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Network formation

• Network formation: model of which nodes are connected
• Goal: parsimonious, tractable, and estimable model that
matches features of observed networks

• Types of models
• Random network models: specify

P(i&j connect|other connections, node characteristics)
• Strategic network formation: specify payoffs ui(G, ·) and
equilibrium concept (e.g. pairwise stability)

• G is pairwise stable if for each link neither player would be better
off without it, and there are no two players would both be better
off by adding a link

• Payoffs could come from a subsequent game on the network
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Hsieh, König, and Liu (2024)
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“Endogenous Technology Spillovers in R&D
Collaboration Networks” Hsieh, König, and Liu (2024)

• Previously titled “Network Formation with Local Complements
and Global Substitutes: The Case of R&D Networks” Hsieh,
König, and Liu (2017) (these slides originally based on this older
version)

• Estimable model of R&D network formation and production
• Estimate for chemical firms
• Examine key firms and R&D collaboration subsidies



Network
formation

Paul Schrimpf

Hsieh, König,
and Liu (2024)
Model

Data

Estimation

Results

Atalay et al.
(2011)

Strategic
network
formation

References

Model 1

• Profits

πi(q, G) = ηiqi − νq2i − bqi
∑
j,i

qj + ρ
∑ n∑

j=1

aijqiqj − ζdi

where
• A is collaboration network
• ρ ≥ 0 local complementarity
• b > 0 global substitutability
• di = number of collaborators

• Potential function

Φ(q, G) =
n∑

i=1

(ηiqi − νq2i ) −
b
2

∑
i

∑
j,i

qiqj +
ρ

2

∑
i

∑
j
aijqiqj − ζm

is such that
• Φ(q, G ⊕ (i, j)) − Φ(q, G) = πi(q, G ⊕ (i, j)) − πi(q, G)
• Φ(q′i , q−i, G) − Φ(q, G) = πi(q′i , q−i, G) − πi(q, G)
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Model 2

• Equilibrium:
• “Natural” equilibrium concepts (e.g. pairwise stable links+
Nash in q) difficult to characterize and typically not unique

• Instead, introduce time and stochastic move opportunities,
solve for unique stationary distribution of q, G
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Network formation process 1

• Continuous time
• q ∈ Q a discrete and bounded set
• State of model ωt = (qt, Gt)
• Move opportunities

1 Quantity adjustment, arrival rate χ firm i chooses q to maximize
profits with some error

P(ωt+∆t = (q, q−it, Gt)|ωt = (qt, Gt)) = χ
eϑπi(q,q−it,Gt)∫

Q eϑπi(q′,q−it,Gt)dq′
∆t+o(∆t)
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Network formation process 2

2 Link formation, arrival rate τ , (i, j) choose whether to link

P(ωt+∆t = (qt, Gt⊕(i, j))|ωt = (qt, Gt)) = τ
eϑΦ(q,Gt⊕(i,j))

eϑϕ(q,Gt⊕(i,j)) + eϑϕ(q,Gt)
∆t+o(∆t)

• Linking if πi(q, Gt ⊕ (i, j)) − πi(q, Gt) + ϵi,j,t > 0 and
πj(q, Gt ⊕ (i, j)) − πj(q, Gt) + ϵi,j,t > 0

• Difference in π equal for i and j, and= Φ(q, G ⊕ (i, j)) −Φ(q, G)
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Network formation process 3

3 Link removal, arrival rate ξ, (i, j) choose whether to remove link

P(ωt+∆t = (qt, Gt⊖(i, j))|ωt = (qt, Gt)) = ξ
eϑΦ(q,Gt⊖(i,j))

eϑΦ(q,Gt⊖(i,j)) + eϑΦ(q,Gt)
∆t+o(∆t)
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Stationary distribution

• Model is continuous time, discrete state Markov chain
• Stationary distribution:

µϑ(q, G) =
eϑ(Φ(q,G)−m log(ξ/τ))∑

G′∈Gn

∫
Qn eϑ(Φ(q,G′)−m′ log(ξ/τ))dq′

where
• Potential function

Φ(q, G) =
n∑

i=1

(ηiqi − νq2i ) −
b
2

∑
i

∑
j,i

qiqj +
ρ

2

∑
i

∑
j
aijqiqj − ζm

is such that
• Φ(q, G ⊕ (i, j)) −Φ(q, G) = πi(q, G ⊕ (i, j)) − πi(q, G)
• Φ(q′i , q−i, G) −Φ(q, G) = πi(q′i , q−i, G) − πi(q, G)

