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MULTILATERAL COMPARISONS
OF QUTPUT, INPUT, AND PRODUCTIVITY
USING SUPERLATIVE INDEX NUMBERS*

Douglas W. Caves, Laurits R. Christensen and W. Erwin Diewert

Early in this century cconomists hegan to give scrious attention Lo making
comparisons using index number techniques. There was extensive debate as to
which index number formulas were the most appropriate for carrying out
comparisons.! The debale was extensive in no small part duc to the lack of
agreement as (o criteria for preferring one formula over another. In recent
decades (here has been a resurgence of interest in index numbers, resulting rom
discoveries that the propertics of index numbers can he directly related to the
properties of the underlying aggregator lunctions that they represent. The
underlying functions - production lunctions, utility functions, ctc. — are the
building blocks of econemic theory, and the study of relationships between these
functions and index number formulas has been referred to by Samuclson and
Swamy (1974) as the economic theory of index numbers.? A

A key development in the cconomic theory of index numbers has heen the
demonstration that numerous index number formulas can be explicitly derived
from particular aggregator funciions. This development provides a powerful new
hasis [ur selecting an index number procedure. Rather than starting the selection
process with a number of plausible index number formulas, onc can specify an’
aggregator function with desirable propertics and derive the corresponding
index number procedure. The resulting index is termed exact for that particular
aggregator function. Dicwerl (1976) makes a strong case for limiting the con-
sideration of aggregator functions to those which are flexible, 1.e. those which can
provide a sccond order approximation to an arbitrary aggregator function. He
has termed index numbers that are cxact for flexible aggregalor functions
‘superlative’,

There are two superlative index numbers that arc of particular interest - the
Fisher Tdeal index and the Torngvist-Theil-translog index. Fisher (1922) dubbed
the following index Ideal since it hest satisfied his several criteria for choosing
anmong index numbers:

Iy = 52/ Z)l/ [Z85:4(Z1f. Zu)]}ls (1)

where &; and 8, are value share weights for the two economic entities or time
periods being compared, and the Z; are the corresponding prices or quantities,
This index is widcly known as the geometric mean of the Laspeyres and Paasche

* This research has been supperted in part by the National Science Foundation. Dale Jorgenson
prewided helpful comments on @ previous draft of this paper.

' Ruggles (1967) provides an interesting briel survey with extensive references.

* Sev Diewert (1979) for a recent survey of the economic theory of index numbers,
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indexcs. It has also been long (but not widely) known to be the exact index for
the quadratic mean of order two aggregator function.! Diewert {1974) showed
that this aggregator function is flexible, implying that the Fisher Ideal index is
superlative.

The most widely utilised superlative index is the Térngvist-Theil-translog

index,
InTy = Z3(Sy + S0 In (Z44/Z). (2)

It was discusscd by Fisher (1g922), has been advocated by Térnqvist (1936) and
Theil (1965), and has heen used extensively by Ghristensen and Jorgenson {1973)
atd others. Diewert (1976) established that the translog index is superlative by
showing that it is exact for the homogencous translog aggregator function
{Christensen, Jorgenson and Lau, 1971, 1973), a flexible functional form which
has been widely used in recent empirical cconomic research.

The indexes (1) and (2) definc binary comparisons. One of the principal issucs
in the index number literature early in this century was whether use of various
indexes gave rise to transitive comparisons. One of Fisher’s {1g22) criteria for
choosing among index numbers was whether they satisfied the following ‘circu-

larity' (ests2
Ikl = Ikm/];‘m' (3)

Fisher found that many indexes that satisfied the circularity test were not
atlractive on other grounds. On the other hand, his preferred Ideal index did
nol satisly circularity. This led Fisher to reject circularity as an important
eriterion for choosing among index numbers.

In essence Fisher’s discomfort with the circularity test was due to the fact that
it conflicted with using value shares weights that are specific to the two entities
being compared. Dreschler (1973) has used the term ‘characteristicity’ to
indicate the degree to which weights are specific to the comparison at hand. The
Fisher Ideal index utilises weights that are perfectly characteristic. Dreschler
(1973, p. 17} succinctly summarised Fisher's dilemmas *. .. characteristicity and
circularity arc always...in conflict with cach othcr.’ The implication is that some
degrece of characteristicity must be sacrificed to obtain circularity. In this paper
we demonstrate that superlative index numbers that maintain circularity and a
high degree of characteristicity can be used for making multilateral comparisons.

