )]};

n = 1, 2, . . . , N.

Note that the right hand side of Eq. (76) is thenth term in our generalized quadratic
identity and Eq. (77) gives an economic interpretation for this term in terms of
differences ing[f(q)] where only thenth component ofq changes. Thus each of
theN terms on the right hand side of the generalized quadratic identity Eq. (17) has
an economic interpretation as an average of two finite differences in the level of our
transformed aggregator functiong[f(q)] where only one component ofq changes in
each of the finite differences.

We now specialize Eqs (76) and (77) by considering specific functions forg and
h.

The first special case that we consider is the case whereg andh are the natural
logarithm functions (recall Eq. (18) above), which gave rise to the translog aggregator
function defined by Eqs (20) and (21). In this case, the generalized quadratic identity
Eq. (17) became Eq. (22). Thus we have:

ln[f(q1)/f(q0)] =
N∑

n=1

(1/2)[s0
n + s1

n] ln[q1
n/q

0
n]

(78)

=
N∑

n=1

δn

whereδn is defined by Eq. (77) whereg is the logarithm function in this special case.
It is useful to introduce some additional notation at this point. Define the base

periodnth quantity effectσ0
n as the relative change in the aggregate going from the

base period quantitiesq0 to new quantities where we only changeqn to the period 1
level,q1

n; i.e., defineσ0
n as follows:

σ0
n ≡ f(q0

1 , . . . , q
0
n−1, q

1
n, q

0
n+1 . . . , q

0
N )/f(q0

1 , q
0
2 , . . . , q

0
N );

(79)
n = 1, 2, . . . , N.
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Define the current periodnth quantity effectσ 1
n as the relative change in the

aggregategoing to the current period quantitiesq 1 from quantities where all quantities
are at their period 1 levels exceptqn is equal to the period 0 level,q0

n; i.e., defineσ1
n

as follows:

c1n ≡ f(q1
1 , q

1
2 , . . . , q

1
N )/f(q1

1 , . . . , q
1
n−1, q

0
n, q

1
n+1 . . . , q

1
N );

(80)
n = 1, 2, . . . , N.

Finally, define thenth quantity effectcn as the geometric mean of the base and
current period quantity effects defined by Eqs (79) and (80); i.e., define

cn ≡ [σ0
nσ

1
n]1/2; n = 1, 2, . . . , N. (81)

Using this new notation and exponentiating both sides of Eq. (78), we obtain the
following decomposition for the T̈ornqvist quantity index,QT (p0, p1, q0, q1) (recall
Eq. (23) above):22

f(q1)/f(q0) = QT (p0, p1, q0, q1)

=
N∏

n=1

exp[δn] whereexp[y] ≡ ey

(82)

=
N∏

n=1

[σ0
nσ

1
n]1/2

=
N∏

n=1

cn.

Thus we have an exact multiplicative decomposition of the Törnqvist quantity
indexQT into a product ofN quantity effects,

∏N
n=1 cn, where each quantity effect

is a quantity index which shows the effect of changing just thenth quantity fromq 0
n

to q1
n; see Eqs (79) to (81) above.

The same algebra works for a multiplicative decomposition for the Törnqvist price
indexPT defined earlier by Eqs (25) and (26). Again, we introduce some additional
notation in order to define the terms in the decomposition. Define the base period
nth price effectρ0

n as the relative change in the aggregate going from the base period
pricesp0 to new prices where we only changepn to the period 1 level,p1

n; i.e., define
ρ0

n as follows:

ρ0
n ≡ c(p0

1, . . . , p
0
n−1, p

1
n, p

0
n+1 . . . , p

0
N )/c(p0

1, p
0
2, . . . , p

0
N);

(83)
n = 1, 2, . . . , N

22For similar decompositions in the profit or revenue function context, see Diewert and Morrison [7,
pp. 666–667] and Kohli [13].
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wherec(p) is the translog unit cost function defined in Section 3 above. Define the
current periodnth price effectρ1

n as the relative change in the aggregate going to
the current period pricesp1 from prices where all prices are at their period 1 levels
exceptpn is equal to the period 0 level,p0

n; i.e., defineρ1
n as follows:

ρ1
n ≡ c(p1

1, p
1
2, . . . , p

1
N )/c(p1

1, . . . , p
1
n−1, p

0
n, p

1
n+1, . . . , p

1
N);

(84)
n = 1, 2, . . . , N.