• Propositions 2-3 characterize stationary distribution
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Average degree and output
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Output and degree distributions
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Output and degree distributions with Pareto
productivity
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Welfare

• Proposition 5: with homogenous firms, efficient G is either
complete or empty depending on ζ (link cost)
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Data

• CATI and SDC alliance database for R&D collaborations
• Compustat and Orbis for other firm information
• PATSTAT for patents
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R&D Network
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R&D Network
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Data
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Data
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Competition Network
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Estimation

• MLE using stationary distribution?

µϑ(q, G) =
eϑ(Φ(q,G)−m log(ξ/τ))∑

G′∈Gn

∫
Qn eϑ(Φ(q,G′)−m′ log(ξ/τ))dq′

no, denominator too hard to compute
• Use MCMC instead

• Still difficult, reports results from 3 different algorithms
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Estimates
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Patent Similarity
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Heterogeneous spillovers
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Model fit
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Key firms
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Mergers
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Collaboration subsidies
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Section 2

Atalay et al. (2011)
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Atalay et al. (2011): Network structure of production

• Model of buyer-supplier network of US firms
• Common features of observed social & economic networks: (see
Jackson (2010))

• Scale-free: degree distribution is Pareto: P(d) = cd−γ i.e.
log P(d) is linear function of log d.

• Small worlds: the diameter & average path length tends to be
small even for a large number of nodes (e.g. 6 degrees of Kevin
Bacon; Erd os number)
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Preferential attachment 1

• Growing random network model that is scale-free and has small
worlds

• Model: nodes born over time and indexed by date of birth
• Begin with m nodes fully connnected
• Time t one node added and forms m connections with existing
nodes, connects to node i with probability di(t)∑

j dj(t)
=

di(t)
2tm
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Mean-field approximation

• Solving for degree distribution: “mean-field approximation”
• P(i gets new link) = m di(t)

2tm =
di(t)
2t• Approximate time as continuous instead of discrete

d
dt
di(t) =

di(t)
2t

and di(1) = m, implies

di(t) = m
( t
i

)1/2
• Degree of older nodes > degree of younger nodes, at time t
node born at time i = t

(m
d
)2 has degree d, so

Ft(d) = 1 − m2d−2, Pt(d) = m2d−3
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Observed degree distribution
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Model overview

• Directed network of buyers and suppliers
• Mix of preferential attachment and random attachment
• Adds node death & reattachment of survivors
• Better incorporate features of the actual firm network: firms
often go out of business, and many suppliers actively prefer to
work with less-connected downstream firms because of product
specialization and long-term contracting issues
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Model
• Notation:

• N(t) firms at time t
• n(k, t) firms with in-degree k at time t
• m(t) =

∑
k kn(k,t)
N(t) average in-degree

• Each period:
1 Exit: each firm exists with probability q; destroys
q(2 − q)N(t)m(t) edges, q(1 − q)N(t)m(t) of which have
receiving vertex survive

2 Reconnection: surviving firms whose connections were lost due
to exit reconnect; q(1 − q)N(t)m(t) reconnections to make

• r uniformly at random
• 1 − r by preferential attachment

3 Entry:
• (g+ q)N(t) firms enter, each form m(t) edges

• δ(1 − r) by preferential attachment to existing firms
• rδ randomly to existing firms
• 1 − δ randomly to other entrants
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Mean-field approximation 1

∂

∂t
n(k, t) +

∂

∂k
[n(k, t)γ(k, t)] = β (k, t)N(t)(q+ g) − qn(k, t)

• γ(k, t) = in-degree growth rate
• = dk

dt = qr(m(t) − k) + δ(k+r(m(t)−k))(q+g)
1−q

• β (k, t) = in-degree distribution of entering vertices
• = binomial

(
(g+ q)N(t)(1 − δ)m(t), 1

N(t)(g+q)

)
• ≈ 1

m(t)(1−δ)e
− k
m(t)(1−δ) (exponential)

• Let p(k, t) = n(k,t)
N(t) ,

∂p(k, t)
∂t

+
∂

∂k
[p(k, t)γ(k, t)] = β (k, t)(q+ g) − qp(k, t)
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Mean-field approximation 2

