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It was shown in 1976 that a difference in a quadratic functiofNofariables evaluated at two points
is exactly equal to the sum of the arithmetic average of the first order partial derivatives of the function
evaluated at the two points times the differences in the independent variables. In the present paper, this
result is generalized and the resulting generalized quadratic approximation lemma is used to establish all
of the superlative index number formulae that were derived in Diewert [4]. In addition, some new exact
decompositions of the percentage change in the Fisher and Walsh superlative indeXésamgponents
are derived. Each component in this decomposition represents the contribution of a change in a single
independent variable to the overall percentage change in the index. Finally, these components are given
economic interpretations.
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1. Introduction

Let F(z,...,2n) be a quadratic function ¥ variables, £1,...,2n) = z; i.€.,
defineF as follows:

N N N
Fiz)=ao+ Z anzn + Z Z aij2i%; Q)

n=1 i=1 j=1

wherea;; = aj; for all < andj. It is well known that a second order Taylor series
approximation to a quadratic function will exactly reproduce the quadratic function. It
is not so well known that the arithmetic average of two linear approximations will also
reproduce a quadratic function exactly. To see this, write the linear approximation to
F(z) around the point® = (29,...,2%) as

F(2) = FO)+VF(:Y) [z -2 = F(2°) + Z Fr(2°)[2n — 2°] (2)
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64 WE. Diewert / The quadratic approximation lemma and decompositions

whereVF(2%) = [0F (2°)/0z1,...,0F (2°)/0zn] = [Fi(2°),..., Fn(2Y)] is the
vector of first order partial derivatives &f evaluated at the point® and

N
TrT-y= E TnYn
n=1

denotes the inner product of the vectarandy. The linear approximation té’'
around another point is

N
F(2) = F(zY) +VF(z") - [z = 2| = F(z') + Z Fo(2Y[zn — 21 (3)

n=1

Now letz = 2! in Eq. (2) andz = 2° in Eq. (3) and treat the two approximations
as equalities. Taking the arithmetic average of the resulting two equations and
rearranging terms yields the following equation:

F(z) = F(2°) = (1/2)[VF(2°) + VF(zY)] - [2* — 2] @

N
= > (1/2)[Fa(z°) + Fu(z")][zh — 2],
n=1

It can be verified by substituting thE defined by Eq. (1) into Eq. (4) that i
is quadratic, then Eq. (4) holds exactly for any two point$,andz'.> Note that
this result shows that taking an average of two first order approximations yields the
equivalent of a second order approximation.

Diewert [4, pp. 118—-121] used the fact that Eq. (4) holds as an identity for quadratic
functions to prove that thedrnqvist [21,22] quantity index is exact for a translog
aggregator function and that thedfinqvist price index is exact for a translog unit
cost function® Diewert established these results by taking a simple transformation
of Eq. (4).

It turns out that other transformations of the quadratic identity Eq. (4) can be used
to establish the exactness of all of the major families of superlative index nurhbers.
We show this in Section 4 below.

In Section 2, we provide the economic framework for our index number results.

In Section 3, we provide a rather general transformation of the quadratic identity
Eq. (4). We then show how a special case of this general result yields the translog
results.

In Section 4, we specialize our general transformation of Eq. (4) to yield the
exactness of the quadratic mean of orddndexes. Thus our transformation of

2Diewert [4, p. 118] and Lau [16] showed that the converse result also holds; i.e., if Eq. (4) holds, then
F must be quadratic. Diewert called this result the quadratic approximation lemma.

3The translog functional form was introduced into the economics literature by Christensen et al. [1,2].

4A superlative index number formula is exact for a flexible functional form; see Diewert [4].
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Eq. (4) provides a unified framework for deriving the commonly used superlative
index number formulae.

In Section 5, we specialize the results of Section 4 to the case wearaals 2.

This specialization allows us to obtain additive percentage change decompositions
for the Fisher [12] ideal price and quantity indexes.

In Section 6, we specialize the results of Section 4 to the case wtesraals 1.

This specialization allows us to obtain additive percentage change decompositions
for some indexes that were originally defined by Walsh [24,25].

In Section 5, we find that our additive percentage change decompositions for
the Fisher ideal price and quantity indexes are not unique. Thus it is important to
provide some sort of an axiomatic or economic justification for any particular additive
percentage change decomposition. In Section 7, we provide economic interpretations
for our preferred decompositions.

Section 8 concludes. We conclude that the decompositions that we obtain for the
Tornqvist? Fisher and Walsh indexes are particularly attractive.

2. The economic framework

For simplicity, we consider a consunfewho minimizes the cost of achieving
a given utility level in two periods where the utility or aggregator functjtig)
is (positively) linearly homogeneous, positive for positiyenondecreasing and
concave function in theV variables,qg = (q1,...,qn). We assume that we can
observe the price vectors that the consumer faces during these two periods, say
pt = (ph,...,ply) fort = 0,1, and the quantity vectors chosen for the two periods,
sayq' = (¢i,...,qk) for t = 0,1. The unit cost functiom that corresponds to the
aggregator functiorf is defined as the minimum cost of achieving the utility level 1;
i.e., for each vector of positive commodity prigesdefinec by:”

c(p) = mqin{p ~q: f(q) =1} (5)

Under our assumptions on consumer behavior, the observed pexiqpenditure
on theN commodities,

N
t t t t
p q :anqn?
n=1

5The Tornqvist decomposition was obtained earlier by Diewert and Morrison [7] and Kohli [13].

6 Alternatively, the same theory applies to a producer who minimizes the cost of achieving a given level
of output in two periods, wheré(q, . .., gn) is the maximum output that can be produced by the vector
of inputsq = (g1, ..., qnN). This is the framework used by Shephard [20], Samuelson and Swamy [19]
and Diewert [4].