The problem to which multilateral comparative techniques have most often
been applied is that of multicountry output comparisons. The best known studics
in this arca are those of Gilbert, Kravis, and their associates.? These studies have
not made use of the ecconomic theory of index numbers. In fact, Kravis and his
associates considered and rejected a superlative index as being * too mechanical’

' Diewert (1976, p. 116) attributes proof of this result to Byushgens (1925}, Konyus and Byushgens
{1926), Frisch {3936}, Wald {193g), Afriat {r972) and Pollak (1971). The fact that this cexult is not
widcly known is attested 1o by statemients in the literslure such as tie following by Kravis, Heston and
Summers (178, p. 70): *The Fialier or “ideal” index - that i, the geometric niean of the pariner-
weighted and U.S. weighted indexes - is alse presented. This index is not casy Lo justify in theorctical
terms. .t

* This criterion is often reforred to as trausitivity. In the remainder of the paper we use the terms

cireularity and transitivity interchangeably to refer Lo the requirement specified by (3).
? See Gilbert and Kravis (1954), Gilbert and associates {1958} and Kravis ef al, (1975, 1978).
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while settling on a nen-superlative index that sacrifices much more charac-
teristicity,!

Multicountry comparisons of input and productivity are closely related to
comparisons of output, but they have received much less attention than output
comparisons.? In this paper we develop in parallel the methodology of all three
types of comparisons. In particular we develop superlative output and input
indexes that can be combined to provide a superlative productivity index.

Althougly multicountry comparisons arc a natural application of superlative
multilateral indexcs, there is wide scope for other applications. Multilateral
indexes can be wsed for tine series as well as cross section comparisons and for
combinations of time series and cross section data, Multilateral superlative
indexcs are attractive for firm and industry data in addition o country data.

L MULTILATERAL OUTPUT AND INPUT COMPARISONS
BASED ON THE TRANSLOG TRANSFORMATION FUNCTION

For an cconontic enlity, s, using the vector ol inputs X* to produce the vector of
aulputs Y%, we represent the structure of production by a flexible functional form,
the translog transformation function:

F(ln¥Y* InX7s5) = 1. {4)

We include 5 as an argument of / to indicate that the structure of production,
and henee productivity, is allowed to differ in a non-neutral manner among
cconomic entitics. This is achicved by permitting the first order translog para-
meters to differ across cconomic entities:

1 v I NN
af + NeaIn Fi+ N/ Xi+1 ) %‘,cxl-j!n YinYj+3im XA, InXiln &3
1 n i F U
N

I
+EBEIn YKl =1, (5)

where ey = ay, and ﬁ,j'—-»: A We restrict atlention to cconomic entitics
exhibiting constant return to scale, which is imposed on (5) through the fol-
lowing restrictions: ’

I hY 1
—Xap=Xfi=1 lor s=1,..5, Bay=o0 for j=1,..1

i " i

hi

2-‘lﬁrml =0 for m= 1, ... M,

n

N

Té,=o0 for i=1,..1
"

I
TEn=0 for n=1,..4N,
n

t Kravis et al. {1975, p. 70). * For an exception see Denison {1967}

3 A Tunctional form can be defined as fexible i i can represent an arbitrary set of revenue shares,
cost shares, and elasticitics of revenue and cost shares at a specificd base point. Qur form in eqiation
(5) is flexible in a more general sensc beeause it can represent arbitrary revenue shares and cost shares
at multiple base points; cach value of 5, and hence cach cntity, constitutes a distinet base point. The
form is restricted, however, in the sense that the sceond order cocflicients are independent of s, implying
equal clasticitics of revenue and cost shares for all entitjes.
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To casc exposition we refer henceforth to the cconemic entitics as countries,
without noting further that they could be firms or industries. In this case the
comparisons are naturally thought of as cross section comparisons, but they
could just as well be time serics comparisons or combined cross section, time
serics comparisons.