Finally, define thenth price effectbn as the geometric mean of the base and current
period quantity effects defined by Eqs (83) and (84); i.e., define

bn ≡ [ρ0
nρ

1
n]1/2; n = 1, 2, . . . , N. (85)

Using this new notation, we obtain the following decomposition for the Törnqvist
price index,PT (p0, p1, q0, q1) (recall Eq. (26) above):23

c(p1)/c(p0) = PT (p0, p1, q0, q1)

=
N∏

n=1

exp{(1/2)[s0
n + s1

n] ln [p1
n/p

0
n]}

(86)

=
N∏

n=1

[ρ0
nρ

1
n]1/2

=
N∏

n=1

bn.

Thus we have an exact multiplicative decomposition of the Törnqvist price index
PT into a product ofN price effects,

∏N
n=1 bn, where each price effect is a price

index which shows the effect of changing just thenth price fromp 0
n to p1

n.
We turn now to our second special case of Eqs (76) and (77) whereg andh are

defined by Eq. (28) forr �= 0 and the restrictions Eq. (27) are satisfied. Thusf(q)
is the quadratic mean of orderr aggregator function defined by Eq. (29) forr �= 0.
Using Eqs (76) and (77) above, the generalized quadratic identity Eq. (34) in this
case becomes:

[f1]r − [f0]r

=
N∑

n=1

[w0
n{f0}r(q0

n)1−r/2 + w1
n{f1}r(q1

n)1−r/2][(q1
n)r/2 − (q0

n)r/2] (87)

=
N∑

n=1

δn

23See Diewert and Morrison [7, pp. 666–667] and Kohli [13] for similar decompositions.
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whereδn defined in general by Eq. (77) becomes the following expression when the
restrictions Eqs (27) and (28) are satisfied:

δn

= (1/2){[f(q0
1, . . . , q

0
n−1, q

1
n, q

0
n+1, . . . , q

0
N )]r − [f(q0

1 , q
0
2 , . . . , q

0
N )]r}

+(1/2){[f(q1
1, q

1
2 , . . . , q

1
N)]r − [f(q1

1 , . . . , q
1
n−1, q

0
n, q

1
n+1 . . . , q

1
N )]r}; (88)

n = 1, 2, . . . , N

= (1/2)[f0]r{[σ0
n]r − 1} + (1/2)[f1]r{1 − [1/σ1

n]r}
where the quantity effectsσ0

n andσ1
n are defined by Eqs (79) and (80).

Now specialize Eq. (87) to the case wherer = 1. Upon dividing both sides of
Eq. (87) byf 0, we obtain the following additive percentage change decomposition
for the implicit Walsh quantity indexQ1 defined earlier by Eq. (63):

Q1 − 1 =
N∑

n=1

δn/f
0 (89)

whereδn/f
0 is defined as

δn/f
0 ≡ (1/2){σ0

n − 1} + (1/2)Q1{1 − [1/σ1
n]}; n = 1, 2, . . . , N

(90)
= Q1n[q1

n − q0
n]

and where thenth Walsh percentage change quantity weightQ 1n was defined by
Eq. (66). Thus thenth term in the additive percentage change decomposition for
Q1 given by Eq. (65),Q1n[q1

n − q0
n], can be interpreted as a weighted sum of the

percentage changes in the two single variable changes,σ 0
n −1 and1− [1/σ1

n], where
σ0

n andσ1
n are defined by Eqs (79) and (80). The weighted sum is an arithmetic

average of the changesσ0
n − 1 and1 − [1/σ1

n] if the indexQ1 is equal to one.24

The above algebra can be adapted to provide an economic interpretation for the
terms in the additive percentage change decomposition Eq. (69) that we obtained
earlier for the Walsh implicit price indexP1. Thus we have

P1n[p1
n − p0

n] = (1/2){ρ0
n − 1} + (1/2)P1{1 − [1/ρ1

n]};
(91)

n = 1, 2, . . . , N

where thenth Walsh percentage change price weightP1n was defined earlier by
Eq. (70) and the base periodnth price effectsρ0

n and the current periodnth price
effectsρ1

n were defined by Eqs (83) and (84). Thus thenth term in the additive

24If σ1
n is close to one, then1− [1/σ1

n] will be close toσ1
n − 1. These two expressions have the same

first order Taylor series approximations around the point of approximationσ1n = 1.
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percentage change decomposition forP1 given by Eq. (69),P1n[p1
n − p0

n], can be
interpreted as a weighted sum of the percentage changes in the two single variable
changes,ρ0

n − 1 and1 − [1/ρ1
n], whereρ0

n andρ1
n are defined by Eqs (83) and (84).