7For additional material on unit cost functions and the other theoretical results used in this section, see
Diewert [3,5].
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will equal the product of the periadutility level, f(q?), times the period unit cost,
c(p):®

g =cp")f(d"); t=0,1. (6)

Thus taking ratios of the period 1 expenditures ontheommodities to the period
0 observed expenditures, we obtain:

p' a0’ " =[e") f(aM)]/[e@”) f(q”)]
= [e(p")/c()]1f (a)/ f(q*)]-

The term[c(p')/c(p®)] on the right hand side of Eq. (7) can be interpreted as the
consumer’s “true” price indekand the ternif(¢')/f(¢")] can be interpreted as the
consumer’s “true” quantity index.

If the unit cost functior(p) is differentiable with respect to the components of
the price vectop, then Shephard’s [20, p. 11] Lemma implies the following useful
equationst?

Ve@')/e@') =4¢"/p' - ¢ t=0,1. (8)

If the aggregator functiorf(q) is differentiable with respect to the components
of ¢, the Wold’s [26, pp. 69-71; 27, p. 145] Identity implies the following equally
useful equations?

Vi) (@) =p"/p" ¢ t=0,1. 9)

With the above economic preliminaries out of the way, we can derive a general-
ization of the Quadratic Identity, Eq. (4).

(7)

3. A transformed quadratic identity

We now suppose that our aggregator functidg) has the following transformed
guadratic functional form:

N N N
glf(@)] = a0+ Z anh(gn) + Z Z aijh(g)h(q;);  ai; = aj; (10)

i=1 j=1

8See Shephard [20] or Diewert [4, p. 120].

9This concept for a price index is due to Kis{14].

10see Diewert [4, p. 120] for more details.

Hin deriving Eq. (9), we also usefi(¢*) = V f(q*) - ¢* which follows from Euler's Theorem on
homogeneous functions.
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where thea,, and thea;; are constants and the functiopsand h are continuous
monotonic functions of one variable with nonzero derivatives. Later, we will special-
ize the general functional forrfidefined by Eq. (10) by choosing specific functions
for g andh and we will place some restrictions on the coefficientsanda,; so that
the resultingf will be linearly homogeneous.

Itis fairly obvious that Eq. (10) can be rewritten as a quadratic function of the type
defined by Eg. (1) if we make some transformations of variables. Thus define:

zn = h(qn); n=1,2,...,N. (11)

Due to the assumed continuity and monotonicity of the functiowe can invert
Eq. (11):

¢ =h"'(2z,); n=1,2,...,N. (12)

We rewrite theV equations in Eq. (12) in vector notation as follows:

g=H'(2) (13)
whereq = (q1,...,9n5) @andz = (z1,...,2n). Now define the function ofV
variablesF'(z) by:

F(z) = g[f{H (2)}]- (14)

Substituting Eqs (11)—(14) into Eqg. (10) shows that ihedefined by Eq. (14) is
the quadratic function of defined by Eqg. (1).

We now need to express the first order partial derivativesF'ofF,,(z) =
OF(z)/0zy, in terms off, g andh. First note that sincé’(g,) # 0 by assumption,
we have

dh™Y(2,)/dz, = 1/ (qn); n=1,2,...,N. (15)
Now differentiate Eq. (14) with respect tg;:

Fo(z) = gl[f{H_l(Z)}]fn{H_l(Z)}dh_l(Zn)/dzn
=g [f(Q)]fn(Q)dh_l(Z'n)/dzn using Eqg. (13) (16)
=g'lf (@) fula)/ 1 (gn) using Eq. (15).

Now substitute Eq. (16) into Eq. (4) and we obtain the following identity:

N

glf (@) = glf (@] = D_(1/2)[Fa(z") + Fu(z")[h(a,) — h(a)]

n=1

N

=Y (1/2)[{£ala")g[F(a)]/H (¢} 17)

n=1

+{fa(d")g'[f (@M]/H (g3)H[(g) — hign)).
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Equation (17) is our generalized quadratic identity and it holds as an identity for
all functionsf defined by Eq. (10).

To illustrate the usefulness of Eq. (17), letand h be the natural logarithm
functions; i.e., define:

g(y) =In yandh(y) = In y. (18)
Usingg'(y) = 1/y andh/(y) = 1/y, Eq. (17) becomes

N

In f(g") =T f(q°) = _(1/2){fald")an/F (")}

n=1

(19)
+Hfuldan/ f(aH}Hn ¢, —In g))]

and Eq. (10) becomes

In f(q) =aop+ Z anIn g, + Z Z ai;In ¢;In q;;  aij = aji. (20)

i=1 j=1

Note that thef (¢) defined by Eq. (20) becomes the well known translog aggregator
function!?

In order to make thef(¢q) defined by Eq. (20) linearly homogeneous, we require
the following restrictions:

N N
dlan=1; > a;=0 i=12...,N (21)
j=1

n=1

With the restrictions Eq. (21) imposed(q) defined by Eq. (20) is linearly ho-
mogeneous and we can apply Wold’s identity Eq. (9)q*) = f(¢")pL/pt - ¢¢, for
t=0,1andn =1,2,..., N. Substituting these relations into Eq. (19) yields:

In [f(¢")/f(¢")] = (1/2) Zs + s8] 1n (g} /q0)] (22)

wheres!, = pt gl /p' - ¢* is the share of periot expenditure on commodity for
t=0,1andn =1,2,..., N. The right hand side of Eq. (22) is the logarithm of the
Torngvist quantity inde><QT(p0,p1, q°, ¢%), and the left hand side of Eq. (22) is the
logarithm of the true quantity index,(¢*)/f(¢°). Thus we have

@)/ F(@®) =Qr®°,p", " ¢"). (23)

12This functional form was introduced into the economics literature by Christensen et al. [1,2].
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Note that the right hand sides of Eq. (22) and (23) can be calculated using observ-
able data.

The above algebra can be repeated for the translog unit cost function, which can
be defined by Eq. (20), except thdp) replacesf(¢) andln p,, replacesn ¢,. The
counterpart to Eq. (19) becomes

N
In c(p') —In c(p°) = 2(1/2)[{Cn(po)p%/C(pO)}
n=1 (24)
+en(p pn/c(p)}[In p), —In py].

