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This supplementary appendix contains the following details omitted from the main paper due
to space constraints: (A) proof of the results in the paper, (B) auxiliary results and their proof,
(C) additional alternative sequential algorithms, (D) the convergence properties of the NPL

algorithm for models with unobserved heterogeneity, and (E) additional Monte Carlo results.

1 Appendix

”

Throughout the appendix, let a.s. abbreviate “almost surely,” and let i.0. abbreviate “infinitely
often.” C denotes a generic positive and finite constant which may take different values in
different places. For matrix and nonnegative scalar sequences of random variables { X7, M > 1}
and {Yar, M > 1}, respectively, we write Xy = O(Yar) (or o(Yar)) as. if || Xu|| < AYwm
for some (or all) A > 0 a.s.. When Yj; belongs to a family of random variables indexed by
T €T, wesay Xy = (Ymr(r)) (or o(Ya(7))) a.s. uniformly in 7 if the constant A > 0 can be

chosen the same for every 7 € T'. For instance, in Proposition 7 below, we take 7 = P;_1 and
Ya(7) = [|Pj-1 — Pnpll.

A  Proof of the results in the main text

Throughout the proof, the O() terms are uniform, but we suppress the reference to their uni-
formity for brevity.
A.1 Proof of Proposition 1

We suppress the subscript NPL from PNPL. Let b > 0 be a constant such that p(My,¥p)+2b <

1. From Lemma 5.6.10 of Horn and Johnson (1985), there is a matrix norm || - ||, such that



|My,Vpl|la < p(My,¥p) +b. Define a vector norm || - || for x € RE as |[z|[g = ||[z 0...0]||a,
then a direct calculation gives ||Az||g = ||Alz 0...0]||o < ||A|lallz]|g for any matrix A. From
the equivalence of vector norms in R (see, for example, Corollary 5.4.5 of Horn and Johnson
(1985)), we can restate Proposition 7 in terms of || - ||3 as follows: there exists ¢ > 0 such that
P; — P = My, Up(Pj_y — P) + O(M~'/?||P;_; — P||g + || Pj_1 — PH%) a.s. holds uniformly in
P;_1 € {P:||P—P||5 < c}. We rewrite this statement further so that it is amenable to recursive
substitution. First, note that || My, Up(Pj_1—P)||s < |[My,¥p||a||Pj—1—Pllsg < (p(My,¥p)+
b)||Pj_1 — PJ|3. Second, rewrite the remainder term as O(M /% +||P;_1 — P||g)||Pj—1 — P||3-
Set ¢ < b, then this term is smaller than b||Pj_; — p||/3 a.s. Third, since P is consistent,
{P:||P—Pllg <c/2} C{P:||P—P|s < c} as. Consequently, ||P; — P||s < (p(My,¥p) +
2b)||Pj_1 — P|| holds a.s. for all P;_; in {P: ||P — P||g < ¢/2}. Because each NPL updating
of (0, P) uses the same pseudo-likelihood function, we may recursively substitute for the ]5j’s,
and hence limy,_,o, P, = P a.s. if ||[Py — P||g < ¢/2. The stated result follows from applying the
equivalence of vector norms in R” to ||Py — P||s and ||Py — P|| and using the consistency of P.

0

A.2 Proof of Proposition 2

We prove that the stated result holds if 13j_1 is in a neighborhood NCNPL of PNpL. The stated
result then follows from the strong consistency of Pnpr.

Because Proposition 7 holds under the current assumption, we have
P; — Pypr, = My, Y%(P;_ — Pxpr) + f(Pi-1 — PnprL), (5)
where | f(z)] < C(x? +M~Y2|z|) a.s. Let A1, Xa, ..., Az be the eigenvalues of My, ¥% such that
M| > o> N > 1> (Nl > > AL (6)

For any ¢ # 0, we may apply a Jordan decomposition to M\yG\I/% to obtain Hiqu,G\IIOPH =
D + €J, where D = diag(A1,...,Ar), and J is a matrix with zeros and ones on immediately
above the main diagonal (on the superdiagonal) and zeros everywhere else.

Define y; = H_I(Pj — PNPL) and g(y) = H~'f(Hy); then multiplying (5) by H~! gives
y; = (D + eJ)yj—1 + gly;—1) with |[g(y)| < C(ly|> + M~1/?|y|) as. Let yjl denote the first r

elements of y, and rewrite this equation as

yi \ _( D1 0 Yj (0 Yj 91(yj-1)
() -C0 o) G )= ( 8) G )= () o

where yjl-_1 and g1(y;j—1) are r x 1 and D; and J; are r x r with Dy = diag(A1,...,\).
We first show that Hy(P;— Pypr) > Hi(Pj_1 — Pypr) by proving that Hy]1|| > H?/;l_lH under



the stated assumptions. Applying the triangle inequality to the first equation of (7) gives

1511 2 11D1yj oIl = lledrys || = [lgr(y-Il- (8)

For the first two terms on the right hand side of (8), we have HDly]l-_l = Ch ey k)?) V2 >
(1—1—35)Hy]1-_1H for some ¢ > 0 from (6) and Helejl-_lH < (5Hy]1-_1|] by choosing e sufficiently small.
For the last term of (8), observe that P;_; € V/(c) if and only if Hy]l_lH < c\|y]2-_1||, and hence

Pi—1 ¢ V(e) = llyj—ll® = llyjall® + lly7 1 |* < (L + )y I

Therefore, ||g1(y;—1)|] < 0 Hy]l-_lH holds when NNPE is sufficiently small and M is sufficiently
large. It then follows from (8~) that Hy]lH > (1+ 5)||y]171|| > ||y3171|\

It remains to show that P; ¢ V(c). Applying the triangle inequality to the second equation
of (7) gives ||yj2\| < ||D2yj2-,1!| + Hngyjz,1 + g2(yj—1)||. For the first term on the right hand side,
|Day? 1| = Cpit NP2 < [ly7_4|| from (6). For the second term, similar to the
updating of yjl-, by choosing € and N VPl sufficiently small, we have HeJQyJ{1 + g2(yj—1)|| <
¢ ollyj 4|l if Py € NNPL\ V(c) and M is sufficiently large. Therefore, w2l < lly7oall +
c_léHy]l;lH <c M1+ 5)||y]171|| < c_lHyle as., where the last two inequalities use ||yj271]| <
¢ Mlyj_4ll and |ly; 1| < |lyj[|. This proves Pj_y ¢ V(c). O

A.3 Proof of Proposition 3

First, note that P; for j > 1 satisfies restriction (2) because it is generated by (6, P). The
restrictions (2)—(3) do not affect the validity of Propositions 1 and 2 because (i) the fixed point
constraint in terms of ¥ (0, P) and of ¥t (6, P*) are equivalent, and (ii) the restrictions (2)—(3)
do not affect the order of magnitude of the derivatives of ¥ (6, P).

For the equivalence of the eigenvalues, taking the derivative of (3) gives

Ve Ut (0, P) 0

Vb0, P) =
P26, P) (—gvm,\lﬁ(e,]ﬂ) 0

) - ( UV pe U0, PT) 0 ) 9)
and Vg U(0,P) = UV U™ (9, PT). Substituting this into My, ¥}, using ¥) = UV, , and
rearranging terms give My, \I/(}]; =[U MJO\II;S+EO]. Therefore, the updating formula of P and
P~ is given by P — Py, = M{ Uk (PF — Py )+ OM V2P, — Pl || + 1P, -
]%VFPLHQ) a.s. and pj_ - P&PL = —8(]5j+ - ]-C’;\EPL), respectively. Finally, the equivalence of the
eigenvalues follows from det(Mg,¥% — Maim(p)) = det(M\Ife \I/j,g+ — Mgim(p+)) det(=Algimp-))
and det(¥Y% — Maim(p)) = det(\IIJIS+ = Mgim(p+)) det (=M gim(p-))- O



A.4 Proof of Equation (4)

The notation follows p. 10 of Aguirregabiria and Mira (2007, henceforth AMOT). Let Wffi (ai,x;0) =
Za,ieA P_i(a—;);(a;,a—;,z;0) and e; (az, z;0) = Elei(a;)|z, P;], where E[e;(a;)|x, P] = Elei(a;)|z, Pi]
holds as discussed on pages 9-10 of AMO7. Let V;(x) denote the solution of firm ¢’s integrated

Bellman equation:

Vi(z) = /max{w “aj,z;0)+ Z Vi(z P_l( ", a;) —i—ez‘(ai)}g(dei;e), (10)

€A
i r'eX

a3 0), el (a;;0),

Pi(a;), and V; denote the vectors of dimension |X| that stack the corresponding state-specific

)

where f Nz, ai) = 32, ca P-ila—i) f(2'|z,ai,a—;). Let i(a;,a—;;0), mi-

i “(ai,x;0), e (al,x 0), P;(ai|r) and V;(x), respectively. Define

elements of II;(a;, a—;, z;60), 7;

the valuation operator as

Ti(0, P) = (I = BFP)™V S Pila) * [m} (a3 0) + ef (ai 0)),
a;€EA

where F¥ is a matrix with transition probabilities f¥(2’|2), and * denotes the Hadamard prod-
uct. I';(0, P) gives the solution of firm i’s integrated Bellman equation given 6 and P.

Define firm #’s best response mapping given V; and P_; as (cf. equation (15) of AMOT)

[Y:(0, Vi, P_i)](ai|z) = /I (ai = argmax{wp (a,z;0) +€i(a) + B Z Vi(x (2 |z, a)}) g(de;; 0),

a€A r’'eX
(11)

where f Y|z ai) =37, .ca P-ila—i) f(2'|z,ai,a—;). Then, the mapping ¥ and its Jacobian

matrix evaluated at (6°, PY) are given by

vy (6, P T,(0,11(6,P), P 0 VU6, PO
w(0,P) 160, P) ) _ 1(0,T1(0, P), P») and 10, — pyYa( ) ’
\PQ(e?P) T2(07F2(07P)7P1) VP{\IIQ(QOwPO) 0
where Vpi/\lli(QO,PO) = 0 follows from Vp/I'i(0, P;, P—;) = 0 (Aguirregabiria and Mira, 2002,
Proposition 2). O

A.5 Proof of Proposition 4

For part (a), let V* denote the solution of the Bellman equation (10) given P_;, and let
P* be the conditional choice probabilities associated with V;*. Since x; = (St a14-1,a2¢—1)
holds and S; follows an exogenous process, we may verify under Assumption 3(c) that (i)
VZ-*(St,aZ-,t_l,aLi_l) = %*(St,aiyt_l,ai_m_l) for aT_M_l # ai_i’t_l, (ii) V;* does not depend on
P, (iii) Ty(6*, B, PY.) = Ty(0*, P, PY.) = V¥, and (iv) (6%, V;*, PT.) = T:(6*,V;*, Pt.) = P?

