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Bayesian

Estimation in . .
0 Jiang, Manchanda, and Rossi
Paul Schrimpf
(2009)
e ® Bayesian BLP
anchanda, L
and Rossi e BLP uses moment conditions
200! . ope . ..
(2009 ] ® Consumer i utility from buying product j in market t
Imai, Jain, anc
Ching (2009) 1xk Kx1 1x1
eferences =~ ~=
“ Ujjt = Xjt \eit/ + & e
:9+V,'t

® Common demand shock ¢;; endogenous, have

instruments w
E[jelwjel =0

® Bayesian needs likelihood, so assume
Xjt = Wlt5 + Ujt

and

Ujt
(Ejt) ~ N(0, Q).
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e Utility:

Model & likelihood 1

1xK Kx1 1x1
PN N

Uje =" Xt G + Gt +eije

~—

:é+ Vit

® First stage

th = W]t6 + Ujt

e Distributional assumptions:
® ¢ ~ type | extreme value
® v; ~ N(0,Z),i.i.d across i, t

d

uj't

Sje

) ~ N(0,Q), i.i.d across j, t
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Model & likelihood 2

e Share equation:

5 :/ exp(xjt(é +v) + &) dF (v %)

14 Zk 1 eXP(Xke (0 + v) + &)
=h C-,(tlxt, 9, Z

e Likelihood:

- _ B h=(s¢|x¢, 6, E)
z (Strxflwt' 9' Z' 5' Q) - (/) ( ( Xt — Wt5

where Js,_,z, = determinate of ds;/d¢&;
® /s, given shares is function of only &

) |Q) Usioa) ™
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Q ~ N(@o, VQ)
0 ~ N(do, Vs5)
Q ~ inverse Wishart(vy, Vq)
erll rlZ
r22
r=vuu=|°% ¢ ™
0
* rj~N(0,0?)
® rjx ~ N(0O, a,{:}ff) forj <k

rg

elkk

Prior
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e Combination of Gibbs and random walk Metropolis
Hastings
® Gibbs sampler for 0, 5, Q
e Metropolis for L =r|0,d,Q,r,s,x,w
e Candidate density: r"® = r° 4 N(0, 02D,)

r,s, X, w, priors
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Advantages

No maximization (but problem of chain convergence
instead)

Simulations show lower MSE than GMM (even in
simulations with & not normally distributed
Inference natural by-product of MCMC

® No extra work needed to compute standard errors
¢ Inference on functions of parameters straightforward,
no need for delta-method

® Sample from posterior of f(6) by drawing 6 from
posterior and calculating f(6)
® e.g. elasticities, any counterfactuals, etc
In simulations GMM asymptotic confidence intervals
too small, MCMC gets closet to correct coverage of
credible regions
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Simulation results

® | =3,T =300, K =4 (brand effects and price)

® Setup 1:

® no endogeneity x = w

® Distributions for &
® Correctly specified: & ~ N(0,1)
® Heteroskedasticity: & ~ N(0, exp(—.5413 + x},))
® AR(1) & = pgje—1 + N(0,V)
¢ Different distributoin: & ~ Beta with parameters such

that either symmetric or assymetric

® Setup 2:
® One component of x endogenous, w = exogenous X’s
and one instrument



Table 1

MSE and bias for estimates of t2 and 6.

MSE Bias
Bayes GMM Bayes GMM
i.id N 0.02 0.09 —0.13 —0.03
Hetero 0.009 0.134 —0.021 —0.011
= AR(1) 0.049 0.227 —0.172 —0.058
Asym Beta 0.002 0.007 —0.044 —0.002
Sym Beta 0.001 0.006 —0.03 —0.01
iid N 0.11 0.54 0.22 0.13
Hetero 0.53 0.43 —-0.37 0.18
&, AR(1) 0.22 0.55 0.24 0.16
Asym Beta 0.12 0.5 0.23 0.02
Sym Beta 0.17 0.29 0.31 0.33
i.id N 0.26 0.54 0.25 0.29
Hetero 0.87 1.04 —0.52 0.25
o, AR(1) 0.39 1.7 0.22 0.33
Asym Beta 0.29 2.04 0.45 —0.14
Sym Beta 0.25 1.52 0.33 0.10
i.id N 0.25 851 0.27 —1.51
Hetero 2.00 12.08 —0.93 —2.02
5 AR(1) 0.84 10.92 0.14 —1.46
Asym Beta 041 9.39 0.50 —1.11
Sym Beta 0.38 5.01 0.32 —1.04
i.id N 041 1.71 0.28 0.47
Hetero 0.85 2.16 0.62 0.67
Borice AR(1) 0.59 2.39 —0.10 0.33
Asym Beta 0.51 2.27 0.6 0.37
Sym Beta 0.34 2.48 0.23 0.29




Table 2
MSE and bias for diagonal X' elements.