Again, we assume that the restrictions Eq. (21) hold so that the translog unit cost
function ¢(p) is linearly homogeneous in the componentspof Now use Shep-
hard’s lemma Eq. (8).,(p") = c(p')q¢’,/p' - ¢', fort = 0,1 andn = 1,2,..., N.
Substituting these relations into Eq. (24) yields:

N

In [e(p")/e(p)] = (1/2) D _[sp + sp) I oy, /7). (25)

n=1

The right hand side of Eq. (25) is the logarithm of thérfqvist price index,
Pr(p°,pt,q° ¢'), and the left hand side of Eq. (25) is the logarithm of the true price
index,c(p')/c(p?). Thus we have

c(p")/e(®) = Pr(p°,p", 4% q"). (26)

The exact index number results Egs (23) and (26) illustrate the usefulness of the
generalized quadratic identity Eq. (17) even though these results are nd niew.
the following section, we provide some new applications of Eq. (17).

4. The generalized quadratic identity and mean of order r indexes

Recall the generalized quadratic functional form defined by Eq. (10) above. We
now place the following restrictions on the coefficieats

ap,=0;, n=0,1,....,N. (27)

We also assume that the functiopandh which appear in the definition of are
defined as follows:

gy)=y" hly)=y? r#£0. (28)

13See Diewert [4, pp. 119-121].
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Using the restrictions Eq. (27) and (28), the functfatefined by Eq. (10) becomes
the following quadratic mean of ordetaggregator function:

= ZZGZ](]’/Q r/2 l/r, aij = aji. (29)

=1 j=1

It can be shown thaf(q) defined by Eq. (29) is linearly homogeneous flexible
functional form; that is, it can provide a second order approximation to an arbitrary
twice continuously differentiable linearly homogeneous function.

Substituting the restrictions and definitions Eq. (27) and (28) into the generalized
guadratic identity Eq. (17) yields the following identity:

(@) = [f ()]

N
=(1/2) Z{fn @)1 /2) ()P (30)
Al ) @)1 /2)(a) T2 1 (gn) ' = (a0)")
or
N
=10 =D Uy )
n=1 (31)

Y ) e = (an) )
where we have simplified the notation by defining

=14 =1 L= fald) = 0f(d")/0an;
t=01:. n=1,2,....N.

(32)

Since thef(q) defined by Eq. (29) is linearly homogeneous, we may use Wold'’s
identity Eq. (9) to replace the partial derivativgs by pf, f*/p' - ¢*. The notation
will be simplified if we define the periotinormalized price for commodity, w ¢,
as follows:

wy, = pl,/p" - q" t=0,1; n=12,....N
=[1/f(g")0f(q")/dq, using Wold’s identity, Eq. (9) (33)
=0 f(q")/9qn
= fulf* using the notation in Eq. (32).

14gee Diewert [4, p. 130]. &e and Sung [10] showed that the translog case considered earlier and
the present normalized quadratic function are the only special cases of the family of generalized quadratic
functions that are also linearly homogeneous.
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Thusw?, is the period price for commodity:, p!,, divided by period expenditure
on all commodltles in the aggregate,

P’ = anqn

Using Wold's identity, the normalized priae!, is equal to the logarithmic deriva-
tive of the aggregator function with respect to commodigvaluated at the periad
data,d1n f(q')/0q,. Making use of Eq. (33), Eq. (31) can be rewritten as follows:

N
=10 =D [wh {0y (@) /2
n=1 34
UL L)) ) — () .
Now divide both sides of Eq. (34) through bf°]" to obtain:
N
[F1/10 = 1= i (an) "7
n=1 (35)

g {1/ O ()P (an) 2 — (an)"):

Now f1/f9 is the true quantity indexR, = f(¢')/f(¢"). Replacef!/f° in
Eq. (35) by@.. and solve the resulting equation f@r,.. We obtain the following
solution:

N N

Z a0 /a)" o) Z an/an) " Pen )T (36)

wheres!, is the period expenditure share for commodity i.e.,

mff;t=ah n=12,....N
nqn using definitions Eqg. (33).

t
Sn

(37)

The index number formula on the right hand side of Eq. (36) depends only on the
observed prices and quantities pertaining to the two periods under consideration and
it is equal to the quadratic mean of ordeguantity index defined by Diewert [4,

p. 130]. The above results show that it is exactly equal(p')/f(¢°) wheref is

the quadratic mean of ordeiaggregator function defined by Eq. (29). Thus we have
used the generalized quadratic identity Eq. (17) in order to establish this exactness
result.

The above algebra for quantity indexes has its counterpart for price indexes as we
now show. Define the quadratic mean of ordemnit cost functiorc(p) by:

E Z Zaupr/z T/2 1/7 Qij = Qjj- (38)

i=1 j=1
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Define the period normalized quantity for commodity, v}, as follows:
vl =gt /pt ¢t t=0,1; n=12,...,N
= [Dc(p')/Opn)/c(pt)  using Shephard’s lemma, Eq. (8) (39)

=9d1In c(p')/Opn.
Let the level of unit cost in period 0 be = ¢(p") and the level of unit cost in
period 1 ber! = ¢(p'). The counterpart to Eq. (35) is now

N

e/ = Sl

et/ ) ) - 0477,

Note thatc! /¢’ = ¢(p')/c(p®) = P. is the true price index that corresponds to
the unit cost function defined by Eq. (38). Now replacgc® in Eq. (40) byP, and
solve the resulting equation f@t.. We obtain the following solution:

(40)

N N

Po= Y (on/o0) S0 (o /0)Psn) Y (41)

n=1 n=1

wheres!, is the period expenditure share for commodityefined earlier by Eq. (37).
The index number formula on the right hand side of Eq. (41) depends only on the
observed prices and quantities pertaining to the two periods under consideration and
it is equal to the quadratic mean of ordgsrice index defined by Diewert [4, p. 131].
The above results show that it is exactly equai(je') /c(p°) wherec is the quadratic
mean of order unit cost function defined by Eq. (38). Thus again we have used the
generalized quadratic identity Eq. (17) in order to establish this exactness result.

In the following two section, we examine Eqgs (35) and (40) more closely for the
special cases when= 1 or 2.