)



for any PL. and PL in the space of P_;’s. It follows from (i)-(iv) that the model becomes a
single-agent model for each of player and that there exists a unique Markov perfect equilibrium
characterized by a unique fixed point P} = W;(6*, P*, P_;) = Y;(60*,1;(6*, P}, P_;), P_;) for
i = 1,2, where the fixed point P does not depend on the value of P_;.

Define F(0, P) = P — ¥(0, P). Since Vp F(6*, P*) = I — Vp¥(0*, P*) = I, we may apply
the implicit function theorem to F'(6, P) = P — ¥ (0, P) at (0, P) = (6*, P*) under Assumption
2(b), and there exists an open set Ny~ containing 6*, an open set Np+ containing P*, and a
unique continuously differentiable function P(6) : Ny« — Np« such that P(6) = ¥ (6, P(0)) for
any 0 € Ny«. Therefore, a Markov perfect equilibrium exists in Np~ when the true parameter
09 is in Ny-.

The mapping p(My,Vp ¥ (6, P(0))) is a continuous function of 6§ € Ny« because P(0) is
continuous in 6 € Np+, ¥(6, P) is continuously differentiable by Assumption 2(b), ||My,|| < oo
by Assumption 2(b), and the spectral radius of a matrix is a continuous function of the elements
of the matrix. The stated result then follows from Vp/¥(6*, P(6*)) = 0 (Remark 1) and the
continuity of p(My,V p¥ (6, P(6))).

For part (b), under Assumption 3(d), § = 6°, and 8 = 0, the model becomes a single-agent

model for each player. Therefore, repeating the argument for part (a) gives the stated result. O

A.6 Proof of Proposition 5

Let A = Re(\) + iIm(\) = rcosf + irsinf be an eigenvalue of ¥%. Then, the corresponding
eigenvalue of Ap is A(a) = arcosf +iarsinf + (1 — a). Let f(a) = |[A()|?, then the stated
result holds because f(0) =1 and V4 f(0) = 2(rcosf — 1) < 0if rcosf < 1 and V,f(0) > 0 if
rcosf >1. O

B Auxiliary results and their proof

Proposition 6 strengthens the weak consistency result of Proposition 2 of AMO7 to strong con-

sistency. Proposition 7 describes how an NPL step updates 6 and P.

Proposition 6 Suppose that Assumption 1 holds. Then, (éNpL, PNPL) — (0%, P%) a.s

Proof Proposition 2 of AM07 showed weak consistency of (éNpL, PNPL). Therefore, strong
consistency (9NPL,]5NPL) follows from strengthening “in probability” and “with probability
approaching 1”7 statements in Steps 2-5 of the proof of Proposition 2 of AMO07 to “almost
surely.”

First, observe that AMO7 (pp. 44-45) showed that Qas(6, P) converges to Qo(f, P) a.s
and uniformly in (0, P). Thus, the events Aj;’s defined in Steps 2-3 and 5 of AMO7 satisfy
Pr(A§, i.0.) = 0. In Step 2, we can strengthen Pr((6},, Py;) € ) — 1 of AMO7 to (03, Py) € &



a.s. because AMO7 (pp. 46-47) showed Ay = {(63, Py;) € S} and we have Pr(A4§, i.o.) = 0.
In Step 3, an analogous argument strengthens Pr(suppey(po) 1627(P) — 6p(P)|| < &) — 1 in
AMOT to suppen(poy [|0a(P) — 0o(P)|| < € as. Similarly, we can strengthen “with probability
approaching 1”7 in Steps 4 and 5 to “almost surely,” and strong consistency of the NPL estimator
follows. [

Proposition 7 Suppose that Assumption 2 holds. Then, there exists a neighborhood N of P°
such that 0; — Onpr, = O(Hpj_l — pNPLH) a.s. and ]5] — Pypr = M\IJO\POP(pj_l — PNPL) +
O(Mfl/ZHPj,l — PNPLH + ||Pj,1 — PNPLHQ) a.s. um'formly m ijl S ./\/1.

Proof We suppress the subscript NPL from PN pr, and 0 ~pL- For e > 0, define a neighborhood
N(e) ={(0,P): |0 —6°||+||P — P°| < €}. Then, there exists e; > 0 such that A'(e;) C A and
SUp(g, Pyen(er) |1 Voor Qo (0, P)71|| < o because Vo Qo (8, P) is continuous and Vg Qo(6°, PY) is
nonsingular.

First, we assume (A;, P;_1) € N(e1) and derive the stated representation of 6; —0 and P;—P.
We later show (0, Pj_1) € N(e1) a.s. if N is sufficiently small. The first order condition for 6;

is VoQuar(8;, Pi_1) = 0. Expanding it around (6, P) and using VgQus (0, P) = 0 gives
0= VopQur (8, P)(6; — 6) + VorQu (0, P)(Pj1 — P), (12)

where (6, P) lie between (8, Pj_1) and (0, P). Write (12) as 6;—0 = — Vg Qs (8, P) "' VopQur (6, P)(Pj_1—
P), then the stated uniform bound of §; — @ follows because (i) (6, P) € N(e1) as. since
(6, Pj_1) € N'(e1) and (6, P) is strongly consistent from Proposition 6, and
(if) sup(g, pyent(er) [ Voo @ui (0, P) "' VopQur (0, P)|| = O(1) as. since sup (g pyenr(e,) || Voo Qo(9, P) 7| <
oo and sup (g pyen |[V2Qnr (0, P) — V2Qo(6, P)|| = o(1) a.s., where the latter follows from Kolo-
mogorov’s strong law of large numbers and Theorem 2 and Lemma 1 of Andrews (1992).
For the bound of Pj — P, first we collect the following results, which follow from the Taylor

expansion around (6°, P%), root-M consistency of (6, P), and the information matrix equality.

v(,@,QM(é P) = —999 +O(M~1?) a.s., vep,QM(é P) = —Qgp +O(M~?) a.s.,

Y A7 13

Vo k(0 P) = U9+ O ) as.,  Vprb(d, P) = W+ O(M2) as. 1)

Expand the right hand side of P; = ¥(6;, P;_1) twice around (, P) and use U(0,P) = P and
0; —0 = O(||Pj_1 — P||) as., then we obtain P; — P = VU (8, P)(8; — 0) + Vp¥(, P)(Pj_; —

P) + O(||P;_1 — P||?) a.s. since SUDP (9, P)eN (e1) V3W(0, P) < oo. Applying (13) and 6; — =

O(||Pj_1 — P||) a.s. to the right hand side gives

A

By — P = Wo(f; — 6) + W(Pyy — P) + O(|Bj1 — PIP) + O(M || Bjy — Pl) as. (14)

We proceed to refine (12) to write 6; — 0 in terms of Py — P and substitute it into (14).



Expanding Vg Qar (6, P) in (12) around (6, P), noting that ||6 — 0|| < [|§; — 8| and ||P — P|| <
||Pj_1 — P||, and using 6; — 8 = O(||Pj_1 — P||) a.s., we obtain VgerQns(8, P) = VearQns (6, P) +
O(||Pj_1 — P||) a.s. Further, applying (13) gives Vg Qs (0, P) = —Qgg+O(M )+ O(||Pj_1 —
P||) a.s. Similarly, we obtain VopQar(6, P) = —Qgp + O(M~/?) + O(||Pj_1 — PJ|) a.s. Using
these results, refine (12) as 6 —0 = — Qg Qp(Pj_1 — P)+O(M~'2||Pj_y — P||+||Pj_1 — P|]?)
a.s. Substituting this into (14) in conjunction with Q) Qpp = (VY ApTY) " 1WYApTY, gives the
stated result.

It remains to show (67, Pj_1) € N(e1) a.s. if N is sufficiently small. Let Ny = {6 : [|§—6°|| <
€1/2} and define A = Qq(6°, PY) — SUPgeNsnO Qo(6, P°) > 0, where the last inequality follows
from information inequality, compactness of Nf N ©, and continuity of Qo(6, P). It follows that
{0; & No} = {Qo(6°, P°) — Qo(6;, P°) > A}. Further, observe that Qo(6°, P°) — Qo(6;, P°) <
Q(6°, Pj-1) = Que(05, Pj—1) +2supgee |Qo (6, P°) = Qo (6, Pj—1)|+25up (g, pcox s, |Qu (0, P) -
Qo(0, P)| < 2supgee |Qo(0, P°) — Qo(0, Pj-1)| + 25up(g,pycox s, [Que (6, P) — Qo(6, P)|, where
the second inequality follows from the definition of 6;. From continuity of Qo (6, P), there exists
ea > 0 such that the first term on the right is smaller than A/2 if [[P°— P;_1|| < ea. The second
term on the right is o(1) a.s. from Kolomogorov’s strong law of large numbers and Theorem 2
and Lemma 1 of Andrews (1992). Hence, Pr(6; ¢ Ny i.0.) = 0 if ||P° — P;_1|| < ea, and setting
Ny ={P:||P — P%| < min{e;/2,ea}} gives (0, Pj_1) € N(e1) a.s. O

C Additional alternative sequential algorithms

C.1 Recursive Projection Method

In this subsection, we construct a mapping that has a better local contraction property than W,
building upon the Recursive Projection Method (RPM) of Shroff and Keller (1993) (henceforth
SK).