The weighted sum is an arithmetic average of the changesρ0
n − 1 and1 − [1/ρ1

n] if
the overall price indexP1 is equal to one.

Now specialize Eq. (87) to the case wherer = 2. Upon dividing both sides
of Eq. (87) byf 0[f0 + f1], we obtain the following additive percentage change
decomposition for the Fisher ideal quantity indexQ2 = QF defined earlier by
Eq. (42):

QF − 1 =
N∑

n=1

δn/f
0[f0 + f1] (92)

whereδn/f
0[f0 + f1] is defined forn = 1, 2, . . . , N as

δn/f
0[f0 + f1]

≡ [(1/2)[f0]2{[σ0
n]2 − 1} + (1/2)[f1]2{1 − [1/σ1

n]2}/f0[f0 + f1]

= (1/2){f0/[f0 + f1]}{[σ0
n]2 − 1}

+(1/2)QF{f1/[f0 + f1]}{1 − [1/σ1
n]2} (93)

= (1/2){1/[1 + QF ]}{[σ0
n]2 − 1}

+(1/2)[QF ]2{1/[1 + QF ]}{1 − [1/σ1
n]2}

= QFn[q1
n − q0

n]

and where thenth Fisher percentage change quantity weightQFn was defined by
Eq. (47). Thus thenth term in the additive percentage change decomposition for
QF given by Eq. (46),QFn[q1

n − q0
n], can be interpreted as a weighted sum of the

changes in the two single variable changes,[σ0
n]2 − 1 and1− [1/σ1

n]2, whereσ0
n and

σ1
n are defined by Eqs (79) and (80). If the Fisher quantity indexQ F equals 1, then

Eq. (93) becomes:

QFn[q1
n − q0

n]

= (1/4){[σ0
n]2 − 1} + (1/4){1 − [1/σ1

n]2}
(94)

= (1/4){[σ0
n − 1][σ0

n + 1]} + (1/4){[1 − (1/σ1
n)][1 + (1/σ1

n)]}
≈ (1/2)[σ0

n − 1] + (1/2)[1 − (1/σ1
n)]

where the last approximation follows if the two quantity effectsσ 0
n andσ1

n are close
to one. Thus under normal conditions when all of the quantity indexes are close to
one, thenth term in the additive percentage change decomposition forQ F given by
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Eq. (46),QFn[q1
n − q0

n], will be approximately equal to the arithmetic average of the
two single variable index changes,σ0

n − 1 and1 − (1/σ1
n).25

Of course, the above algebra can be adapted to provide an economic interpretation
for the terms in the additive percentage change decomposition Eq. (48) that we
obtained earlier for the Fisher price indexP2 = PF . Thus we have forn =
1, 2, . . . , N :

PFn[p1
n − p0

n] = (1/2){1/[1 + PF ]}{[ρ0
n]2 − 1}

(95)
+(1/2)[PF ]2{1/[1 + PF ]}{1 − [1/ρ1

n]2}
where thenth Fisher percentage change price weightPFn was defined earlier by
Eq. (50) and the base periodnth price effectsρ0

n and the current periodnth price
effectsρ1

n were defined by Eqs (83) and (84). Thus ifPF , ρ0
n andρ1

n are all close to
one, then thenth term in the additive percentage change decomposition forP F given
by Eq. (48),PFn[p1

n − p0
n], is approximately equal to the arithmetic average of the

percentage changes in the two single variable changes,ρ0
n − 1 and1− [1/ρ1

n], where
ρ0

n andρ1
n are defined by Eqs (83) and (84).

8. Conclusion

The results in the previous sections demonstrate that the quadratic identity Eq. (4)
and its generalizations provide a unifying framework for deriving all of the most
commonly used superlative index number formula. In addition, the single variable
quadratic identity Eq. (73) and its generalizations have proven to be very useful in
providing economic interpretations for some additive percentage change decompo-
sitions for these commonly used superlative indexes.26
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