5. Additive per centage change decompositions for the Fisher ideal indexes

It can be verified that when = 2, Q5 defined by Eq. (36) turns out to equal the
Fisher [12] ideal quantity inde®) r; i.e., we have
Q2=Qr(®" . p". "¢ ) = 1{0° - ¢' /" - "Hp" - " /" - "1V (42)
Using Eqg. (34) whem = 2, we have the following decompositioh:

N

P12 = 17 = b {08 + wh{f*}2)las — a0 (43)

n=1

15This decomposition was used already by Reinsdorf et al. [18].
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where the normalized prices!, are defined by Eq. (33). From elementary algebra,
we have:

P2 =P =1 = O+ £ (44)
Now divide both sides of Eq. (43) by! + f°. Using Eq. (44), the resulting
equation becomes:
1_ 40
f Nf (45)
= 1O AU+ D + SIS+ FDwy Has — a0}
n=1

Divide both sides of Eq. (45) by" and usingl » = f!/f°, we have the following
additive percentage change decomposition for the Fisher ideal quantity tfdex:

N
Qr—1=>Y {(1/[1+Qr)w) + (Qr/[1 + Qr)Qrw, g, — a1}  (46)

In the above decomposition, the term in front of the change in quantifging
from period 0 to 1Q r,,, thenth percentage change quantity weight, is defined as
follows:

Qrn = (1/[1+ Qr)w, + (Qr/[1 + Qr))Qrw,,. (47)

Note that thexth percentage change quantity weight is almost a weighted average
(with weights ((/[1 + QF]) and Qr/[1 + Qr]) which sum to unity) of the two
normalized prices for commodity in the two periods under consideration!, =
pt /pt - ¢! for t = 0,1. However, the period 1 normalized priee, gets an extra
weighting factor equal tQ ¢, the value of the Fisher quantity index going from period
Otol. IfQr = 1, then@ g, is equal to the arithmetic average of the normalized
prices for commodity:, (1/2)w? + (1/2)w}.

In a manner analogous to the derivation of Eq. (46), we can obtain the following
additive percentage change decomposition for the Fisher ideal price index:

Pp—1="> {(1/[1+ P))vy + (Pr/[1+ Pr])Prv, Hp, — 0} (48)

n=1
where the Fisher ideal price indé¥- is defined as follows:
Pe(’,p",¢".¢" ) = [{p" - /0" - " Hp" - ' /00 - "}

(49)
=p" ' /p" " Qr(°,p", " ¢")

161f we solve Eq. (46) forQ, we obtain the Fisher ideal index defined by Eq. (42) as the solution.
This shows that Eq. (46) is an identity, which is valid forll p*, ¢°, q*.
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whereQr is the Fisher ideal quantity index defined earlier by Eq. (42). In the
decomposition Eq. (48), the term in front of the change in price n going from period
Oto 1, Pr,, thenth percentage change price weight, is defined as follows:

Ppn = (1/[1+ Prl)vy + (Pr/[1 + Prl)Pro, (50)

where the normalized quantities, are equal tq’, /p* - ¢* fort = 0, 1.

It should be noted that the concept of a price or quantity index number formula
having an additive percentage change decomposition is not quite the same as an index
number formula having the property of additivity. We now explain the difference.

Apriceindex,P(p°, p', ¢°, ¢'), is said to be additive if it can be written as follows:

P’ p'.d° q") Z apn/ Z ap (51)

n=1 n=1

where the “quantity” weightg; are usually taken to be some sort of average of
the base and current period quantities for commodity® andgl. However, in
principle, more complicated quantity weighting could be used: the important factor
in the definition of additivity given by Eq. (51) is that the quantity weights be the
same in the numerator and the denominator of the right hand side of Eq. (51).

In a similar manner, a quantity indeg,(p", p', ¢", ¢*), is said to be additive if it
can be written as follows:

Qw’,p',¢" ¢") Z Prdn/ Z Prdn (52)

where the “price” weightg are usually taken to be some sort of average of the base
and current period prices for commodityp? andpl. However, in principle, more
complicated price weighting could be used: as before, the important factor in the
definition of additivity given by Eq. (52) is that the price weights be the same in the
numerator and the denominator of the right hand side of Eq. (52).

Itis straightforward to show that additive price and quantity indexes have additive
percentage change decompositions. For example, suppose we have an additive
guantity index of the type defined by Eq. (52) above. Then we have:

N
Z Paan/ Z pran) — [ pran/ Z pay)

n=1 n=1 n=1 n=1

an{qn an}l/ Z Phad

(53)
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N
= Qnia, — a3}
n=1

where thenth percentage change quantity weighy is defined as

N
Qu=p/Y phan; n=1,...,N. (54)

n=1

Thus we can always find an additive percentage change decomposition for an
additive price or quantity index. However, it may not always be possible to go
from an additive percentage change decomposition to a corresponding additive index
number formula.

Unfortunately, the additive percentage change decompositions Eqs (46) and (48)
that we obtained for the Fisher quantity and price indexes are not unique. For
example, Van ljzeren [23, p. 6] chose the following values for the quantity weights
g which appear in Eq. (51) above:

g, = (1/2)q + (1/2)q,/Qr(®°,p", ¢ ¢"); n=12,...,N (55)

whereQr is the Fisher quantity index defined by Eq. (42). Thus the reference
quantity for commodity: in Eq. (51),¢;, is chosen to be the arithmetic mean of the
period 0 and period 1 observed use of commodlitgxcept that the period 1 usg},

is deflated by the Fisher quantity ind€}z, for the entire group of commaodities in

the aggregate. To show that the resulting price index defined by Eq. (51) is the Fisher
ideal price index, replad@  in Eq. (55) byp' - ¢! /p° - ¢° P if necessary. Now solve

Eq. (51) using the weights defined by Eq. (55) fari.e., solve the resulting equation

for P:

P =

M=

(1/2)[q0 + a5/ Q}py,

I
A

n

N
/> (1/2)[4h + a5/ QIS
n=1
=[p'¢"+p'¢'/Q]
/IP° - q°+1° - ¢"/Q) or (56)
PQY° - +1° - ¢'P=Qp' - +p' -¢* or
g /P - ¢° +p° - g' P

= Qpl .q() +p1 . ql usingPQ — [pl . ql/p() . q()] or
p°-¢'P=Qp"-q° canceling terms or
p°-q'P=1[p'-q"/p°- " Plp' - ¢° using@Q = p' - ¢ /p® - ¢°P or
P? =" q" /" q"llp" - ¢°/p° - ¢"] or

P=A{p"-¢'/p" ¢'lp* - °/p" - ¢"I}*/* = Pr. (57)
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Thus Egs (51) and (55) provide an exact additive representation for the Fisher ideal
price index.