Observations {rom any two countries (values of 5) are assumed to [all on the
translog transformation function (4). A comparison of output for countrics &
and { could use country £ as a basc or country ! as a base. Consider using & as
the basis of comparison. In this ease we define the ratio of output of & to { as the
minimum proportional decrease in all clements of ¥* such that the resuliing
vector of outputs is producible with the input and productivity levels of L. Since
we arc using £ as the basis of comparison, we denote the laclor of proportionality
by &), which is the solution to the following equation:

F[In (Y%/8,), In X4, 1] = 1, (6)

We can solve for 8, as a function ol all the output relatives, Y¥/ ¥}, by using the
quadratic identity (QI) due to Diewert (1976).1 Using (4) we can rewrite (6) as:

Flin (Y38, In XL ] - F(ln Y, InX4L1) =0 (n
and applying the Q I, we obtain:

é{éﬁ[iﬂ (Y*/8,), In XL+ 4R (In Y, In XD O} (n(YE/8,) ~In Y]} =0, (8)

where the F; are the partial derivatives of F with respect to the logarithms of the
individual outputs for cither country. The constant returns Lo scale restrictions,

noted below (5), imply:
é!t} = —1 and F[In(Y*/§), nX, ] = F{In Y% InXL 0.  (9)
Use of {g) allows us to solve (8) for &
In 8 = —1:;[;1-}(1:1 Ve In XL D 4+ 3(n YL In XL O In{ YR/ Y. (ro)

Nosw consider using country { as the basis ol comparison. In (his case we define
the output of k relative to as the maximum proportional increase in all clements
of ¥ such that the resulting vector of outputs is producible with the input and
productivity levels of &. We denote this factor of proportionality by &, which is
the solution to the {ollowing equation:

F(Ind Y InX* k) =1, (11)

! The Q1 states the follewing: T.et 2 be an n dimensional vector and F be a quadralic function of the
elements of 2, Denote the vector of first derivatives of F by I, Then we can write,

F(z) - F(z°) = {[f(z)+1(=)]7 (z'—=2"),
where 1 and o represent two observations on the vector z, and T denoles vector transposition,
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Following the same procedure as above, we can solve for 8 as a function of the
output relatives Y¥/¥h

Ind, = — S (MY, InXE, £) + BA(In Y%, In X% ] In(YE/¥D.  (12)
i

We have two alternative definitions of the relative output in & and £ In one
case & is treated as the base country and in the other [ is treated as the base
country. It would bhe desirable 10 have a basc-country invariant definition of
relative output. A natural definition is the geometric mean of §, and 8, which we

denote as §y, Iy = (Ind,+1n8) /2. (13)
Using (10) and (12), equation (13) can be written in the following form:
Ind,; = ~ 3 {3F(In Y%, In X5 ) + 4 F (o Y, In X, )] In(YE/ 1)
+ }12;, [F(In Y%, In Xk k) — F(In X4, In X5, £) ] In(¥E/ 1)
+1§][]-}(1|1Y', In X4 1) — F(In Y%, In XN, 0] In(¥E/ 7D (r4)

The terms in the brackets in the sccond and third lines of {(14) sum to zero,
feaving the simplified cxpression for 8,21

Indy = —S[3F(n Y% X5 4) + 15(In Y, In X, )]In(YE/F).  (15)
i

If economic entities naximise revenue conditional on the input levels and output
prices, then 7 is equal to the negative of the share of output i in total revenue,

1
Fi=- P,}ﬂ/%l’;?} = —R;. Thus (15) can be rewritlen as:
Ind, = 43 (R + B In( 74/ ¥). (:6)

Equation (16) provides an index number of the Térnqvist-Theil-translog form.2
Woe refer to it as the translog bilaieral oulput index. This index has been derived from
an unrestricietd constant retiuras to scale translog transformation function; thus,

' Note that s »
Flln Y5 In X5 k) = ef+ DeayIn Y+ 2§, In XF,
¥ 1

and : k & &
Flln YL In X% k) = abd- Zayln Y}-}-L £ In X},
i )

J
Thus the second line of (14} is T X oy (In Ff=In ¥)) In (¥}/ 1)), Similarly the third line of {14} is
[

s
Z Zay(ln ¥i—In ¥§) In (YF/Y}). lence the second and third lnes sum to zere,
t ¥

¥ Tl derivation of (16) depends upon the equality of second order cocfficients, ayy, across entities.
If this equality docs not hold, it can be shown, from {14} and footnote t, that In &y is equal 1o the
translog bilateral index plus an expression that depends upen the discrepancies in he @y and the log
output ratios. This expression cap be used 10 incorporale eslimates of the &y to correet the translog
index or to test the sensitivity of the index to hypothesised differences in the ay,.
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the index does nat entail separability of inpuls and ou(puts nor neutrality of
differences in productivity.