First, fix . Let Py denote an element of My = {P € Bp : P = ¥(0, P)} so that Py is one of
the fixed points of U (6, P) when there are multiple fixed points. Consider finding Py by iterating
P; = V(Pj_1,0) starting from a neighborhood of Fy. If some eigenvalues of VpW(6, Fy) are
outside the unit circle, this iteration does not converge to Py in general. Suppose that, counting

multiplicity, there are r eigenvalues of Vp/W(6, Py) that are larger than § € (0,1) in modulus:
M= > A >0 > (A = o0 > AL (15)

Define P C R” as the maximum invariant subspace of Vp/ ¥ (6, Py) belonging to {\x};_;, and
let Q = RY — P be the orthogonal complement of P. Let IIy denote the orthogonal projector
from RY on P. We may write IIy = ZyZ,, where Zy € RL*" is an orthonormal basis of P.
Then, for each P € R, we have the unique decomposition P = u + v, where u = IIyP € P and
v=(I—-1Ip)P € Q.



Now apply IIp and I —IIy to P = ¥(0, P), and decompose the system as follows:

u = f(U,U,H)EHQ\IJ(e,U+U),
v = g(u,v,0)= (I —T1p)¥(0,u+v).

For a given Pj_;, decompose it into uj_1 = lgPj_1 and vj—1 = (I —IIp)Pj_;. Since g(u,v,0) is
contractive in v (see Lemma 2.10 of SK)), we can update v;_; by the recursion v; = g(u,v;_1,0).
On the other hand, when the dominant eigenvalue of lIJOP is outside the unit circle, the recursion
uj = f(uj—1,v,6) cannot be used to update u;_; because f(u,v,0) is not a contraction in u.
Instead, the RPM performs a single Newton step on the system u = f(u,v,0), leading to the

following updating procedure:

uj = wj1+ (I —TeVp¥(0, P 1))~ (f(uj—1,vj-1,0) — uj_1) = h(uj_1,vj-1,90),
vi = g(uj-1,0j-1,0). (16)

Lemma 3.11 of SK shows that the spectral radius of the Jacobian of the stabilized iteration (16)
is no larger than ¢, and thus the iteration P; = h(IlgPj_1, (I — Ilp)Pj—1,6) + g(IlgPj—1, (I —
IIp)Pj_1,0) converges locally. In the following, we develop a sequential algorithm building upon
the updating procedure (16).

Let I1(6, P) be the orthogonal projector from R¥ onto the maximum invariant subspace of
Vp ¥ (0, P) belonging to its  largest (in modulus) eigenvalues, counting multiplicity. Define u*,
v*, h*(u*,v*,0), and ¢g*(u*,v*,0) by replacing Ily in u, v, h(u,v,0), and g(u,v,d) with I1(0, P),
and define

U0, P) = h*(u*,v*,0) + g*(u*,v*,0)
— W9, P)+[(I —T1(8, P)V pr¥(8, P)IL(G, P))~! — I]TI(9, P)(¥(8, P) — P). (17)

PV is a fixed point of I'(#°, P), because all the fixed points of ¥(#, P) are also fixed points of
I'(#, P). The following proposition shows two important properties of I'(f, P): local contraction
and the equivalence of fixed points of I'(, P) and ¥ (0, P).

Proposition 8 (a) Suppose that I-T1(0, P)V p/¥ (0, P)II(0, P) is nonsingular and hence T'(0, P)
is well-defined. Then T'(0, P) and ¥ (0, P) have the same fized points; i.e., I'(6, P) = P if and
only if ¥(0,P) = P. (b) p(VpT(6°, P)) < 6°, where §° is defined by (15) in terms of the
eigenvalues of VprW(0°, P). Hence, I'(A, P) is locally contractive.

Define QY, (6, P) = M~ S"M_ "I InT(6, P)(ami|Zme). Define an RPM fized point as a
pair (0, P) that satisfies § = argmaxgee Q};(f, P) and P = T'(0, P). The RPM estimator,
denoted by (éRpM,PRpM), is defined as the RPM fixed point with the highest value of the
pseudo likelihood among all the RPM fixed points. Define the RPM algorithm by the same



sequential algorithm as the NPL algorithm except that it uses I'(f, P) in place of ¥ (0, P).

Proposition 9 shows the asymptotic properties of the RPM estimator and the convergence
properties of the RPM algorithm. Define the RPM counterparts of 0y(P), ¢o(P), Qgs, and
Qpp as 0 (P) = argmaxgeo EQY, (0, P), ¢4 (P) = T'(05(P), P), Qb = E(Vgsh,Vesh,), and
Qb = E(Vpsh, Vpish,), where sb, = ST InT(6°, P%)(amt|@m:). Define T% = Vp/T(6°, PO)
and Fg = Vo I'(0°, P?). We outline the assumptions first.

Assumption 4 (a) Assumption 1 holds. (b) V(0, P) is four times continuously differentiable
inN. (¢) I -11(8, P)Vp W (0, P)IL(0, P) is nonsingular. (d) T'(6, P) > 0 for any (a,z) € Ax X
and (0, P) € © x Bp. (e) The operator ¢ (P) — P has a nonsingular Jacobian matriz at P°.

Assumption 4(c) is required for I'(f, P) to be well-defined. It would be possible to drop As-
sumption 4(d) by considering a trimmed version of I'(#, P), but for brevity we do not pursue
it.

Proposition 9 Suppose that Assumption 4 holds. Then (a) Prpy — PO = O(M~1?) a.s. and
M=2(0rpar — 0°) —a N(0,Vapa), where Vapyr = [Qby + Qbp(I — T9) 109108 {[QF, +
Qbp(I =T 'Y=}, (b) Suppose we obtain (0;, Pj) from Pj_1 by the RPM algorithm. Then,
there exists a neighborhood Ny of P° such that 6; — Orpy = O(||Pj_1 — Prpal|) and Pj —
Prpy = Mr,TO(Pj_1 — Prpa) + O(M~V2||Pj_; — Prpul| + |Pj—1 — Prpyl|?) a.s. uniformly
n ]5]-_1 € My, where My, =1 — Fg(Fg’APFg)_IFg’AP.

C.2 Approximate RPM algorithm

Implementing the RPM algorithm is costly because it requires evaluating I1(6, P) and Vp/ ¥ (6, P)
for all the trial values of . We reduce the computational burden by evaluating I1(0, P) and
VpU(60, P) outside the optimization routine by using a preliminary estimate of . This modifi-
cation has only a second-order effect on the convergence of the algorithm because the derivatives
of I'(0, P) with respect to II(#, P) and Vp/U(6, P) are zero when evaluated at P = U(6, P); see
the second term in (17). Let n be a preliminary estimate of §. Replacing 6 in II(#, P) and
VpU(0, P) with n, we define the following mapping:

F(97P7 77) = \I/(97P) + [([ - H(Th P)VP’\IIO%P)H(?%P))il - I]H(%P)(‘I’(H? P) - P)

Once II(n, P) and Vp/¥(n, P) are computed, the computational cost of evaluating I'(¢, P, n)
across different values of § would be similar to that of evaluating ¥ (6, P).
Let (6g, Py) be an initial estimator of (6, P%). For instance, fy can be the PML estimator.

The approximate RPM algorithm iterates the following steps until j = k:

Step 1: Given (6;_1, P;_1), update 6 by §; = arg maxgyce, MASM S T (0, Pi1, 0 1) (Gmt | Tme),



where ©; = {0 € © : (0, P;_1,0;_1)(a|z) € [¢,1 — €] for all (a,2) € A x X} for an arbi-

trary small &€ > 0. We impose this restriction in order to avoid computing In(0).!

Step 2: Update P using the obtained estimate 9~j by I5j = F(éj, F’j,l, éj,l).

The following proposition shows that the approximate RPM algorithm achieves the same

convergence rate as the original RPM algorithm in the first order.

Proposition 10 Suppose that Assumption 4 holds and we obtain (éj,pj) from (éj_l,pj_l)
by the approximate RPM algorithm. Then, there erists a neighborhood No of (0°, PY) such
that 6; — Oppar = O(||Pj—1 — Preal| + M~V2(|0,21 — Orpul| + 10,1 — Orpasl?) a.s. and
P;—Prpy = My, TO(Pj_1— Prpa) +O(M~Y2)|0, 1 —0rpar]|+]10;—1—Orpar| |2+ M~ V2| | Py —
Prpl| + [|Pi—1 — Preasl?) a.s. uniformly in (8;_1, Pj_1) € Na.

By choosing ¢ sufficiently small, the dominant eigenvalue of Mr,I'p lies inside the unit
circle, and the approximate RPM algorithm can converge to a consistent estimator even when
the NPL algorithm diverges away from the true value. The following proposition states the local

convergence of the approximate RPM algorithm when p(Mp,I'p) < 1.

Proposition 11 Suppose that Assumption 4 holds, p(Mr,T'%:) < 1, and {04, P,} is generated by
the approximate RPM algorithm starting from (50, ]50). Then, there exists a neighborhood N3 of
(6°, P°) such that, for any initial value (éo, lf’o) € N3, we have limkﬁoo(ék, Pk) = (éRpM, PRPM)

a.s.

C.3 Numerical implementation of the approximate RPM algorithm

Implementing the approximate RPM algorithm requires evaluating

(I —T(0;_1, P;_1)Vpr¥(0;_1, P;_1)TI(0;_1, P;_1))~" as well as computing an orthonormal basis
Z(éj_l,ﬁj_l) from the eigenvectors of VP/\I’(éj_h]sj_l) for j = 1,...,k. This is potentially
costly when the analytical expression of Vp/W(#, P) is not available.

In this section, we discuss how to reduce the computational cost of implementing the ap-
proximate RPM algorithm by updating (I —11(6;_y, Pj_1)V pr¥(0;_1, Pj_1)I1(;_1, Pj_1))~" and
Z(0;-1, Pj_1) without explicitly computing ¥V p¥(0, P) in each iteration.