In a similar fashion, Van ljzeren [23, p. 6] showed that if we choose the following
values for the price weighis;, which appear in Eq. (52) above:

= (1/2)p% + (1/2)ph/Pr(®°. 0", ¢, ¢"); n=1,2,...,N (58)

wherePr is the Fisher price index defined by Eqg. (49), then Egs (52) and (58) provide
an exact additive representation for the Fisher ideal quantity index.

Since an additive representation for index number formula implies an additive
percentage change decomposition for the formula, we see that our additive percentage
change decompositions for the Fisher ideal price and quantity indexes given by
Egs (46) and (48) above are not unigtle.

In retrospect, it is not surprising that additive percentage change decompositions
of any index number formula are not unique (unless the decomposition has to satisfy
further properties). To see this, look at the right hand side of Eq. (52), which is
homogeneous of degree Qjify, . . ., p,. Thus given an index valu@, we can never
determine the scale of the'. Hence, let us impose a normalization on ftjg such
as:

anqn =1L (59)

Using Eqg. (59), Eq. (52), which defines an additive representation for the quantity
index @, can be rewritten as follows:

Z Pha = Q. (60)

n=1

Equations (59) and (60) can be regarded as two simultaneous linear equations in
the NV unknownspj, ..., p%. Obviously, as soon a¥ exceeds 2, there will be an
infinite number of solutions to Eqgs (59) and (60) in general. Thus the quest for unique
additive representations or unique additive percentage change decompositions of an
index number formulais doomed to failure. Hence any particular additive percentage
change decomposition needs to be justified on axiomatic grounds or on its economic
interpretation. We will return to this topic after the following section.

In the following section, we examine Egs (35) and (40) for the special case when
r equals 1.

17In fact, two additional additive percentage change decompositions for the Fisher indexes may be
found in Reinsdorf et al. [18]. The first of these two decompositions turns out to be equivalent to the
decomposition of Van ljzeren [23, p. 6], which was also independently derived by Dikhanov [8]. The
Van ljizeren decomposition is currently being used by Bureau of Economic Analysis; see Moulton and
Seskin [17, p. 16] and Ehemann et al. [9].
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6. Additive percentage change decompositionsfor the implicit Walsh indexes

Our goal in this section is to provide some additive percentage change decompo-
sitions for some indexes defined by Walsh.
Walsh [24, p. 398; 25, p. 97] defined the following very useful price indféex:

N
Pw (0", 4%, ¢") =D lanan]"? 1/2 [ahan]" /5 (61)

n=1 n=1

Thus the Walsh price index is an additive price index of the type defined by Eq. (51)
where the quantity weightg; are equal to the geometric means of the period 0 and
1 consumption of commodity, [¢°¢}]'/2. As indicated in the previous section, the
Walsh price index necessarily has an additive percentage change decomposition.

Using the fact that the price index times the quantity index should equal the value
ratio for the two periods under consideration; i.e., usthg

Pw (% 0" ¢°, a"Qiw (0% p". % ¢") =p" - ¢' /p° - ¢, (62)

we can define the implicit Walsh quantity ind€X;, that corresponds tBy defined
by Eq. (61) as follows:

Qw(p 04 qY)
= [p! K /p“ q]/PW(pO,pl, 0.q")
[a0an]/?p0/p° - q }

lghgn)?p /P - q } using Eq. (61)

ﬂ

3
Il
N

gt /212 p2 0 /p° - ¢°

N

Z[ o /a) P phan/pt - gt

Il
\/—/H/—/H
MR M =

(63)

3
—

—

N
Z lan/q9)" 2}/{2[%/%]”2 i} using Eq. (37)

=1 n=1
Q(p‘pq q")

where(@); is a quadratic mean of orderquantity index defined by Eq. (36) when
r = 1. Thus the Walsh implicit quantity inde®)3;,, is equal to a special case of the
guadratic mean of order quantity indexes defined earlier.

18Diewert [6] made a case for this index being the “best” pure price or fixed basket type index. The
Australian statistician Knibbs [15, pp. 43—44] was perhaps the first to define the class of fixed basket type
indexes, which he called unequivocal indexes.

195ee Eq. (7) above. Fisher [11] was the first to suggest that that the product of the price and quantity
indexes should equal the value ratio between the two periods under consideration.
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It is not at all obvious what an additive percentage change decomposition for the
implicit Walsh quantity index would look like. However, using the decomposition
Eq. (35) forr = 1 yields the following equation:

N

Q1 — 1= [wh (@) +wi{Qi}(ah)/?|l(ah)"* — (49)"/?) (64)

n=1

whereQ); is defined by Eq. (63). Now multiply the numerator and the denominator of
thenth term on the right hand side of Eq. (64)ay,)'/%+ (¢)*/?forn = 1,..., N.
The resulting equation is:

N

Qi —1="> [wn{(gn)"?/[(an)"? + (an)"*]}

n=1

+wnQu{(a)' 2/ [(ah) " + (a2) 1} — a0 (65)

= Z erl qn qn

n=1

where thenth Walsh percentage change quantity weight, is defined as

Qun = wl{(a)?/[(ah) " + (@) "]}
FuhQu{(a) /(@) + (@) /).

Note that thenth percentage change quantity weight is almost a weighted average
(with weights(qp))'/?/[(¢;)"/? + (¢;,)"/?] and (g)"/*/[(a3)"/* + (ap)"/?] which
sum to unity) of the two normalized prices for commaoditin the two periods under
considerationyw!, = pt /pt - ¢ for t = 0,1. However, as was the case with the
Fisher decomposition defined earlier by Eqgs (46) and (47), the period 1 normalized
pricew. gets an extra weighting factor equaldqa , the value of the Walsh implicit
guantity index going from period 0 to 1.