• Solve for stead-state degree distribution, p(k)

∂

∂k
[p(k)γ] = β (k)(q+ g) − qp(k)

so

p(k) = λ(k+ R)−1−S (Γ[1 + S, R/(m(1 − δ))] − Γ[1 + S, (R+ k)/(m(1 − δ))])

where R, S and λ are functions of δ , q, g, m, and r
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Data

• Data yearly firm-level data from Compustat
• 1979-2007 publicly listed firms
• Link= major customer= firm that purchases ≥10% of seller’s
revenue
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Estimation

• 5 parameters
• q = exit rate= empirical average= 0.24
• m = edges per vertex= 1.06
• δ = portion of new vertices to existing firms= 0.75
• g = growth rate of number of firms= 0.04
• r = fraction of edges assigned randomly estimated by MLE for
probability a new link among surviving vertices given in-degree
= 0.18

• Not fitting CDF directly
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Fit
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Section 3

Strategic network formation
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• Christakis et al. (2010)
• Lee and Fong (2013)
• Chandrasekhar and Jackson (2013)
• Leung (2013)
• Sheng (2012)
• Graham (2014a), Graham (2014b)
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Christakis et al. (2010)

• Tractable empirical model of network formation
• Estimable from data on a single network
• Bayesian estimation
• Applied to social network of high school students
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Model
• Sequential: N nodes, T periods
• Begin with no links
• Each period two nodes meet and have opportunity to form a link
• Payoff of i from linking with j at time t

Ui(j| X︸︷︷︸
Node characteristics

, C︸︷︷︸
link characteristics

, Gt−1, t)

• Link formed if

g (Ui(j|X, C, Gt−1, t), Uj(i|X, C, Gt−1, t)) > 0

• Myopic behavior:

Ui(j|X, C, Gt−1, t) = Ui(j|X, C, Gt−1)

• Individuals do no have to take expectation over future links
• Avoids multiple equilibria & computational difficulties
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Empirical specification
• Preferences:

Ui(j|X, C, Gt−1) =β0 + β ′
1xj − (xi − xj)′Ω(xi − xj)+

+ α1djt + α2d2jt + α3d(i, j; Gt−1) + δcij + ϵij

Non-transferable:

g(ui, uj) = 1{ui ≥ 0 & uj ≥ 0}

• ϵij ∼ logistic, independent
• Sequence of meetings, M: assume T = N(N − 1)/2, each
potential pair meets exactly once, all sequences equally likely

• Parameter meanings:
• β individual characteristics
• Ω captures homophily
• α network characteristics
• δ pair characteristics
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Estimation

• Bayesian
• Likelihood

L(θ |G, X, C) = P(G|X, C; θ) =
∑
M∈Í

P(M|X, C; θ)P(G|M, X, C; θ)

• P(G|M, X, C; θ) is product of logit probabilities
• |Í| = (N(N − 1)/2)! is too large for MLE

• Compute posterior using MCMC — Metropolis-Hastings with data
augmentation

• Draw θk |Mk from P(θ |Mk, G, X, C) ∝ P(G|Mk, X, C, θ)P(θ)
• Draw Mk+1 |θk from P(M|θk, G, X, C) ∝ P(G|Mk, X, C, θ)P(M)

• Data from a single large network
• Properties of estimator as N→∞ unknown
• Chandrasekhar and Jackson (2013), Leung (2013) also have data
from a single network and show consistency of their estimators
(but models differ)
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Data

• Friendship network in single high school of 669 students, 1541
links

• From AddHealth data set
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Summary statistics



Network
formation

Paul Schrimpf

Hsieh, König,
and Liu (2024)

Atalay et al.
(2011)

Strategic
network
formation
Christakis et al. (2010)

Chandrasekhar and
Jackson (2013)

Lee and Fong (2013)

References

Summary statistics
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Estimates
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Fit



Network
formation

Paul Schrimpf

Hsieh, König,
and Liu (2024)

Atalay et al.
(2011)

Strategic
network
formation
Christakis et al. (2010)

Chandrasekhar and
Jackson (2013)

Lee and Fong (2013)

References

Fit



Network
formation

Paul Schrimpf

Hsieh, König,
and Liu (2024)