First, we provide theoretical underpinning. The following Corollary shows that, if an alter-
native preliminary consistent estimator (6*, P*) is used in forming II(#, P) and Vp/U(0, P), it
only affects the remainder terms in Proposition 10. Therefore, if we use a root-M consistent
(0*, P*) to evaluate II(0, P) and Vp/U(6, P) and keep these estimates unchanged throughout
iterations, the resulting sequence of estimators is only O(M~!) away a.s. from the corresponding

estimators generated by the approximate RPM algorithm.

n practice, we may consider a penalized objective function by truncating IT'(6, Pj-}, 9~_7-_ 1) so that it takes a
value between £ and 1 — &, and adding a penalty term that penalizes 6 such that I'(0, Pj—1,0;-1) ¢ [£,1 — &].
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Corollary 1 Suppose that Assumption 4 holds. Let (6%, P*) be a strongly consistent estimator of
(6°, P°), and suppose we obtain (éj, Pj) by the approzimate RPM algorithm with I1(0*, P*) and
Vp U (6%, P*) in place ofH(éj,l, ]53-,1) and Vp/\I/(éj,l, Pj,l). Then, there exists a neighborhood
Ny of (6°, P°) such that éj — Oppy = O(||P;—1 — Prparl] + raj) a.s. and Pj — Prpy =
Mr,Tp(Pj—1 — Prpar) + O(M~Y2||Pj_y — Prpl| + ||Pj—1 — Prparl)? + rarj) a.s. uniformly in
(-1, Pj—1) € Nu, where rar; = M~2(|0; 1 —Orparl| + 1651 = Orpar| [+ M ~12(10* = Orpar] |+
16* = brpal|? + M|\ P* = Prpyl| + || P* — Preal .

Using Corollary 1, in the following we discuss how to reduce the computational cost of imple-
menting the RPM algorithm by updating (I — T1(8;_1, Pj_1)V pr¥(8;_1, Pj_1)T1(8;_1, P;_ 1))—1
and Z (9] 1,PJ 1) without explicitly computing Vp/U(6, P) in each iteration. Denote Hj 1=
H(HJ 1,P] 1), Z] 1= Z(QJ 1,P 1), and \prj 1=VpVU (9] 1,PJ 1)

First, using Hj_l = Zj_l(Zj_l) and (Zj_1)' ZJ 1 = I, we may verify that

(I =11 Wpyallo1) Mot = Zja (I = (Zj-1)'Upj-1Z5-1) " (Zj-1)'-

Let Zj 1 = [~]1 1y - -
by Up, 12 Ly o~ (1/9[V (0;-1,Pj_1 + &%) — V(0—1, Pj—1)], which requires (r + 1) function

evaluations of ¥ (6, P). Further, evaluatlng (I — Hj,l\i' p’j,lﬁj,l)_l only requires the inversion

S Z 1] and &> 0. The ith column of \ip,j,le,l can be approximated

of the » x r matrix I — (Zj_l)'\ifp,j_le_l instead of an inversion of an L x L matrix. Thus, when
r is small, numerically evaluating (I — ﬁj,l U pJ,lﬁj,l)_l is not computationally difficult.

Second, it is possible to use \I~/p,ij_1 to update an estimate of the orthogonal basis Z.
Namely, given a preliminary estimate Zj_l, we may obtain Zj by performing one step of an
orthogonal power iteration (see Shroff and Keller, 1993, p. 1107 and Golub and Van Loan,
1996) by computing Z; =orth(¥p;Z; 1), where “orth(B)” denotes an orthonormal basis for the
columns of B computed by Gram-Schmidt orthogonalization.

Our numerical implementation of the RPM sequential algorithm is summarized as follows.

Step 0 (Initialization): (a) Find the eigenvalues of Wpo = VprW(Pp, ) for which the mod-
ulus is larger than §. Let {5\071, e /N\OW} denote them.? (b) Find the eigenvectors of \T/p,O
associated with 5\0,1, ceey 5\077«. (¢) Using Gram-Schmidt orthogonalization, compute an or-
thonormal basis of the space spanned by these eigenvectors. Let {2&, ..., Z}} denote the
basis. (d) Compute Zo(I — Z4WpoZo) ' Z) and Ty = ZoZ}), where Zy =[5}, ..., 2]

Step 1 (Update 0): Given Z; (I — Z’ Vpi 17 1)_125 Land Ty = Z;1(Z;—1)', up-
date 6 by 6; = arg maxgce, M~ ¥ M ST (0, Pj_1,60; 1, Z; 1) (amt|Tme), where

D0, P 1,0, 1,Z;1) =T 1 Pja+Z; (1= 2\ Vpj1Z;1)" Z_y (W(0, Pj_1)—Pj_1)+
(I — Hj_l)\I/(Q,Pj_l) with \I/P,j—l =Vp¥ (9]_1,Pj_1).

2Computing the r dominant eigenvalues of ¥ p,o0 is potentially costly. We follow the numerical procedure based
on the power iteration method as discussed in section 4.1 of SK.

11



Step 2 (Update P): Given (éj,l—:’j,l,éj,l, Zj,l), update P by 15] = F(éj,ﬁj,l,éj,l,zj,l).

Step 3 (Update Z): (a) Update the orthonormal basis Z by Z; =orth(¥p;Z;_1), where the
i-th column of Wp;Z; 1 is computed by \i/pd,%;-_l ~ (1/6)[¥(0;, P; + §2§_1) — U(6;, P;)]
for small ¢ > 0 with Z;_; = [231-71,...,2;771]. (b) Compute II; = Z;(Z;) and Z;(I —
Z;\ilpJZj)*lZ]’-, where the i-th row of ¥'p;Z; is given by \T/pJE; ~ (1/€)[¥(6;, P + £zh) -
U(0;, P;)]. (c) Every J iterations, update the orthonormal basis Z using the algorithm of
Step 0, where (6o, Py) is replaced with (9~j, PJ)

Step 4: Iterate Steps 1-3 k times.

When an initial estimate is not precise, the dominant eigenspace of \ilpJ will change as
iterations proceed. In Step 3(a), the orthonormal basis is updated to maintain the accuracy of
the basis without changing the size of the orthonormal basis. If an initial estimate of the size of
the orthonormal basis is smaller than the true size, however, the estimated subspace P = IR
may not contain all the bases for which eigenvalues are outside the unit circle. In such a case, the
algorithm may not converge. To safeguard against such a possibility, the basis size is updated
every J iterations in Step 3(c). In our Monte Carlo experiments, we chose J = 10. Corollary 1

implies that this modified algorithm will converge.

C.4 Applying RPM to the example of Pesendorfer and Schmidt-Dengler
(2010)

This subsection illustrates how the RPM algorithm can be applied to the example of Pesendorfer
and Schmidt-Dengler (2010). We first derive the relation between (I'y,T'},) and (U7, ¥5,).
Define II*(#, P*) as the orthogonal projector from RI™(* ) onto the maximum invariant sub-
space of Vp+W(6, PT) belonging to its r largest (in modulus) eigenvalues, and let Z (0, PT) be
an orthonormal basis of the column space of II* (8, P*) so that IT* (6, P*) = Z(6, P*)Z(6, PT)'.
From the proof of Proposition 6, we have 'V (0, PT) — PT = A(0, P*)(¥* (6, PT) — P*), where
A0, PT)=Z(0,PN[I - Z(0,PY)VpuV(0,P)Z(0, P~ Z(0, PT) + 1 —T11(§, PT). Conse-
quently, Ty = A(6°, POT)¥, and I', = A(6°, PPT) (), — 1) + 1.
We proceed to derive Mf‘re F;g +. Recall

0 o° 1
+ _ .0 + + _
Ul =1y, \11P+_<00 o)’ My, =5

The eigenvectors and eigenvalues of \Il;+ are given by

1 1 1 1
= — s )\:90’ = — 5 )\:700
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Because the eigenvector z; is annihilated by M\;@’ we may take Z(6°, P°7) = z3. Suppress

, rom , , , , an , . olnce Z 1s the eigenvector o wit
0%, PO%) from Z(0°, POF), TI(6°, P°*), and A(6°, P°"). Since Z is the ei f W), with
cigenvalue —6°, we have Z'V}, Z = —0°Z'Z = —6° and hence

A=Z(0 =2, 2) 17 + (I =1) = (14 6°) "+ (1 = T0) = T = 6°(1 4 0°) 1L

Because \IJ;+ is symmetric, we may apply the eigenvalue decomposition to it and write \IIJIQ L=
002124 — 00292, = 0°212] — O°TL. In view of Az = 2, and AIl = (1 + )71, we have F;+ =
AW, — 1)+ 1 =620 —0°(1 4+ 6°) "' — A+ I = 6°212{. Further, from ¥, = p°v/2z1, we
have Iy = AUy = Wy and hence My, = I —z1(212]) 7" 2]. It follows that M TF, = 0, and the

local convergence condition holds.

C.5 ¢-NPL algorithm and approximate ¢-NPL algorithm

When the spectral radius of AOP or ‘IJOP is smaller than but close to 1, the convergence of the NPL
algorithm could be slow and the generated sequence could behave erratically. Furthermore, in
such a case, the efficiency loss from using the NPL estimator compared to the MLE is substantial.

To overcome these problems, consider a g-fold operator of A as

A9(0, P) = A(0, (A6, ... A0, A(0, P))...))).

q times

We may define I'?(0, P) and W9(0, P) analogously. Define the ¢-NPL (q-RPM) algorithm by
using a ¢-fold operator A4, T'?, and ¥? in place of A, T, or ¥ in the original NPL (RPM)
algorithm. In the following, we focus on A? but the same argument applies to I'? and W9.

If the sequence of estimators generated by the ¢-NPL algorithm converges, its limit satisfies
0 = argmaxgco M~ M ST 10 A9, P)(amt|zme) and § = A9(f, P). Among the pairs (6, P)
that satisfy these two conditions, the one that maximizes the value of the pseudo likelihood is
called the q-NPL estimator and denoted by (équL, PquL).

Since the result of Proposition 7 also applies here by replacing ¥ with A%, the local con-
vergence property of the ¢-NPL algorithm is primarily determined by the spectral radius of
AL = VpA9(0°, P?). When p(A}) is less than 1, the ¢-NPL algorithm converges faster than
the NPL algorithm because p(A%L) = (p(A%))?. Moreover, the variance of the ¢-NPL estimator
approaches that of the MLE as ¢ — oo.