The counterpartto the Walsh price index defined by Eq. (61) above is the Walsh [25,
p. 103] quantity index) - defined as follows?

(66)

N
Qw@’,p". " q") = [phpa]'? 1/2[@?2% ]'/245. (67)
n=1

It is easy to see that the Walsh quantity index has the additive form defined by
Eq. (52) where thexth price weightp, is the geometric mean of the period 0 and

20The Walsh quantity index is a special case of Knibb’s [15, pp. 43—44] class of unequivocal quantity
indexes. See Diewert [6] for further discussion.
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1 prices for commodity:, [p%plL]'/2. Thus the Walsh quantity index also has an
additive percentage change decomposition; recall Eqgs (53) and (54) above.

The Walsh [25, p. 103] implicit price index that corresponds to the Walsh quantity
index@w defined by Eq. (67) is defined as follows:

Py (00", 4% qY)
Legt /0 ¢/ Qw(@°,p'. ¢, q)

[p N
= {Z[pﬁpi]mqﬁ/po - qo}
n=1
N
/ {Z[P?Lpi]l/ g /0" ql} using Eqg. (67)
n=1
{ 3 o /0] P /p° - qo} (68)
7 N
/{Z[ 0 /pi ?prar /p" - ql}
Nn N
_ {z[p;/pwsz} / {zmz/p;rﬂs;} using Eq. (37)

n= n=1

= h(p

whereP; is a quadratic mean of ordeprice index defined by Eq. (42) when= 1.
Thus the Walsh implicit price indexXy;;,, is equal to a special case of the quadratic
mean of order quantity indexes defined earlier.

We can repeat the algebra associated with Egs (64) and (65) above using the
decomposition Eqg. (40) in place of Eg. (35) to show that the Walsh implicit price
index has the following additive percentage change decomposition:

o

' ptd% qY)

N
Pr—1=Y Pi[p — 1) (69)

n=1

where thenth Walsh percentage change price weigh}, is defined as

Pry = op{ ()" /1(on) " + (o)}
+op Pr{(pn)" 2 /[(0n)"2 + (01)'?1}-

Note that thenth percentage change price weight is almost a weighted average
(with weights(p3)1/2 /[(p})V/? + (pL)V/?] and (pL)V/?/[(pL)/2 + (p})*/2] which
sum to unity) of the two normalized quantities for commoditin the two periods
under consideration,, = ¢!, /p* - ¢* fort = 0,1. However, as was the case with the
Fisher decomposition defined earlier by Eq. (48), the period 1 normalized quantity
v} gets an extra weighting factor equal R, the value of the Walsh implicit price
index going from period O to 1.

(70)
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The results in this section show that all four of the Walsh price and quantity indexes
have additive percentage change decompositions. In the following section, we will
attempt to provide economic interpretations for the terms in two of these additive
decompositions.

7. Economic inter pretationsfor some additive percentage change
decompositions

Given that in general an infinite number of additive percentage change decompo-
sitions are possible for any given price or quantity index, it will be useful to find
decompositions such that each term in the decomposition has an economic interpre-
tation. In this section, we shall show how this can be done for some of the most
commonly used superlative index number formutae.

We first need to provide an exact interpretation for each oftierms on the right
hand side of the quadratic identity Eq. (4) above. E¢t) be the quadratic function
defined by Eq. (1) and consider a change in the vechianm the base period situation
20 = (29,28, ...,2%)t0(21,29,...,2%); i.e., only the first component afchanges
from the base period valug to the period 1 value;. Thensince”(z1, 2o, . .., zn)
is quadratic inz1, we can apply the quadratic identity Eq. (4) to this change and get
the following equation:

F(z1,25,- - 28) = F(&, 25, ... %)

- (1/2)[F1(Z?7237 . 7Z]OV) +F1(Z%,ZS, s aZJOV>][Z% - Z?]
N

= (1/2)[(],1 + 20,112:(1) + Z 2(111'2? —+ aq
=2

N
+2a112’% + Z 2a1iz?] [Z% — Z(l)] (71)
=2

partially differentiating thef" defined by (1)

= (1/2)[Fy(20,29,...,2%) + 2a11 (21 —2%) + Fi (20, 29, ..., 2%)][21 — 2Y]

= [Fi(e1, 23, ., 2%) + aaa (21 — 29)][z1 — 24

Now consider a change infrom (29, z3,...,25) toz! = (2},23,...,2%). Ina
manner analogous to our derivation of Eq. (71), we can show that

F(z1, 25, 28) = F(, 23, .. 28)

21For the Torngvist price and quantity indexes, we will obtain multiplicative decompositions rather
than additive ones.
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(1/2)[F1(Z17227 . 7211\7) +F1(Z%,Z%, cee azjl\/')][z% - Z(l)]
N
= (1/2)[@1 + 2a112? + Z 2@11‘2141 + a1
i=2
N
+2a112] + Z 2a1;2}][21 — 2Y] (72)
i=2
partially differentiating thef" defined by (1)
(1/2)[F1(Zl7227 .o ZN) + 20’11(2% - Zl) + Fl(Zl,Z%, B ZJIV)][Z% - Z(l)]
= [Fl(zlaz’éa ce ZN) + all(zi - Z?)HZ% - Z?]

Finally, take the arithmetic average of Eqs (71) and (72) and we obtain the following
exact identity:

(1/2)[F (21, 23, ... ZN) F(z, Z(Q)v" 23]
+(1/2)[F (21, 23, - - F(2,23,...,23)] (73)
:(1/2)[F1(217227" ZN)+F1(21722V"7Z]1V)][Z%_Z?]'

Note that the right hand side of Eq. (73) is the first term on the right hand side of
the quadratic identity Eq. (4). Thus this first term is equal to the arithmetic average
of two differences in the level af'(z) where only the first component of thevector
changes in each of these two differences.