The translog bilateral output index is attractive for making base-couniry
invariant binary output comparisens. But a set of such binary comparisons docs
not necessarily resultin a transitive multilateral comparison. Introduction of any
third country, say m, results in three bilateral comparisons that do not in general
satisly the circularity requirement, i.c. In S % Indy, —Indy,. Tt is possible,
however, to modify the definition of output comparisons so that transitive results
are obtained in the multilateral setting. We define the output of country &
relative to the output of alt § countrics as the geometric mean of the bilateral
output comparisons between & and cach of the countries:

In B =3 Blndy, {17)

Substituting the translog bilateral output indexes into (17) yields:

I8, = AT [(RE+R) (In Y¥—in 7y +RInY, - R{in7,], (18)
i

where the bar indicates the arithmetic mean over the S countrics of the variable

or product under the bar, Finally, the translog multilateral output index, 83, is
defined as: '

Ing} =ind,-In3, = §iE(R§‘+ RY(In Y —Tn¥) — 4R +B) (In ¥i—Tn ).
{
(19)

Translog multilateral output comparisons arc casily scen to be transitive:
Ind}k =Indl, ~Insk. {z0)

The translog multilateral output index, %» reduces to the translog bilateral
output index, &, when Sis equal 1o 2.

The translog multilateral outputindex can be derived in an alternative manner
by considering a hypothetical representative country (%) with the output vector
In ¥y, the input vector In ¥, and the revenue shares ]?‘. A translog hilateral output
comparison of country k with this hypothetical country resulls in the llowing
expression:

Indy, = §T(RE+ R) (In ¥ -Tn 7)), (21)
3

providing an alternative path to (18) Ind% = In Sen—1Indy,.

The foregoing development of output comparisons can be casily adapted to
the problem of input comparisons. We denote by p, and p, the proportional
changes in input that are analogous to 8, and 8. For example, p,. is the minimum
proportional increase in all elements of X! such that the resulting vector of
inputs is suflicient to produce ¥* with the productivity level prevailing at £;
i.c. p, is the solution to the following equation:

F(In Y% Inp XL k) = 1. (22)
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Proceeding as above we define gy as the geometric mean of py, and g 1€
cconomic calitics minimise total cost conditional on output levels and input
prices, we obtain the translog bilaleral input index:

Fi'd
Ipy =435 (VE+ W) In (X5/X0), (23)

where the 117 are shares of input # in total cost. Expanding the input comparison
to the multilateral sctting provides the franslog multilateral input index, ply:

gty =Tnp, =T = Y B(WE+T7) (In X5~ T X,)
i — —
=AW+ ) (In X} —TIn X)), (24)
n
The translog multilateral input index is transitive:

Inpfy = Tn pli — Ingil, (25)

and it reduces to a translog bilateral input index, Inp,,, when § is equal to 2.

Productivity comparisons can be interpreted as comparisons of outputs

refative to inputs. Thus, we might expect that the translog output and input

indexes could be combined to provide translog productivity indexes. This is
verified at the end of the next scction, ’

I, TRANSLOG MULTILATERAL PRODUCTIVITY COMPARISONS

Writers from Solow (1957) to Dicwert {1980) have identified changes in pro-
ductivity with shifts in the production function. This notion of productivity
change is unambiguous for infinitesimal shifts in continuous time, but aclual
productivily comparisons must be based on discrete data points. Productivity
comparisons of such points arc closcly related to output comparisons, as discussed
in the previous section. Indeed productivity comparisons can be viewed as output
comparisons with input levels controlled to be equal,

As in the previous scction we assume that observations from any two countries
fall on the translog transformation function. A productivity com parison between
k and { can he based on cither £ or { or on some average of them. Consider using
& as the basis of comparison. In this case we define the productivity of £ relative o
{as the minimum proportional deerease (A,) in all clements of Y* such that the
resulting output vector is producible with the input levels of £ and the produc-
tivity level of & Thus A, is the solution to the following equation:

Flln{¥*/A,), InXk{] = 1, {26)
which is equivalent to:
F(In Y, InX4 ) — FIn(¥*/A,), n XK ] = 0. (27)
Application of Diewert’s QI to (27), along with (g), yiclds:
Ind; = — },23 [F(In Y, InX 1) + F(In Y5, In X4, O] In(PF/ YY)

=3 Z[F(n Y, InXL ) + F (In Y%, InX*, )] In(X5/X1), {28)

where the I4(F,) are the partial derivatives of Fwith respect (o the logarithms of
the individual outpuls (inputs) for cither country.
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Now consider using country /as (the basis of comparison. In this case we define
the productivity of & relative (o { as the maximum proportional increase (A) in
all elements of X! such that the resulting output vector is producible with the
input levels of / and the productivity fevel of £ Thus Ay is the solution to the
fullowing equation:

FlnA Y, InXL k) = 0. (29)

Subtracting F(In¥*, InX*, k) from both sides of (29) and applying the QI
yiclds:

Ind = ~ 3 S[A(InY, In X4 k) + F(ln YX, lnX¥, k)] In(¥E/ )
i
—4 S[F(0 Y, In XY k) + Fo(ln Y4 In XA, B In(XE/XD). (30)

We have two alternative definitions of the productivity of country % relative
to the productivity of country /. In one casc  is treated as the base country, and
in the other ! is treated as the base country. A natural base-country invariant
definition of the relative productivity of £ and { is the gecometric mean of Ay
and A, which we denote as Ay

Indy = (InA +A) /2. (3t)
Equation (3t) can be written in the [ollowing form:
InAy =3 S[F(In Y, InXL 1) + F{in Y*, In XF, B In(Yt/ ¥
i
=$ S{FA(n Y, n XY, 1) + F,(In Y*, In X*, £)] In{Xs/x0)

—{AIn Y~ InX5 ) - F(In Y, In X )

+F(In Y, In X, £) - Fy(In Y%, In X%, k)] In(Y/ 1)

=AY, In Xk ) - F(In ¥, In X, ) 4+ Fy(In Y, In X0, &)
—F(InY% In X5 £)] In{XE/X1), {32)

By wriling out the derivatives F; and F,, it is straightforward to verify (hat the
expression in the third and fourth lines of (32) is cqual to zero, as is the expression
in the fifth and sixth line of (32).

If economic entities minimise costs conditional on output levels and input
prices, and maximise revenuces conditional on input levels and output prices,
then the £ are equal to the negative of the revenue shares {#;), and the £, are
cqual to cost shares (). Thus (32) can be rewritlen as:

InAy = 4% (RE 4 R (in Yi/rh—13(ivk Win (X xl), {33)
i n

which is the translog bilateral productivity index proposed by Christensen and
Jorgenson (1g70). Its derivation in this paper is based on an unrestricted constant
returns to scale translog transformation function. Thus, it does not entail
scparability of inputs and outputs, nor ncutrality of differences in productivity,

The translog bilateral productivity index is atiractive for making basc-country
invariant binary productivity comparisons, But a sct of such binary comparisons

wa e — i iy ter
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does not satisly the circularily requirement, ie. Indy 4 A, = A,,. We must
extend the definition leading to the bilateral productivity comparison to obtain
a transitive multilateral productivity comparison. Proceeding as above, we
define the productivity of country £ relative to the productivity of all § countries
as the geometric mean of the bilaterat productivity comparisons between £ and
cach of the § countrics.

COMPARISONS OF QUTPUT, INPUT ANER PRODUCTIVITY Y

Ay =5 SN Ay (34)
Substituting the translog bilateral productivity indexes into (34) yiclds:

Ind; = } S (RE+R) (In YE-TnT) - % (WE+ W) (In X5~ Tn X,)
i n .
+RRNY, - RInT) - (W, n X, +W,InX.). (35)

i

Finally, the translog multilateral productivity index, In Ak, is defined as:

T

—

W) (lnXi~InX,). (36)

A =TnA—tnd = I N (RE+R) (In Y —In V) = 30(RL 4 RB) (In ¥ =T T))
—FTOPEIE) (X - WX + iR (W +
n n

The translog multilateral productivity index is transitive:
InAfy = nAg, —InAZ, (37)

and it reduces to the bilateral translog productivity index, In Ay, when §is
cqual lo 2. The alternative approach of comparing each country directly 1o a
hypotheltical representative country (£), which has output vector In¥,, input
vector In X, revenue shares R, and cost shares TV, results in the following
cxpression:

Ay, = AN(RE 4 R) (n Y- T) - S (WE+TT) (n XE—[n K,).  (30)

This approach alse leads w the wranslog multilateral output index,
;l}z = In Akh - IH A”‘.