Applying the ¢-NPL algorithm, as defined above, is computationally intensive because the
¢-NPL Step 1 requires evaluating A9 at many different values of . We reduce the computational
burden by introducing a linear approximation of A?(, P) around (7, P), where 7 is a preliminary
estimate of 0: AY(0, P,n) = A4(n, P) + Vg Al(n, P)(0 — n).

Given an initial estimator (9~0, ]50), the approximate q-NPL algorithm iterates the following
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steps until j = k:

Step 1: Given (éj,l, Pj,l), update 0 by éj = arg maxpege M1 Z%zl thl In A9(6, pj,l, éj,l)(amtknmt),
where 07 = {0 € ©: A0, P;_1,0;_1)(alx) € [¢,1 — €] for all (a,2) € A x X} for an arbi-
trary small £ > 0.

Step 2: Given (HNJ-, pj,l), update P using the obtained estimate éj by PJ = Aq(éj, Pj,l).

Implementing Step 1 requires evaluating Aq(éj,l, ]—T’j,l) and Vg/Aq(éj,l, ]33-,1) only once outside
of the optimization routine for # and thus involves much fewer evaluations of A(f, P) across
different values of P and 6, compared to the original ¢-NPL algorithm.?
Define the ¢-NPL counterparts of éo(P), ¢o(P), and Qg as
03(P) = arg maxgee E[Y. [, In A0, P)(ami|zm)], $5(P) = A(BL(P), P), and Qf, = E(Vgs,Vash,)

with s&

o = thl In A%(6°, P°)(@m¢|zme), respectively. Define Qf , analogously.

Assumption 5 (a) Assumption 1 holds. (b) V(0, P) is four times continuously differentiable
in N'. (c) There is a unique 0° such that A9(6°, PY) = P°. (d) I —(a¥®%+(1—a)I)? and I —T%

are nonsingular. (e) The operator ¢p3(P) — P has a nonsingular Jacobian matriz at P°.

Assumption 5(c) is necessary for identifying #° when the conditional probability is given by
A9(@, P). This assumption rules out 6! # 0° that satisfies A9(9, P?) = P° even if A(9!, P?) #
PY. This occurs, for example, if A(§*, P°) = P! and A(#', P') = P° hold for 6 # 6° and
P! # PO Assumption 5(d) is necessary for Q) to be nonsingular. Since A% = (a¥%+(1—a)I)t,
the first condition holds if p(A%) < 1 from 19.15 of Seber (2007).

The following proposition establishes the asymptotics of the ¢-NPL estimator and the con-
vergence property of the approximate ¢-NPL algorithm. Proposition 12(c) implies that, when
q is sufficiently large, the ¢-NPL estimator is more efficient than the NPL estimator, provided
that additional conditions in Assumption 5 hold. Proposition 12(d) corresponds to Proposition
1.

Proposition 12 Suppose that Assumption 5 holds. Then (a) PquL—PO = O(M*1/2) a.s. and
M= (Ognpr — 6°) —a N(O,Vonpr), where Vonpr, = [y + Qfp(1 — AD) T AF 105, {[94, +
QI (I — AL)"TAL 1Y, (b) Suppose we obtain (0, P;) from (0;-1,Pj_1) by the approzimate
q-NPL algorithm. Then, there exists a neighborhood Ng of (6°, P°) such that 9~j — équL =
O(||Pj—1 = Pyvprll + M~Y210;1 = Oynprll + 116,21 — gnprll?) a.s. and P; — Pynpr =
Mys AL (Pj1 = Pynpr) +O(M 2101 —Oyn pr|| 41051 —bgnprl >+ M~V2|[Poy — Pynpr|+
|Pj_1 — PynpL||?) a.s. uniformly in (8;_1, Pj_1) € N, where Mys = I—AJ(AYApAY) I Ap
with A} = Vg A1(6°, P°). (c) If p(A}) < 1, then Vynpr — Vire as ¢ — oo. (d) Suppose

3Using one-sided numerical derivatives, evaluating Vo A9(0;, P;) requires (K + 1)g function evaluations of
v(0, P).
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{9~k, ﬁk} is generated by the approzimate ¢-NPL algorithm starting from (6g, Py) and p(M/}gA?D) <
1. Then, there exists a neighborhood N7 of (6°, P°) such that, for any starting value (0o, Py) €
Nz, we have limy_o0 (01, ) = (Oynpr, PynpL) a.s.

C.6 Proof of Propositions in Section C

Proof of Proposition 8 For part (a), write I'(¢, P)—P as I'(0, P)— P = A(0, P)(¥(0, P)—P),
where A(0,P) = (I — 11(0, P)V p¥ (6, P)IL(O, P))~'11(0, P) + (I — T1(0, P)). Let Z(0,P) de-
note an orthonormal basis of the column space of II(6, P), so that Z(6,P)Z(6, P)" = I1(0, P)
and Z(0,P)'Z(0,P) = I,. Suppress (0,P) from II(#, P), Z(0,P), and VpU(0,P). A di-
rect calculation gives (I — IVpWI) "'l = Z(I — Z'VpUZ)"1Z' so we can write A(0, P) as
A0,P) = Z(I-Z'VpWZ)~1Z'+ (I —1I). The stated result follows since A(f, P) is nonsingular
because rank[Z(I — Z'VpWZ)" 17| =r, rank(I —II) = L — 7, and Z(I — Z'Vp¥Z)~1Z' and
I —1I are orthogonal to each other.

For part (b), define 'Y = Vp/ (0%, PY) and TI° = TI(¢°, P°). Define P with respect to
VY, = Vp U (0%, PY). Computing VpI'(6, P) and noting that (0%, PY) = PY we find I'}, =
0 + (I — 0w —to(wd — 1) + (I — I°)wY%. Observe that THIC = (7 — OO)WLIY =
0, where the last equality follows because WOLII°P € P for any P € R by the definition of
1% Hence, I'Y, = I'%(I — TI°). We also have (I — II°)T'% = (I — II°)¥Y because a direct
calculation gives (I — IIOWQIIO) I = Z9(1 — (Z2°)0%20)~1(Z°) where Z° = Z(6°, P?), and
hence (1 — %) (1 — TI°WLI%)~I% = 0. Then, in conjunction with I'}, = I'% (I — TI°), we obtain
(I-11T% = (I -11°) W% (1 —11°). Since I'L (1 —11Y) has the same eigenvalues as (I —II°)I'% (see
Theorem 1.3.20 of Horn and Johnson, 1985), we have p(I'%) = p(T'% (1 —11Y)) = p((I —=II°)I'%) =
pl(I =)W (I — 1I1%)] < ¢ where the last inequality follows from Lemma 2.10 of SK: P, Q,
and F in SK correspond to our I1°, I — 1%, and \I'?;. O

Proof of Proposition 9 The stated results follow from Proposition 2 of AM07 and our
Proposition 7 if Assumptions 1(b)-(c) and 1(e)-(h) and Assumptions 2(b)-(c) hold when ¥ (6, P)
is replaced with I'(0, P).

We check Assumptions 2(b)-(c) first because they are used in showing the other conditions.
First, note that Chu (1990, Section 4.2, in particular line 17 on page 1377) proved the following: if
a matrix A(t) is £ times continuously differentiable with respect to ¢, and if X (¢) spans the invari-
ant subspace corresponding to a subset of eigenvalues of A(t), then X (t) is also ¢ times continu-
ously differentiable with respect to ¢t. Consequently, I1(6, P) is three times continuously differen-
tiable in A/ (we suppress “in N7 henceforth) since Vp/¥(0, P) is three times continuously differ-
entiable from Assumption 4(b). Further, I —II(0, P)V p¥ (6, P)II(6, P) is nonsingular and three
times continuously differentiable from Assumptions 4(b)-(c), and hence Assumption 2(b) holds
for I'(, P). For Assumption 2(c), a direct calculation gives Qf, = W9 A(6°, P°)'ApA(6°, PO) WY,
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where A(6, P) is defined in the proof of Proposition 2 and shown to be nonsingular. Since
rank(\llg) = K from nonsingularity of g9 = \Ilg’ ApUY. positive definiteness of Qge follows.

We proceed to confirm Assumptions 1(b)-(c) and 1(e)-(h) hold for I'(f, P). Assumption
1(b) for I'(#, P) follows from Assumption 4(d). Assumption 1(c) holds because we have already
shown that I'(#, P) is three times continuously differentiable. Assumption 1(e) holds because
¥ (6, P) and I'(f, P) have the same fixed points by Proposition 8. As discussed in page 21 of
AMO7, Assumption 1(f) is implied by Assumption 4(e). Assumption 1(g) for 65 (P) follows from
the positive definiteness of Qge and by the implicit function theorem applied to the first order
condition for §. Assumption 1(h) follows from Assumption 4(e). O

Proof of Proposition 10 Write the objective function as

QL 0, Pn) = MM ST InT(0, P,n)(ame|Zme), and define QL (6, P,n) = EQY,(6, P,n).

For € > 0, define a neighborhood N3(e) = {(6, P,n) : max{||0 — 6°|,||P — P°[,||n — 6°||} < €}.

Then, there exists €; > 0 such that (i) ¥(6, P) is four times continuously differentiable in (6, P) if

(8. P.m) € Na(er). i) sup(0, ey Voo @5 (6, o) 1] < oo, and (i) sup(o ppenien) [V2QB (6. Po)l| <
oo because T'(0°, P, 6°)(a|z) = P°(alz) > 0, T'(, P, n) is three times continuously differentiable

(see the proof of Proposition 9) and Ve QF (0%, P°,60°) = Ve QF (6°, P°) is nonsingular.