We define the left hand side of Eq. (73) as the first difference effecin general,
define thenth difference effecty,,, as follows:

TL—(1/2)[ (21,...,22 17271172701+1 ,Z]OV)—F(Z?,ZS,,Z]OV)]
(1/2)[ (Zlazéa”-azjl\/)7F(Z%7~-~azrlz 1;2272711+1a'~-7z]1\]>]; (74)
n=12...,N.

)

Thusé,, is the arithmetic average of two hypothetical changeg'({n) where in
the first (second) change, only théh component changes from its period O level of
29 to its period 1 levek and all other components ofare held constant at their
period 0 (1) levels. In a manner analogous to our derivation of Eq. (73), we can show
thatd,, is equal to thexth term on the right hand side of the quadratic identity Eq. (4);
i.e., we have:

on = (1/2)] n(Z(l)ngw--aZR/) —l—F,L(z%,z%,...,z]lv)][z,lL - 22]7

(75)
n=12,...,N.

We now have to translate Eqs (74) and (75) into our generalized quadratic identity
framework. If f(q) is defined by Eq. (10), it is straightforward to show that the
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counterpart to Eq. (75) is

n = (1/2)[{ fa(®)d'[f (d*)I/P (q1)}
+{fald")g'If (@]/H (g3)H[(g) — hgn)]; (76)
n=12...,.N

whered,, is now defined as follows:

6n = (1/2{glf (a0, a1 s @ias - X))

7g[f(q%a7q'rlzflﬂq27q'rlz+1aqjl\/)]}a
n=12...,N.

(77)

Note that the right hand side of Eq. (76) is titl term in our generalized quadratic
identity and Eq. (77) gives an economic interpretation for this term in terms of
differences ing[f(q)] where only thenth component of; changes. Thus each of
the NV terms on the right hand side of the generalized quadratic identity Eq. (17) has
an economic interpretation as an average of two finite differences in the level of our
transformed aggregator functighf (¢)] where only one component gfchanges in
each of the finite differences.

We now specialize Eqgs (76) and (77) by considering specific functiong dod
h.

The first special case that we consider is the case wharel, are the natural
logarithm functions (recall Eq. (18) above), which gave rise to the translog aggregator
function defined by Eqgs (20) and (21). In this case, the generalized quadratic identity
Eq. (17) became Eq. (22). Thus we have:

N

In[f(¢")/ (")) =D _(1/2)[s}, + s3] In[qp/q7)]

n

I
—

(78)
6n

I
] =

I
—

n

whered,, is defined by Eq. (77) whergis the logarithm function in this special case.

It is useful to introduce some additional notation at this point. Define the base
periodnth quantity effectz as the relative change in the aggregate going from the
base period quantitieg’ to new quantities where we only changgto the period 1
level,ql; i.e., definer? as follows:

I N AN O N9 Vi N (0 O SN O

n=12...,N.

(79)
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Define the current periodth quantity effects. as the relative change in the
aggregate going to the current period quantifieom quantities where all quantities
are at their period 1 levels except is equal to the period 0 leve}?; i.e., defines}
as follows:

}LEf(q%7q%7aq]1\/')/f(q%aaquz—laq?mq’rlH—l7q11V)7

n=12,...,N.

C
(80)

Finally, define thenth quantity effectc,, as the geometric mean of the base and
current period quantity effects defined by Eqgs (79) and (80); i.e., define

cn =000 Y2 n=1,2,...,N. (81)

Using this new notation and exponentiating both sides of Eq. (78), we obtain the
following decomposition for the rnqvist quantity index@ r(p°, p', ¢°, ¢*) (recall
Eg. (23) abovey?

f(ql)/f(qo) - QT(pOapla qu q1>

N
= H exp[dn] whereexply] = e¥
N (82)

Thus we have an exact multiplicative decomposition of th@rfvist quantity
index@ into a product ofN quantity effects,]'[ﬁ:]:1 ¢n, Where each quantity effect
is a quantity index which shows the effect of changing justttiequantity fromg 2
to ¢l; see Egs (79) to (81) above.

The same algebra works for a multiplicative decomposition for thengjvist price
index Py defined earlier by Egs (25) and (26). Again, we introduce some additional
notation in order to define the terms in the decomposition. Define the base period
nth price effect? as the relative change in the aggregate going from the base period
pricesp’ to new prices where we only changg to the period 1 levely}; i.e., define
oY as follows:

0 _— 0 0 1,0 0 0 .0 0.
Pn = C(pl’ e 7pn—lapnapn+1 tee apN)/C(p17p27 s 7pN)7

n=12...,N

(83)

22For similar decompositions in the profit or revenue function context, see Diewert and Morrison [7,
pp. 666—-667] and Kohli [13].
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wherec(p) is the translog unit cost function defined in Section 3 above. Define the
current periodnth price effectpl as the relative change in the aggregate going to
the current period pricgs' from prices where all prices are at their period 1 levels
exceptp,, is equal to the period O level?; i.e., definep), as follows:

P = (D1, Dby s DN)/C(DTs - s Dry 13 Do Pt - - s PN

84
n=12,...,N. 84)

Finally, define theath price effecb,, as the geometric mean of the base and current
period quantity effects defined by Eqs (83) and (84); i.e., define

bo = [0°pL]Y2% n=1,2,...,N. (85)
Using this new notation, we obtain the following decomposition for tidengvist
price index,Pr(p°, pt, ¢°, ¢') (recall Eq. (26) above)?

c(p)/e(®”) = Pr(®°,p", %, ¢")
- H exp{(1/2)[s% + sL]In [p} /p2]}

n=1

ST

I

Thus we have an exact multlpllcatlve decomposition of tldengvist price index
Pr into a product ofN price effects Hn 1 bn, Where each pnce effect is a price
index which shows the effect of changing just titl price fromp? to pl.