MSE Bias

Bayes GMM Bayes GMM

iid N 1.94 14.89 —1.04 0.13

Hetero 11.07 25.81 1.85 0.23

PP AR(1) 3.91 35.43 —0.38 0.32
Asym Beta 217 66.28 —1.22 1.20

Sym Beta 2.14 8.49 —-1.19 —1.05

iid N 2.63 9.52 —0.70 —0.46

Hetero 15.73 26.65 2.78 —0.33

T AR(1) 5.3 181.16 0.13 0.83
Asym Beta 4.00 87.09 —-1.71 1.96

Sym Beta 2.34 38.38 —0.92 0.46

iid. N 1.95 498.86 —0.62 10.68

Hetero 40.2 566.35 3.6 12.35

X3 AR(1) 8.08 1927.91 0.50 15.95
Asym Beta 3.47 601.03 —1.33 8.83

Sym Beta 3.04 163.88 —0.42 6.04

iid N 2.23 21.73 0.45 2.19

Hetero 5.12 23.11 1.16 233

P AR(1) 5.41 24.05 1.44 2.40
Asym Beta 0.71 64.72 —0.16 273

Sym Beta 2.42 21.58 0.50 1.91




Table 7
MSE and bias for the IV sampling experiment.

MSE Bias

Bayes GMM Bayes GMM
2 0.50 9.89 0.49 —0.93
78 0.44 13.46 051 —1.28
0 0.41 34.11 0.41 —2.16
Bprice 0.28 10 0.33 —0.02
53 3.82 315.49 —1.59 6.86
T 3.11 383.2 —1.51 8.74
233 3.68 6301.31 —1.30 19.09
T 0.75 104.68 —0.06 4.02
S 233 117.63 —1.24 1.59
3 1.64 82.45 —1.00 1.20
T 1.92 139.48 0.78 2.65
4 0.36 38.25 —0.25 —1.42
T 0.56 24.03 —0.32 —1.05
S 0.20 24.87 0.10 —1.89
8 0.002 0.002 0.003 0.001
5 0.002 0.002 0.002 0.001
83 0.002 0.002 —0.002 —0.003
84 0.004 0.004 —0.005 —0.002
2n 0.0002 0.0002 0.0012 —0.0003
20 0.002 0.003 —0.02 —0.01
22 0.03 1.28 —0.16 0.39

Corrg 0.003 0.008 —0.002 —0.062
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Coverage of confidence intervals

e In setup 1 with correctly specified distribution, GMM
95% confidence intervals have 63% coverage

® |n setup 1 with correctly specified distribution, Bayesian
95% credible intervals have 81% coverage
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Distributional assumption
about &

Why does distributional assumption on & not seem to
matter?
Recall that Bayesian OLS with normal distribution —
frequentist OLS
® Ignoring priors, gradient of posterior = moment
conditions
Same reasoning implies IV with normal distributions —
frequentist IV
® LIML & FIML consistent because gradient of likelihood
= moment conditions
Conjecture: misspecified shape of distribution is fine,
but misspecifying heteroskedasticity or dependence
could lead to consistent estimates, but inconsistent
inference
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Allowing heteroskedasticity &
dependence

© Specify distribution of & more flexibly
® E.g. Dirichlet process see Conley et al. (2008)
® Chernozhukov and Hong (2003): quasi-Bayesian
estimation
® Moments E[m;(6)] =0, let g,(6) = =5 _.m 9) W,(0) =
consistent estimate of le,Hoo ar( \fgn
® Quasi-posterior: o< exp(—n/zgn(6)’Wn(9)gn(9))
® Bayesian estimation and inference using quasi-posterior
is consistent
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Zhang (2015)

e Compares Quasi-Bayesian and GMM estimators for BLP

demand model
e Uses density tempered sequential Monte Carlo
® Importance sampling: want sample from st to compute
: Jo9(6)7(6)dO
® Draw 6; ~ p(6)

J 6,'
* Jas(Or(0)d0 YT, g0) %

Jt
p(6;)
Many draws needed for accuracy if p far from

® Density tempered sequential Monte Carlo updates p to
get closer to 7
e Simulation results a bit incomplete: only shows
estimates from a single simulated dataset
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Applied papers

Cohen (2013): vertical supplier relationship’s effects on
milk prices
Musalem, Bradlow, and Raju (2008): coupon targeting

Duan and Mela (2009): pricing and location choice in
spatial demand model

Musalem et al. (2010): effect of out-of-stock



Section 2

Imai, Jain, and Ching (2009)
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Imai, Jain, and Ching (2009) -
“Bayesian estimation of
dynamic discrete choice

models”
Recall likelihood for dynamic discrete choice:

T N

Z Z logA\ (a,'t|V,P(-,X:I 9))

t=1 j=1

where P = (V?(6))
Na ive Metropolis-Hastings:

® Draw candidate 0

® Solve for value function

® Accept or reject with some probability
Typically infeasible because solving for value function
takes too long
Idea of this paper: combine MCMC iterations with
value function iterations
Each Metropolis step, do one Bellman iteration to
update value function
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Model

State = s (observed) & e (unobserved)
Parameters 0
Value function:

V(s, €, 0) =maxR(s, a, €, 0) + BEo,[V(s', €, O)[s, a]

acA
=maxV(s, a, €q, 0)
acA

Choice probabilities

Pla = aj¢|si¢, V, 8] = Ple : air = argmax (s, a, €g, 6)]

State transition pmf f(s'|s, a; 6;)

Conditional likelihood:

L(Y|6) = |_| Pla = ajxlsi¢, V, 0]

it
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Bayesian DP

e O, estimated separately? Paper is unclear, but fine
e |teration t, draw 6*' ~ q(6*%, ")
e At iteration t, have history of draws of V7, €7, 6* for

T<t
Expected value:

ZN(I) Vt—n(sf, etn, 6*(t—n))x

n=1

EYV(s', €, 6%)|s, a] = s'|s,a, 0
Vs’ €' 0)ls.q] = _fisls.a.0) S
s Tp k(07 —6+e=H)

Choice specific:
v(s, a, 5, 0) = R(s, a, €5, 0%) + BEYV(S, €, 6%)
Accept or reject 6* based on likelihood using

v(s,a, e, 6%)
Draw €' ~ F(e; 67) calculate and save

s,d|

Vi(s, €', 0*F) = maxv(s, a, €}, 6*)
acA

Flow chart from Ching et al. (2012) “Practitioner’s guide



Read data

Read starting
parameter value,

00 = (af,08.GY,GY.4", 5

Set Eg,W(..;f;eD) =0
and compute f.'j(h|s. p: 67)

Start MCMC Iterations
Set r=1

Use f.'(b\s, POt
& L7 (bfs,p: 07 ")

+ to compute the acceptance
Draw a candidate parameter vector, probability, A
0 = (af", a5", G, G5 T B
Compute
i , W r w> A
Inner EZW(,p587) & ELW(L 507"
loop using the weighted averages of
IV 0y weA
‘ ‘ o — g+ l | or — g1 |
Compute L¥(b|s, p; 8°7)
& L7(bls,p; 67 1) I
- based on Make a draw of p”
EpW(.p5607) & E’;.W(v-p/.ﬁ"'). Compute and store
respectively W (., 575 6°7)
Juter ) Yes r <Total no. of

loop reret MOMC iterations?
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Statistical properties

e Theorem 1: E{[V] 5 E[V] uniformly overs, 0, as t—o0

e Theorem 2: 6 £ B0 where 89 is Markov chain
generated by usual Metropolis-Hastingings
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Extensions

e Continuous s: draw st along with €', add importance
weights to Et

e Unobserved heterogeneity: Metropolis draws for each i,
Gibbs updating for hyperparameters

® Norets (2009): uses nearest-neighbor instead of kernel
approximation to V

® Incorporates serially correlated unobservables
® Argues more computationally efficient and also
applicable to more general model specifications



Read starting parameter value,
1= (GY.GY, 08, 08;,)
& 02 = (a].09.9°.8%)

Draw GY, ~ N(G2, (04,)?) Viij

Set EQW(. s GI.609) = 0 Vi
and compute L2 (bils;. pi; G2, 62) Vi

Start MCMC Iterations
Set r=1

‘ Draw G vj given og; ! and {G7, "}, |

‘ Draw o, ] given G} and (G} '}, |

Draw of G; (consumer-specific parameter)

Set.
}.7
‘ Draw a candidate parameter vector, G;” |
1
Compute EW (. p's Gy, 007"
& ELWpGEN Y| Tner

Consumer

Draw of 0 (common parameter)
Draw a candidate parameter vector,

o = (0’0" 67)

Compute EW(., ¢/ GJL0;7)
& EyW( 05 G057 vi Taner
using the weighted averages of |  100P

V(s 56 B}

Compute L7 (bls. p: {GT},.677)
& Lr(bls.p G Y 627
based on £ W/ G1L027)

& EpW(.,p/; GIL0:7), respectively

I

Use L7(bls. p: (G}, 67)

using the weighted averages of | 100D & L (bls,p {GTHo 007
[ ETELN) to compute the acceptance probability,
Compute L (bi[si. pi: G760, ")
& Li(bilsi pis G771 6:7Y)
based on E;W(.,p:G}7607") &
ELW(.pf; GT7.6071), respectively
Use L7 (bilsi, pis G760
o ir (;‘s“ LD‘G. P ; Make a draw of 7'
to compute the ’ pf babilits, A Compute and store W™ (., 5";G;", 027) Wi

r <Total no. of

Quter, R Yes
00p

(CMC iterations?.
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e Ishihara and Ching (2012): dynamic demand
e Toubia and Stephen (2013): contributing to Twitter
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