First, we assume (GJ,P] 1,0j-1) € N3(61> and derive the stated representation of 6?~j —0
and P; — P. We later show (0;, Pj_1,0;_1) € Ni(e1) as. if Ny is taken sufficiently small.
Henceforth, we suppress the subscript RPM from Orpar and Prpas. Expanding the first order
condition VoQ%,(8;, Pi_1,0;_1) = 0 around (8, P;_1,0;_1) gives

0=VeQh (0, Pi_1,0;_1) + Voo Q% (0, Pj_1,0;_1)(0; — 0), (18)

where @ € [6;, ). Writing 6 = 6(6;), we obtain SUD(G, Py 10,1 N (er) Vo QL (8(6;), Pj—1,0,_1)7 Y| =
O(1) a.s. because (i) ||0(8;) —6°|| < € a.s. since ||6; —00H < €1 and 0 is strongly consistent, and
(ii) sup (g, p.y)ens(e) Voo QY (0, P,m) || = O(1) a.s. since SUD (9, P.n)eN(e1) [V Q5 (0, P,m) Y| <
oo and sup g, Pm)eNs(er) IV2Q%,(0, P,n) — V2QL (6, P,n)|| = o(1) a.s. Therefore, the stated rep-

resentation of 0 — 0 follows if we show
VoQh(0, Pi—1,0,_1) = —Qpp(Pj—1 — P) + 14y, (19)

where 77, denotes a generic remainder term that is O(M 200, — 6] + 16,1 — 0] +
M~Y2||P;_y — P|| + ||Pj_1 — P||?) a.s. uniformly in (;_1, P;_1) € Na.

We proceed to show (19). Expanding VyQ%, (8, P 1,(9]_1) twice around (6, P,0) gives
VoQY (0, Pi_1,0,_1) = VoQY,(0, P,0) + Vop QY (0, P,0)(Pi_y — P) + Vo Q4 (0, P, 0)(0,-1 —
0) + O(||6;_1 — 0||*> + ||Pj—1 — P||?) a.s. For the first term on the right, the RPM estimator
satisfies VQQI];J(HA, P, é) = 0 a.s. because VQ/QE/[(é, ]5) = 0 from the first order condition, and
Proposition 8(a) implies W(#, P) = P a.s. and hence VoI'(4, P,0) = VoT'(f, P) as. For the

16



second and third terms on the right, we have E[S[_, Vop InT(6°, P°,6°)(ame|zmi)] = —Qbp
and B[], Vo InT(0°, P°, 0% (api|Tme)] = O by the information matrix equality because
(0% P° 0% = T(6° P%), VeT(6°, P°,6°) = VuI'(0°, P°), VpI'(0°, P°,0°) = VpT(6°, PY),
and V, I'(6°, P, 6°) = 0 from P° = ¥(¢°, PY). Therefore, (19) follows from the root-M consis-
tency of (6, P).

For the representation of ]5j — P, first we have

Py =P+ TY(0; — 0) + T%(P_y — P) + 1y, (20)

by expanding ]5j = F(éj, ]5j_1, é]) around (0, P,0) and using T'(d, P, ) = P. Next, refine (18) as
0=VeQ%,(0,P;_1,0; 1) — Qb (0 —0) +71}y, by expanding Voo QY (0, Pj_1,0; 1) in (18) around
(8, P,0) to write it as Vg QY (0, Pj_1,0;_1) = —QL,+O(M~Y2)+0(||6;_1—0]))+O(||P;_1—P||)
a.s. and using the bound of éj — 6 obtained above. Substituting this into (19) gives

0 — 0= () Qbp(Bit — P) + iy (21)

The stated result follows from substituting this into (20) in conjunction with (Qb,)~1Qb, =
(TYApTY~ITYApIY,.

It remains to show (éj, Pj_l, 9~j_1) € Ns(e1) a.s. if Ny is taken sufficiently small. We first
show that

sup Q% (6, P,n)—Q5 (0, P,n)| = o(1) a.s., QL (6, P,n) is continuous in (8,7, P) € 0, xN>.

(0,n,P)€O; x N>

(22)
Take N5 sufficiently small, then it follows from the strong consistency of (éj_l,fjj_l) and the
continuity of I'(0, P,n) that I'(, P,n)(a|z) € [{/2,1 — /2] for all (a,z) € A x X and (0, P,n) €
©; x N a.s. Observe that (i) ©; x A is compact because it is an intersection of the compact
set © and |A||X| closed sets, (ii) InI'(#, P,n) is continuous in (6, P,n) € ©; x N, and (iii)
Esupg pyeo,xn |0, Pon)(ailz:)| < |In(€/2)] + [In(1 — §/2)] < oo because of the way we
choose . Therefore, (22) follows from Kolomogorov’s strong law of large numbers and Theorem
2 and Lemma 1 of Andrews (1992).

Finally, we show (éj, 15]',1, 0~j,1) € Ns(e1) a.s. under (22) by applying the argument in the
proof of Proposition 7. Define A = Qg(@o, PV 9Y%) — SUPGEN, (e,)NO Qg(@, PY 9%) > 0, where the
last inequality follows from the information inequality because Qf (0, P°,60°) is uniquely maxi-
mized at 80 and Np(e1)¢ N © is compact. Tt follows that {6, ¢ Np(e1)} = {QF(6°, P°,0°) —
Qg(éj,PO,HO) > A}. Proceeding as in the proof of Proposition 7, we find that, if A is
taken sufficiently small, then Qf(8°, P°,6°) — Qf(8;,P°,6°) < A/2 + o(1) a.s. and hence
(0, Pi—1,0;_1) € N3(e1) a.s. O
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Proof of Proposition 11 The proof closely follows the proof of Proposition 1. We suppress
the subscript RPM from éRpM and PRP M- Define

0 Mp,T%

Note that p(D) = p(Mp,I'p) and there exists a matrix norm || - ||, such that || D], < p(D) +
b = p(Mr,I'p) +b. We define the vector norm for z € R*Z as ||z]|g = |||z 0...0]||a, then
||Az||g < ||Allal|z||g for any matrix A.

From the representation of P; — P and 0; — 0 in Proposition 10 and (21), there exists a
neighborhood A of ¢% such that {; — ¢ = D((j—1 — ¢) + O(M~?||¢j—1 — Cllg + [1Cj-1 — fH%)
holds a.s. uniformly in {j_; € N¢. The stated result then follows from repeating the proof of
Proposition 1. J

Proof of Corollary 1 The proof closely follows the proof of Proposition 10. Define I'(0, P,n, Q) =
U (0, P)+[(I-11(n, Q)Vp¥(n, Q)I(n, Q)" —I]T(n, Q)(¥(#, P)—P), so that the objective func-
tion in Step 1 is written as Q% (0, Pj_1,0*, P*) = M~1 M S InT(0, Pj_1, 0%, P*)(amt|@me)-
For ¢; > 0, define a neighborhood N5(e1) = {(0, P,n, Q) : max{||0—6°|,||P—P°||,||n—6°||,]|Q—
PO||} < e1}. Then, for any €; > 0, we have (8;, Pj_1,0%, P*) € N5(e1) a.s. if Ny is chosen suffi-
ciently small by the same argument as the proof of Proposition 10.

Assuming (0, Pj_1,60*, P*) € Ns(e1), the stated result follows from starting from the first
order condition Vngljb(éj, if’j,l, 0*, P*) = 0, expanding it around (é, ]Sj,l, 0*, P*), and following
the proof of Proposition 10 using Vo I'(6°, P°,0°, P) = 0. O

Proof of Proposition 12 Part (a) follows from Proposition 2 of AMO07 if Assumptions 1(b)-

(c) and 1(e)-(h) and Assumptions 2(b)-(c) hold when ¥(6, P) is replaced with A?(#, P). Similar

to the proof of Proposition 10, we check Assumptions 2(b)-(c) first. Assumption 2(b) holds

for A%(0, P) because ¥(f, P) is three times continuously differentiable in A/ from Assumption
5(b). For Assumption 2(c), a direct calculation gives Qf, = (Vg A9(6°, P)) ApVy A6, PO) =
AY(T — (AR (I — AR)TAp(I — AT — (AD)D)Ay = BV (T — (¥ + (1 — a))?) (I —

YO AP (I-0%) NI —(aPh+(1—a)I)?) ¥}, where the second equality follows from Vg A%(6°, P0) =
(CIZ0(AD))AY = (I — A%) (I — (AD)9)AY, and the third equality follows from A) = a¥) and

A% = a¥% + (1 — a)l. Since rank(¥)) = K from nonsingularity of Qpg = VY ApWY, positive
definiteness of Q, follows from Assumption 5(d).

The proof of part (a) is completed by confirming that Assumptions 1(b)-(c) and 1(e)-(h)
hold for A?(0, P). Assumptions 1(b)-(c) hold for A%(f, P) because Assumptions 1(b)-(c) hold
for U(0, P). Assumption 1(e) for A4(f, P) follows from Assumption 5(c). As discussed in page
21 of AMO7, Assumption 1(f) for A9(@, P) is implied by Assumption 5(e). Assumption 1(g) for

ég(P) follows from the positive definiteness of Qf, and applying the implicit function theorem to
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the first order condition for 6. Assumption 1(h) follows from Assumption 5(e). This completes
the proof of part (a).

We proceed to prove part (b). Define the objective function and its limit as Q‘]]V[(Q, P,n) =
MM ST In A9(8, P, ) (ami|wme) and Q3(6, Pyn) = EQY,(6, P,n). For € > 0, define a
neighborhood N3(¢) = {(0, P,n) : max{||0 — 6°||,||P — P°||,||n — 6°||} < €}. Then, there exists
€1 > 0 such that (i) ¥(6, P) is four times continuously differentiable in (6, P) if (6, P,n) € N3(e1),

() $p(0,pyeni (e [IVap Q0. P | < o0, and (i) sup(o ppenae) V@460, Pm)l| < o0
because A4(60°, P°,6°)(alx) = P°(al|z) > 0, A4(6, P,n) is three times continuously differentiable,
and Vg QE(0°, P°,0°%) = Ve Q3(6°, P°) is nonsingular.