Atalay et al.
(2011)

Strategic
network
formation
Christakis et al. (2010)

Chandrasekhar and
Jackson (2013)

Lee and Fong (2013)

References



Network
formation

Paul Schrimpf

Hsieh, König,
and Liu (2024)

Atalay et al.
(2011)

Strategic
network
formation
Christakis et al. (2010)

Chandrasekhar and
Jackson (2013)

Lee and Fong (2013)

References

Chandrasekhar and Jackson (2013)
• Consistent and tractable network formation model
• Setup nests variant of Christakis et al. (2010) model
• Starting point: exponential random graph (ERGM):

• Network g ∈ G
• Vector of statistics S(g)
• Likelihood:

Pθ(g) =
eθS(g)∑

g′∈G eθS(g
′)

• Broad class, can represent any random graph model
• Used in many applications

• Challenges of ERGMs: set of networks, G very large, typically
estimated by MCMC, but consistency unknown and mixing time
exponential in number of nodes

• This paper: propose a related class of models, give conditions
for consistent and asymptotically normal estimation, give
examples of strategic network formation models that fit into
setup
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SERGM

• Statistical exponential random graph model
• Write model on space of statistic instead of network

Pβ ,K(s) =
K(s)eβ s∑

s′∈A K(s′)eβ s
′

• Estimate β by MLE or GMM
• Sum in denominator is over space of statistic instead of
possible networks

• Sufficient conditions for consistent, asymptotically normal β̂
(loosely):

• Statistics are counts, e.g. of links, triangles, stars, etc
• Graph is not too dense
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SUGM

• Subgraph generation models
• List of subgraph types Gnℓ , ℓ = 1, ..., k
• Probabilities pnℓ of each type
• Formation:

• Each subnetwork in Gn1 formed with probability p
n
1

• Repeat for ℓ = 2, ..., n
• E.g. Erdos-Renyi: Gn1 = all pairs of nodes
• p̂nℓ consistent and asymptotically normal if network is sparse
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Strategic network formation as SUGM

• If payoff depends only on subgraph, then natural
• I.e. if ui(g) only depends on direct connection or direct
connections+ friends of friends etc

• E.g. in Christakis et al. (2010)

Ui(j|X, C, G) =β0 + β ′
1xj − (xi − xj)′Ω(xi − xj)+

+ α1dj + α2d2j + δcij+

+ α31{d(i, j; G) = 2} + α41{d(i, j; G) = 3} + ϵij
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Lee and Fong (2013)

• Dynamic network formation model with transfers
• Applicable to bilateral contracting between firms, e.g.

• Manufacturers & retailers
• Health insurers & providers
• Hardware & software
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Model 1

• Infinite horizon, discrete time
• Network g ∈ G
• Contracts (payments) tg = {tij;g}ij∈g
• Per-period payoffs: πi(g, tg)
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Model: each period
• Start with network gτ−1

1 Network formation:
1 Simultaneously announce links ai that want to negotiate, private
payoff shock ϵai,i received

2 Network of negotiations: g̃(a)
• If i & j both announced link, ij ∈ g̃(a),
• Everyeone pays cost ci(g̃(a)|gτ−1)

2 Bargaining:
1 Additive payoff shocks ηij observed
2 Unstable links ij ∈ g̃ with no gains from trade (given rest of
network) dissolves, repeat until no such pairs remain to get
gτ ⊆ g̃

3 Contracts tτg determined by Nash bargaining, payoffs realized

π̄i(gτ , η, tτg) = πi(gτ , tτg) +
∑
ij∈gτ

ηij
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Model - dynamics
• Markov strategies σi(g, ϵi)
• Conditional choice probabilities
Pσi (a|g) =

∫
1{σi(g, ϵi) = a}f(ϵi)dϵi

• Γ(g; η, Vσ) = subnetwork g′ ⊆ g such that all pairs stable
• Negotiation network probabilities

qσi (g
′ |ai, g) =

∑
a−i

∏
j,i

Pσj (aj |g)I{g̃(a) = g′}

• Choice-specific value function

vσi (a, g) =
∑
g′

qσi (g
′ |a, g)

(
ci(g′ |g) + Eη

[
π̄i(g′′, η, tσg′′) + βVσi (g

′′) :

: g′′ = Γ(g; η, Vσ)
] )