At the end of the previous section we suggested that one might expect a
relationship between translog output andd input indexes and a translog pro-
ductivity index. Itis how clear that the relationship is very simple. The lranslng
bilateral productivity index is the difference between the translog bilateral
oulput and input indexes:

InAy =Indy—Inpgy. (39)

Similarly, the translog multilateral productivity index is the difference between
the translog mullilateral output and input indexcs:

Ak = Indf~Inpk. (40}
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I, MULTILATERAL INDEXES IN THE TIME SERIES CONTEXT

As we emphasised at the outset, the muftifateral indexes that we have proposed
are applicable to cross-scction data, time series data, and comlinations of cross-
section and time series data (pancl data). The attractions of multilateral methods
are quite clear in the case of cross-scction data, but not as clear in the case of
time scries data. Contrary lo cross-section data, where there is generally no
natural ordering of the data points, chronological order is considered 10 be
natural for time-dilferentiated data points. This is the justification for the
standard practice of comparing adjacent observations directly, while non-
adjacent obscrvations arc compared only indircctly, using the intervening
observations as intermediarics. This practice, whicl is called *chain-linking’,
results in transitive time scrics comparisons.

Time serics comparisons based on superlative bilateral chain-linked indexes
have many desirable properiics; thicir primary unattractive featurce is the
indirect nature of the comparison of non-adjacent observations. Superlative
multilateral indexes compare adjacent and non-adjacent obscrvations directly.
Such symmetry of treatment is generally desirable, but in this instance it has the
troublesome consequence of destroying the fixity of historical comparisons. As
time passes new observations become available that expand the sct of com-
parisons. The chain-linked Dilateral index approach leaves the historical
comparisons intact, but the multifateral index approach results in new com-
parisons for the entire time sevies, The ehoice between the two approaches
appears to rest with the impartance attached to the conilicting traits of sym-
metry of treatment and fixity of historical comparisons,

Although there are no clear grounds for choosing between the multilateral and
the chain-linked bilateral approaches for time serics data, there are strong
grounds for preferring the multilateral approach for comparisons based on
pancl data. The reason is that the lack of symmetry of treatment with chain-
linked bilateral indexes, which might be considered unimportant in the case of
asingle time serics, becomes magnified in the case ol several time series, i.c. pancl
data. The set of time series comparisons could be linked together via any single
cross-section, but the results would differ from those obtained by choosing any
other cross-scction.! An equally unattractive alternative would be to construct
all the cross-section comparisons and combine them by chain-linking the results
through an acbitrarily chosen country; the results would differ from those
obtained by choosing any otlier country. The multilateral approach to pancl
data comparisons treats all countrics and time periods symmetrically and is
thereflore more desirable than cither approach involving chain-linking 2

¥ Jorgenson and Nishimizu (1978) provide an example of this approach.

! Sce Caves, Christensen, and Tretheway (1g81) for an application of the translog multilateral
productivity index 10 a pancl of airline firms.
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IV, RELATIONSIIIPS AMONG METHODS OF
INTERNATIONAL COMPARISON

Interest in international comparisons predated recent developments in the
cconomic theory of index numbers. Performing comparisons required that
empirical procedures be chosen, and various criteria have heen used o make the
selection. I some instances the methads chiosen turn out to be justified in terms
ol the analysis developed in this paper.

Dreschier {1973) brought to the attention of Lnglish-speaking cconomists a
method of multilateral output comparison (the EKS method) that had been
independently proposed by Elteti and Koves (1964) and Szule (1964). Dreschler
{pp. 28) described the EIS method as iollows;

*...amethod by which circularity can be achieved paying the least possible

price for it in respect of characteristicity. The least possible price here means

that [or the ensemble of the comparisons the deviations of the EKS indices

from the characteristic binary {Fisher type) indices is minimiscd (least

squarcs method).’
Thus, the EKS method attains transitivity while departing as fittle as possibie
from the Fislier Ideal hilateral index. It turns out that EKS muitilateral com-
parisons can be obtained from Fisher Ideal bilateral indexes in exactly the same
way that transfog multilateral indexes are obtained from translog bilateral
indexes. TUis not known whether the BKS can be dertved directly from a flexible
translormation function that is non-separable in inputs and eutputs and permits
non-neutraldifferencesin productivity among countries.) Nenethieless, T'heoremn 6
of Diewert (1g78) assurcs us that the EKS method will provide a sccond order
approximation to mullilateral translog comparisons.