We turn now to our second special case of Egs (76) and (77) whanelh are
defined by Eqg. (28) for # 0 and the restrictions Eq. (27) are satisfied. THi(g)
is the quadratic mean of orderaggregator function defined by Eq. (29) fok£ 0.
Using Egs (76) and (77) above, the generalized quadratic identity Eq. (34) in this
case becomes:

=1

(86)

N
Z[ OO (g0) 2 + wl LS Y (a2 gl — (@)Y (87)
N
2

23See Diewert and Morrison [7, pp. 666—667] and Kohli [13] for similar decompositions.
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whered,, defined in general by Eq. (77) becomes the following expression when the
restrictions Eqs (27) and (28) are satisfied:

On

= (1/2){[f(q(1)7 R q’?L—l? Q'rlw q'?z-i-lv R qg{)]r - [f(q(l)a q(2)a R qg{)]r}
+(/2{[f (a1, 02 an))” = (@1 @ G Gy - an)Ir)s (88)
n=12...,.N

= (/21 {lon]" = 13 + /21 = [1/e,]7}

where the quantity effects) ando} are defined by Egs (79) and (80).

Now specialize Eg. (87) to the case where= 1. Upon dividing both sides of
Eq. (87) byf°, we obtain the following additive percentage change decomposition
for the implicit Walsh quantity inde®); defined earlier by Eq. (63):

N
Q1—1:Z(5n/f0 (89)
n=1

whered,, / f0 is defined as

6/ 0= (1/2){op — 1} 4+ (1/2)Q1{1 — [1/0}]}; n=1,2,...,N
= Qunlay, — 4]

and where thexth Walsh percentage change quantity weight, was defined by
Eq. (66). Thus theuth term in the additive percentage change decomposition for
Q1 given by Eq. (65)Q1.[q. — ¢°], can be interpreted as a weighted sum of the
percentage changes in the two single variable changes,1 andl — [1/0}], where
0% andol are defined by Egs (79) and (80). The weighted sum is an arithmetic
average of the change$§ — 1 and1 — [1/0] if the indexQ is equal to oné*

The above algebra can be adapted to provide an economic interpretation for the
terms in the additive percentage change decomposition Eq. (69) that we obtained
earlier for the Walsh implicit price indeR;. Thus we have

Pualpy, — 0] = (1/2){pp — 1} + (1/2)Pi{1 — [1/p, ]}
n=12...,.N

(90)

(91)

where thenth Walsh percentage change price weight, was defined earlier by
Eg. (70) and the base periadh price effectsp? and the current periodth price
effectspl were defined by Egs (83) and (84). Thus i@ term in the additive

24If o} is close to one, theh — [1 /o] will be close tos), — 1. These two expressions have the same
first order Taylor series approximations around the point of approximatios 1.
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percentage change decomposition far given by Eq. (69),P1.[pL, — p?], can be
interpreted as a weighted sum of the percentage changes in the two single variable
changesp? — 1 and1 — [1/pl], wherep? andp) are defined by Eqgs (83) and (84).
The weighted sum is an arithmetic average of the chapfjes 1 and1 — [1/p}] if
the overall price index¥P; is equal to one.

Now specialize Eq. (87) to the case where= 2. Upon dividing both sides
of Eq. (87) by f°[f° + f!], we obtain the following additive percentage change
decomposition for the Fisher ideal quantity ind@ = Qr defined earlier by
Eq. (42):

N
Qr 1= 6./flf*+ f'] (92)
n=1

whered,, / fO[f° + f1] is defined fom = 1,2,..., N as

8n/ fOLFO + F1]
= [(1/2) [P {[on)? = 13 + (1/2)[F1°{1 = [1/an )2}/ L0 + 1]
= (1/2{r°/11° + f1H{lo)? — 1}
+1/2)Qr{f1/If° + fIH1 - [1/0)]?} (93)
= (1/2){1/[1+ Qr]}{[op)* - 1}
+(1/2)[Qr*{1/[1 + QrI}H1 - [1/0,)%}
= Qrnla), — 4]

and where theath Fisher percentage change quantity weight,, was defined by
Eq. (47). Thus theuth term in the additive percentage change decomposition for
Qr given by Eq. (46)Q rn[q: — ¢°], can be interpreted as a weighted sum of the
changes in the two single variable chandge§)? — 1 and1 — [1/]?, wheres? and

ol are defined by Egs (79) and (80). If the Fisher quantity ingexequals 1, then
Eq. (93) becomes:

Qrnlay — 4]

= (1/4){[on)? = 1} + (1/H{1 — [1/0,]*}

= (1/4){lon = Ylon + 1} + (/{1 = /o)L + (1/03,)]}
~ (1/2)[op — 1]+ (1/2)[1 — (1/0,,)]

where the last approximation follows if the two quantity effeefsando) are close
to one. Thus under normal conditions when all of the quantity indexes are close to
one, thenth term in the additive percentage change decompositio fergiven by

(94)
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Eq. (46),Q rnlq: — ¢°], will be approximately equal to the arithmetic average of the
two single variable index changes) — 1 and1 — (1/0}).?°

Of course, the above algebra can be adapted to provide an economic interpretation
for the terms in the additive percentage change decomposition Eq. (48) that we
obtained earlier for the Fisher price indé% = Prp. Thus we have fom =
1,2,...,N:

Prnlpy, — pul = (1/2){1/[1 + Prl}{{ph)* — 1}
+(1/2)[Pr]*{1/[1 + Pr}H1 — [1/pn]7}

where thenth Fisher percentage change price weight, was defined earlier by
Eqg. (50) and the base periadh price effectsp® and the current periodth price
effectsp’ were defined by Eqgs (83) and (84). Thug’if, o andp} are all close to
one, then thexith term in the additive percentage change decompositioR fogiven

by Eq. (48),Pr,[pL — p¥], is approximately equal to the arithmetic average of the
percentage changes in the two single variable chapges,1 and1 — [1/pl], where

oY andp} are defined by Egs (83) and (84).

(95)

8. Conclusion

The results in the previous sections demonstrate that the quadratic identity Eq. (4)
and its generalizations provide a unifying framework for deriving all of the most
commonly used superlative index number formula. In addition, the single variable
guadratic identity Eq. (73) and its generalizations have proven to be very useful in
providing economic interpretations for some additive percentage change decompo-
sitions for these commonly used superlative indeXes.
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