• Value function

Vσi (g) =
∫ (

max
a

ϵa,i + vσi (ai, g)
)
f(ϵi)dϵi
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Model - bargaining

• Nash bargaining:
• Surplus of i from trading with j

∆Sσi,j(g; η, {t, tσ−ij:g}) =
(
π̄i(g, η, {t, t−ij:g}) + Vσi (g)

)
−

−
(
π̄i(g − ij, η, t−ij:g) + Vσi (g − ij)

)
• Assumes if ij do not link, other links unaffected today (but they
could be in the future)

tij;g(η) ∈ arg max
t̃

∆Sσi,j(g; η, {̃t, tσ−ij:g})bij∆Sσj,i(g; η, {̃t, tσ−ij:g})bji

• Equilibrium existence from Brouwer’s fixed point theorem
• Equilibrium may not be unique
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Example

• Contracting externalities
• Static model (or equivalently β = 0) with equal bargaining
power

• t1,j(g2) = 6, t1,j(g3) = 4
• Dynamic model with β = 0.9, c() = 1, var(ϵ) = π2/8

• t1,j(g2) ≈ 7.6, t1,j(g3) = 4.4
• Chance of downstream firms being unlinked for multiple periods
lowers value of their outside option

• Distribution of states [g0, g1, g2, g3] ≈ [.00, .43, .43, .14],
P(g1 |g2) = P(g2 |g2) ≈ 0.8
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Estimation

• Much like dynamic games
• Approaches:

• Constrained MLE: maximize pseudo-likelihood subject to
equilibrium constraints

• Two-step:
1 Estimate policy functions: using Hotz-Miller inversion (e.g. with

type I extreme value shocks)

σ̂i(g, ϵ) = arg max
a

log(P̂i(a|g)) + ϵ

2 Let σ̃i(·; θ) be the best response of player i when payoff
parameters are θ and other players play σ̂−i, estimate θ to
minimize

θ̂ = arg min
∑
a,g,i

(
Pσ̃i;σ̂−i
i (a|g) − Pσ̂i (a|g)

)2
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Identification 1

• “Intuitively, if there are gains from trade between two agents
who form a link (given the actions of others), a static model
would predict that the link should form regardless of which
agent obtains a larger share. However, in a dynamic model,
different values of Nash bargaining parameters will change each
agent’s respective outside options through their continuation
values, and hence only certain parameter values will be
consistent with a link forming in equilibrium.”

• What data is observed?
• Realized sequence of networks?
• Sequence of networks+ actions= announcements (i.e. we see
potential links where negotiations failed)

• 2-step estimator assumes the announcements observed, single
step estimator allows only networks to be observed

• Section 4.2 about estimation of bargaining parameter assumes
(N, G, π, β , f, c) either observed, assumed, or can be separately
estimated
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Identification if π , c not known 1
• Assuming announcements observed, usual dynamic decision
model identifies per-period payoff:

π̃(a|g) =
∑
g′

qP(g′ |a, g)
(
ci(g′ |g) + Eη [πi(Γ(g′, η), tPΓ(g′,η), η)]

)
• qP(g′ |ai, g) is known, so variation in ai identifies

ci(g′ |g) + Eη [πi(Γ(g′, η), tPΓ(g′,η), η)]

• Need restriction to separate ci and πi, e.g. assume ci(g′ |g) = 0
if g′ = g

• Γ(g′, η) = stable subnetwork of g′

Γ(g, η) =

{
g if \t s.t. ∆Sij(G; η, t) ≥ 0 for all ij ∈ g
Γ(g′, η) otherwise where g′ = g \ {ij ∈ g : ∆Sij(G, η, t) < 0

• Need to untangle Γ, η, and π from bargaining
• Estimator assumes η degenerate



Network
formation

Paul Schrimpf

Hsieh, König,
and Liu (2024)

Atalay et al.
(2011)

Strategic
network
formation
Christakis et al. (2010)

Chandrasekhar and
Jackson (2013)

Lee and Fong (2013)

References

Example: Insurer-Provider negotiations

• Simulate version of model designed to reflect features of
HMO-hospital network

• Look at performance of estimator
• Ignoring dynamics biases estimates of payoffs (table 2)
• Estimates of bargaining power appear unbiased and precise
(table 3)

• Simulate hospital mergers
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Merger simulation
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