Aswe alluded in the opening section, Kravis, Heston and Summers (1978) re-
Jjected the EKS method, aseing oo mechanical, and adopted instead a procedure
that they call the Geary—-Khamis method. It does not appear that the Geary-
Khumnis method has the theoretical justification possessed by the superlative
indexes that we have discussed. Thus, we would recommend reconsideration of
the methodology used in subsequent comparisons by Kravis and his associates.

In spite of their rejection of the EKS mcthod, Kravis ¢f al. (1978, Table 3.4}
did complete an EKS output comparison. This allows us to infer whether the
different methods can lead to substantially different results, Their Table 5.4 indi-
cates that comparisons amongsimilarcountries (developed ordeveloping) did not
dilfer mueh, hut that comparisons among dissimilar countries differed by as mucl)
as20%,. 2 Kravise/al. have nol provided any comparisons using the translog index.
They did, however, provide results based on a Walsh index, which — although
not a superlative index —is similar to the translog index. The results were quite
similar to those of the EKS method, and we conjecture that usc ol the translog
index would also provide results that arc close to those of the EKS method.

' I s stealghtfoeward to devive the EKS index in the separable, ncutral case, bul we lave ual
succeeded in deriving EKS in the general case,

? Per capita oulput in the Uniled Kingdom in 1970 was cstimated to be 6,98 times that in Kenya
by the EKS method but only 5.29 by the Geary-Khamis method,
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Klock and Theil (1965} have carried oul an international comparison ol
quantitics consumed rather than produced. They (KT) argued in favour of
making comparisons in logarithmic terms because interest generally focusses on
relative differences. This led KT to use bilateral indexes of the translog [orm. To
obtuin transitive multilateral comparisons KT argued along lines stmilar (o
EKS, which led to a similar {cast squares criterion. The end result was an index
having the form of the translog multilateral indexes derived in Section I, Thus,
the ICT method of comparing consumption among countries can be viewed as a
supcrlative index based on the translog direct utility function.

V., CONCLUDING REMARKS

We have proposed definitions for bilateral outpul, input, and productivity
comparisons for neoclassical structures of production, and we have shown that a
widely used bilateral index, the Térnqvist-Theil-translog, is very attractive for
making such comparisons. The indexes can be derived from a flexible multi-
product, multifacior representation of the structure of production — the translog
transformation function - restricted to constant veturns to scale, These functions
are flexible, and thercfore the resulling indexes are superlative, as discussed by
Dicwert (1676). The indexes for ontpit s inpul eomparisons have the same
form, and their ratio coincides with the appropriste index for productivity
comjrrisons,

We have generalised the definitions for bilateral output, input, and pro-
dhiretivity comparisons to the muliilateral case, Using these definitions, we have
derived the indexes that are implied by the translog transformation [unction.
These indexes provide transitive multilateral comparisons that maintain a high
degree of characteristicity,

The superlative muliilateral indexes that we have proposed are very attractive
for cross scction comparisons and for panel data comparisons, but they are not
necessarily preferable to chain-linked bilateral indexes for time scrics com-
parisons. This foHlows because chronology provides a natural ordering of time
series data that is lacking lor cross-section or pancl data.

Extensive cross-section and panel data sets, suitable for multitateral com-
parisons, have become more readily available in recent years. The cconomic
theory of index numbers provides powerlu! tools that can be used in making
such comparisons. Unlortunately, however, these tools have not heen widely
used in developing empirical methods of comparison, For example, Kravis and
his associates, in their large and continuing international comparisous project,
have adopted a non-superlative multilateral index procedure that sacrifices a
large amount of characteristicity. Their own calculations indicate that some of
their results differ substantially from those that would be obtained from the
translog muitilateral output index proposed in this paper.
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