First, we assume (5j, ]5]-_1, éj_l) € N3(e1) and derive the stated representation of éj — 0 and
Pj — P. We later show (éj, Pj,l, éjfl) € N3(e1) a.s. if N is taken sufficiently small. Henceforth,
we suppress the subscript gNPL from équL and PquL. The proof is similar to the proof of
the updating formula of Proposition 10. For the representation of 5j -0, expanding the first or-
der condition 0 = VQ4,(0;, Pj_1,0;_1) around (0, Pj_1,0; 1) gives 0 = VQQ?\/[(GA, Pi 1,0 1)+
Voo Q4,(0 9(0,), Pj_1,0;_1)(8;—0), which corresponds to (18) in the proof of Proposition 10. Pro-
ceeding as in the proof of Proposition 10, we obtain supw Br18,1)ENs (1) HVWQM( 9(0;), Pi—1,0;_1) Y| =
O(1) a.s. Therefore, the stated representation of 0 — 0 follows if we show VoQ4, (0 P] 1 0] 1) =
— Q8 (Pjo1 — P) + 13y, where r}, . denotes a remainder term of O(M —1/2)10,_1 — ]| + ||6;-1 —
0|+ M~1/2||P;_y — P||+||Pj_1 — P||?) a.s. uniformly in (8;_1, Pj_1) € Ng. This representation
corresponds to (19) in the proof of Proposition 10 and follows from the same argument. Namely,
expanding VQQ?W(é, ]Sj_l, 0~j_1) twice around (é, P, é) and noting that (i) the ¢-NPL estimator
satisfies VoQ1,(0, P,0) = 0, (ii) A9(6°, P?,6°) = A9(6°, PO), Vg A9(8°, P°,6°) = V¢ A9(8°, PO),
VpA1(0°, P2,0Y) = Vpr AY(6°, PP), and V,yA?(6°, P°,6") = 0, and using the information matrix
equality and the root-M consistency of (é, ]5) gives the required result.

The proof of the representation of ]5] — P follows from the proof of Proposition 10, be-
cause (i) Pj = P + Ag(éj —0) + AL(Pj_1 — P) + 734> Which corresponds to (20) in the proof
of Proposition 10, from expanding A4(#;, Pj_1) twice around (¢, P) and using P = A%(6, P),

(ii) Voo Q% (0, Pi1,0;_1)(0; — 0) = —Q4,(0; — 0) + %y, from expanding Voo Q% (0, Pj_1,0;_1)
around (0, P, ) and using the bound of 6;—0 obtained above, and (iii) (Q24,) ' Q% » = (AYApAD) AL ApAY,.

The proof of part (b) is completed by showing (0, Pj_1,60;-1) € N3(e1) a.s. if N is taken
sufficiently small. First, observe that (22) in the proof of Proposition 10 holds with Q% (6, P,n)
and Q} (0, P, n) replacing Q%,(8, P,n) and Q{ (0, P, n) if we take N sufficiently small. Therefore,
(0~j, ]53-,1, éj,l) € Ns(e1) a.s. follows from repeating the argument in the last paragraph of the
proof of Proposition 10 if we show that #° uniquely maximizes Ql(0, PY 0%). Note that

QA(0,P°,0°) — Qi(6°, P°,6°) = TEI(VaAL(0°, P°)(0 —0°) + P°)(ami|2me) — TEIn PO (am|wme)
VOIAQ(QO’ PO)(CLmt|.’Emt)(9 — 90) + 1>
Po(amt‘xmt) ’

= TEIn < (24)

19



Recall that In(y + 1) < y for all y > —1 where the inequality is strict if y # 0. Since
rank(Vg A?2(6°, P)) = K from the positive definiteness of Qf,, it follows that Vg A?(6°, PY)v # 0
for any K-vector v # 0. Therefore, VgA2(0°, PO)(amt|zm:)(0 — 6°) # 0 for at least one
(amt, Tmt) for all @ # 09 Consequently, the right hand side of (24) is strictly smaller than
TE[Vg A (0% PO)(ami|Tme) (0 — )/ PO (amt|Tme)] for all @ # 6°.
Because E[VgA1(0°, PO)(amt|zmt)/ P°(amt|Tme)] = 0, we have QF (6, P°,60°) —QE(6°, P°,6°) < 0
for all 6 # 6°. Therefore, 6° uniquely maximizes Qf (6, P°,6°), and we complete the proof of
part (b).

We prove part (¢). From the proof of part (a) in conjunction with the relation A?D = oz\If(I)g +
(1 — @)I, we may write Q) as Qf, = TUY (I — (A%)?)' (I —UE)TAp(I — ¥%) (I — (A))9) ).
Similarly, using the relation VpA?%(6°, P') = (A%)?, we obtain Qf, = TAY (I — (A%)9)'(I —
AY)"'Ap(A%)9. Therefore, if p(A%) < 1, then Q) — TUY (I — YY) 1Ap(I — ¥9) 1) and
Qfp — 0 as ¢ = oo, and it follows that Vyypr — [TUY (I — U¥)"1Ap(I — ¥%) 710971 as
q — oo. This limit is the same as Vg = (TE[VgIn P(0°)(amt|Tmt) Ve In P(6°) (ame|zme)]) ™1,
where P(0) = argmaxpem, £ 1In P(apmt|zm:) with My = {P € Bp : P = ¥(6,P)}, because
Vo P0)=(I—Vp¥(0,P0))) Vel (0, P(H)) holds in a neighborhood of 6 = §°.

We omit the proof of part (d) because it is identical to the proof of Proposition 11 except
that Ogppar, Preas, (Q5,) 10, and Mp,T'p are replaced with équL, PquL, (Q8,) 15, and
M AgAqP, respectively. [J

D Unobserved heterogeneity

This section extends our analysis to models with unobserved heterogeneity. The NPL algo-
rithm has an important advantage over two step methods in estimating models with unobserved
heterogeneity because it is difficult to obtain a reliable initial estimate of P in this context.

Suppose that there are K types of agents, where type k is characterized by a type-specific
parameter 6%, and the probability of being type k is 7 with Zle 7% = 1. These types
capture time-invariant state variables that are unobserved by researchers. With a slight abuse
of notation, denote § = (6',...,05) ¢ ©K and 7 = (x!,...,7M) € ©,. Then, ¢ = (¢, 7') is
the parameter to be estimated, and let ©, = OK x O, denote the set of possible values of (.
The true parameter is denoted by ¢°.

Consider a panel data set {{am¢, Tmt, $m,t+1}tT:1}£n4:1 such that wy,, = {amt, Tmt, xm7t+1}tT:1
is randomly drawn across m’s from the population. The conditional probability distribution of
At given T, for a type k agent is given by a fixed point of Py, = W(0*, Py). To simplify our
analysis, we assume that the transition probability function of x,,; is independent of types and

given by f2(@m t+1|@me, Tme) and is known to researchers.?

4When the transition probability function is independent of types, it can be directly estimated from transition
data without solving the fixed point problem. Kasahara and Shimotsu (2008) analyze the case in which the
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In this framework, the initial state x,,; is correlated with the unobserved type (i.e., the
initial conditions problem of Heckman (1981)). We assume that z,,; for type k is randomly
drawn from the type k stationary distribution characterized by a fixed point of the following
equation: p*(z) = > cx P (') (X pea Por(d2) fu(z|d,2")) = [T(p*, Pyr)](z). Since solving
the fixed point of T'(-, P) for given P is often less computationally intensive than computing the
fixed point of ¥(-,0), we assume the full solution of the fixed point of T'(-, P) is available given
P.

Let P* denote type k’s conditional choice probabilities, stack the P¥’s as P = (PY, ..., PK'),
and let P° denote its true value. Define ¥(0,P) = (¥ (6}, P1Y, ..., ¥(9%, PK)). Then, for a
value of 6, the set of possible conditional choice probabilities consistent with the fixed point
constraints is given by Mj = {P € BS : P = ¥(0,P)}. The maximum likelihood estimator

for a model with unobserved heterogeneity is:

M
CvLe = arg max{ max M1 In ([L(W,P)](wm))} : (25)
(€O PeM; el

where [L(m, P)|(wm) = Zi(:l Wkp}k (Zm1) H?:l P*(amtl@mt) fo(@m,t+1|amt, Tme), and Ppr =T (Ppr PF)
is the type k stationary distribution of 2 when the conditional choice probability is P*. If PY is
the true conditional choice probability distribution and 7¥ is the true mixing distribution, then
LY = L(7% PY) represents the true probability distribution of w.

We consider a version of the NPL algorithm for models with unobserved heterogeneity
originally developed by AMO7 as follows. Assume that an initial consistent estimator Py =
(1501, . ,]5({() is available. For j = 1,2, ..., iterate

Step 1: Given P, 1, update ¢ = (¢',7') by {; = arg max;ce, MM ([L(ﬂ', v(6, f’j_l))](wm)>,
Step 2: Update P using the obtained estimate 9~j by f’j = \Il(éj, 153;1),

until j = ¢. If iterations converge, the limit satisfies ¢ = arg maxcee, M-t Z%Zl In([L(m, ® (0, P))](wm))
and P = ¥(6,P). Among the pairs that satisfy these two conditions, the one that maximizes
the pseudo likelihood is called the NPL estimator, which we denote by (é NPL, P NPL)-
Let us introduce the assumptions required for the consistency and asymptotic normality of
the NPL estimator. They are analogous to the assumptions used in AM07. Define {y(P) and
¢o(P) similar to O(P) and ¢o(P) in the main paper.

Assumption 6 (a) wy, = {(amt, Tmt, Tmes1) :m =1,...,M;t = 1,...,T} are independent
across m and stationary over t, and Pr(x,; = x) > 0 for any x € X. (b) [L(7m,P)](w) > 0 for
any w and for any (7,P) € O, x BE. (c) W(0, P) is twice continuously differentiable. (d) O is

transition probability function is also type-dependent in the context of a single-agent dynamic programming
model with unobserved heterogeneity.
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compact and BE is a compact and convezx subset of [0,1]*5. (e) There is a unique (° €int(O;)
such that [L(7°, PO (w) = [L(7°, ®(6°,P))(w). (f) (¢°,P) is an isolated population NPL
fized point. (g) Co(P) is a single-valued and continuous function of P in a neighborhood of PP.
(h) the operator ¢o(P) —P has a nonsingular Jacobian matriz at P°. (i) For any P € Bp, there
exists a unique fixed point for T(-, P).

Under Assumption 6, the consistency and asymptotic normality of the NPL estimator can
be shown by following the proof of Proposition 2 of AMO07.
We now establish the convergence properties of the NPL algorithm for models with unob-
served heterogeneity. Let [(¢, P)(w) = In(L(m, ¥ (6, P))(w)), and Q¢ = E[V (O, PO) (wy,) Vel (0, PO) (wim)].-

Assumption 7 (a) Assumption 6 holds. (b) V(60, P) is three times continuously differentiable.

(¢) Q¢ is nonsingular.

Assumption 7 requires an initial consistent estimator of the type-specific conditional proba-
bilities. Kasahara and Shimotsu (2006, 2009) derive sufficient conditions for nonparametric
identification of a finite mixture model and suggest a sieve estimator which can be used to ob-
tain an initial consistent estimate of P. On the other hand, as Aguirregabiria and Mira (2007)
argue, if the NPL algorithm converges, then the limit may provide a consistent estimate of the
parameter ¢ even when Py is not consistent.

The following proposition states the convergence properties of the NPL algorithm for models

with unobserved heterogeneity.

Proposition 13 Suppose that Assumptions 6-7 hold. Then, there exists a neighborhood Np of
P such that

G —Cnpr = O(Pj_1 —Pypill),
P p . 0 orypr Al/2 1/2 0(F :
i—Pnpr = [I—9oDCyLpA/ "M, A} Lp|¥p(Pj_1 —PnpL)
+ OM™2|[Pjy = Puprl| +[IPj_1 — Paprl),

a.s. uniformly in f’j_l € Np, where D = (\Ilg’ngAi/zMLﬁA2/2Lp\11g)_1,
My, =1 —AYPLo(LLALLy) " LAY, and W9 = Ve @ (00, PY), W9, = Vp B(6°, PO),
Ap = diag((L°)™1), Lp = Vp L(7", P°), and L, = V. L(7°, PY).

Note that I — \IlgD\Ilg’L’PAlL/ZMLﬁA}:/ZLp is a projection matrix. The convergence rate
of the NPL algorithm for models with unobserved heterogeneity is primarily determined by
the dominant eigenvalue of \IIOP. When the NPL algorithm encounters a convergence problem,

replacing ¥ (0, P) with A(6, P) or I'(#, P) improves the convergence.

Remark 2 [t is possible to relax the stationarity assumption on the initial states by estimating

the type-specific initial distributions of x, denoted by {p*k}szl, without imposing a stationarity
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restriction in Step 1 of the NPL algorithm. In this case, Proposition 13 holds with additional

remainder terms.

Proof of Proposition 13 We suppress the subscript NPL from prL and P nprL. The
proof closely follows the proof of Proposition 7. Define I((¢,P) = M ! E%:l Vel(¢, P)(wm),
lec(¢P) = M7PY00 Veel(¢P)(wpn), and Iep(¢,P) = M~ Y00, Veprl (G P)(wn). Ex-
panding the first order condition Z_C(fj, f’j,l) = Zg(é, P) = 0 gives

~ ~ ~ A

0= ZCC(C_a P)(Cj - C) + iCP(Cfa P)(ijl - P)v (26)

where (¢, P) is between (fj, f’j,l) and (f, f’) Then, proceeding as in the proof of Proposition
7 gives the bound of C~j — f

For the bound of f’j — P, expanding the second step equation f’j = \Il(fj, P j—1) twice around
(é, 15), using P= \I'(CA7 13), and proceeding as in the proof of Proposition 7 gives

P, —P=9%P;_1 —P)+ ¥ — )+ OMV2P;oy —P|)) + O(|Pj—1 — P[P, (27)

a.s, where ‘Ilg = Vo600, P% = [®),0]. As in the proof of Proposition 7, refine (26) fur-
ther as {; — = —Qgclﬁcp(f’j_l —P) +O(M~2|P;_; — P||) + O(||Pj_1 — P|]?) a.s., where
Qcp = E [V, PO) (wy)Vel(C°, P%)(wp,)]. Substituting this into (27) gives P, - P =
(W), — W20 Qcp|(Pj1 — P) + O(M~V2[|P; 1 — P||) + O(||P;_1 — P||?) as. Note that Q¢

and {¢p are written as

Qoo Qor
QW@ Qﬂ'ﬂ'

Qe = , Qp =

Qop | _ Y LLALLpPY
Q.p L.ALLpW®Y, ’

_ | YYLPALLp®y WY LpApLr
LIALLp®) L' ApLy

and
D — DQ@WQ;}.

—Q 100D Q7 4+ Q109D 0]

™

-1 _
Q¢ =

)

where D = (¥) LAY > My, AYPLp®9) ! with My, =T — AY?Lo(ILALLy) " LeA}?. Then,
using W0 = [®Y 0] gives TIQ ' Qcp = \IlgD\Ilg’L’PAéﬂMLﬁA}J/QLP\IIO, and the stated result

¢ ¢
follows. O

E Additional Monte Carlo results

Table 4 reports some additional results of our Monte Carlo experiments In particular, Table
4 includes two-step (PML) version of the four estimators (NPL, NPL-A, approximate RPM,
approximate ¢-NPL) discussed in the paper and Appendix C. These estimators are included

for reference; they do not need iteration but require a root-M consistent initial nonparamet-
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ric estimate of P. They are denoted by “PML-¥,” “PML-A,” “PML-RPM,” and “PML-A%
respectively. We do not report PML-A estimate of 6 because it is identical to PML-W. The
PML-RPM and the PML-A? take one approximate RPM and approximate ¢-NPL step, respec-
tively, from the original PML estimator with ¥ and, thus, they are three step estimators. Their
asymptotic properties can be easily derived from Proposition 1 of AMO07, apart from changes
in regularity conditions. The last panel of Table 4 reports the bias and the RMSE of P across
different estimators, including those of the frequency estimator of P.

The PML-RPM and the PML-AY perform substantially better than the PML-¥, suggesting
that our proposed alternative sequential methods are useful even when the researcher wants to

make just one NPL iteration rather than iterate the NPL algorithm until convergence.

Table 4: Bias and RMSE

OpN = 2 OpN =4

Estimator n = 500 n = 2000 n = 8000 n = 500 n = 2000 n = 8000

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
NPL-¥ -0.0151 0.1347 -0.0002 0.0660 -0.0023 0.0323 -0.0095 0.0676 -0.0062 0.0490 -0.0005 0.0408
NPL-A -0.0151 0.1347 -0.0002 0.0660 -0.0023 0.0323 0.0028 0.0575 -0.0006 0.0294 -0.0003 0.0143
RPM -0.0174 0.1331 -0.0028 0.0642 -0.0027 0.0320 0.0029 0.0576 -0.0012 0.0284 0.0000 0.0136
q-NPL-A4 -0.0117 0.1240 0.0002 0.0606 -0.0018 0.0305 0.0015 0.0542 -0.0009 0.0277 0.0000 0.0136
PML-W¥ -0.2215 0.2698 -0.0717 0.1112 -0.0229 0.0474 -0.1280 0.1557 -0.0341 0.0514 -0.0082 0.0207
PML-RPM 0.1353 0.2380 0.0658 0.1072 0.0203 0.0403 0.1166 0.1823 0.0211 0.0457 0.0043 0.0176
PML-AY -0.0133 0.1475 0.0016 0.0629 -0.0018 0.0307 0.0142 0.0783 -0.0035 0.0290 -0.0003 0.0141
NPL-¥ -0.0467 0.4705 -0.0009 0.2339 -0.0095 0.1130 -0.1417 0.2572 -0.1414 0.2314 -0.0918 0.1612
NPL-A -0.0467 0.4705 -0.0009 0.2339 -0.0095 0.1130 0.0241 0.1424 -0.0001 0.0739 0.0013 0.0352
RPM -0.0544 0.4642 -0.0102 0.2274 -0.0111 0.1116 0.0249 0.1604 -0.0003 0.0841 0.0014 0.0342
q-NPL-A4 -0.0358 0.4280 0.0002 0.2131 -0.0079 0.1052 0.0228 0.1351 0.0000 0.0690 0.0014 0.0328
PML-V¥ -0.7895 0.9604 -0.2565 0.3949 -0.0828 0.1687 -0.7713 0.9094 -0.1964 0.2599 -0.0462 0.0937
PML-RPM 0.4523 0.8255 0.2232 0.3754 0.0687 0.1401 0.6101 0.7821 0.1282 0.1848 0.0335 0.0600
PML-AY -0.0603 0.5177 0.0021 0.2215 -0.0083 0.1061 0.1619 0.2704 0.0044 0.0745 0.0035 0.0366
Frequency -0.0425 2.1609 0.0203 0.5128 0.0244 0.1550 -0.0880 5.8734 -0.0025 1.9222 0.0066 0.4413
NPL-¥ 0.0322 0.1561 0.0229 0.0436 0.0156 0.0256 -0.6258 3.4992 -0.1544 3.1243 0.0052 2.9592
NPL-A 0.0321 0.1560 0.0229 0.0436 0.0156 0.0256 -0.0318 0.1393 -0.0094 0.0414 -0.0094 0.0113
RPM 0.0243 0.1627 0.0228 0.0384 0.0160 0.0291 -0.0498 0.2053 -0.0163 0.0731 -0.0053 0.0085
q-NPL-A4 0.0249 0.1276 0.0207 0.0380 0.0146 0.0222 -0.0487 0.1278 -0.0136 0.0407 -0.0051 0.0081
PML-¥ 0.5558 1.9337 0.2180 0.6582 0.0686 0.2039 1.0331 3.6736 0.3606 1.3925 0.0682 0.3655
PML-A -0.1169 1.4388 0.1300 0.5271 0.0494 0.1739 -2.3132 4.3659 -0.5331 1.4651 -0.0564 0.2695
PML-RPM -0.6515 1.5933 -0.1964 0.5612 -0.0352 0.1280 -0.7598 1.9386 -0.2679 0.7829 -0.0523 0.2549
PML-AY 0.3133 0.3525 0.0701 0.0741 0.0253 0.0335 0.8506 2.1484 0.0919 0.5831 0.0150 0.1161

Based on 1000 simulated samples. The maximum number of iterations is set to 50.
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