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Unbiasedness of

> If Y; = a + BX; + U and E (U

unbiased:
PR CE 61
B Xo — X3
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Xo — X1
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Xo — X
B U — Uy

E (X %) = [5+E<
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» Among all linear and unbiased estimators, an estimator with

the smallest variance is called the Best Linear Unbiased
Estimator(BLUE).

» Note that the statement is conditional on X's:

> The estimators are unbiased conditionally on X's.
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Gauss-Markov Theorem

Suppose that
> Yi=a+BXi + U.
» E(Ui|Xy,...,X,) =0.
> E (L/?|)<i,... ,)(n) =c2foralli=1,...,n
(homoskedasticity).
» Forall i #j, E(UiUi| X, ..., Xp) = 0.
Then, conditionally on X's, the OLS estimators are BLUE.
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Gauss-Markov Theorem

» We already know that the OLS estimator j3 is linear and
unbiased (conditionally on X's).

» Let B be any other estimator of 8 such that

» B is linear:
n
B=) cVi
i=1

where c's depend only on X's.
» B is unbiased:

EB =8,
where expectation is conditional on X's.

» We need to show that for any such B # B,

Var (,B) > Var (ﬁ) ,

where the variance is conditional on X's.
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An outline of the proof

1. First, we are going to show that the ¢'s in B =Yr.qY;
satisfy Y ;¢ =0and Y7 ; ¢ X; = 1.

2. Using the results of Step 1, we will show that conditionally on
X's, Cov (B,B) = Var (B).

3. Using the results of Step 2, we will show that conditionally on
X's, Var (B) > Var (B) .

4. Lastly, we will show that Var (B) = Var (B) if and only if

A

p=p.
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Proof: Step 1

» From the linearity we have that, conditionally on X's,
~ n n
Eﬁzzch,-—kﬁZc,-X,-.
i=1 i=1
» From the unbiasedness we have that conditionally on X's,

B= EB:ocZC,-+ﬁZCiXi-
i1 i1

» Since this has to be true for any & and B, it follows now that

n

ZC,' = 0,

i=1

iC;X/ = 1.
i=1



Proof: Step 2

» We have
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Proof: Step 2
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Proof: Step 3

» We know now that for any linear and unbiased B,

Cov (BB) = Var (B) :
» Let's consider Var (B ,B)

Var (B — B) = Var (B) + Var (ﬁ) —2Cov (B :B)
= Var (B) + Var (ﬁ) — 2Var (B)
Var (B) — Var (/A%) :
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Proof: Step 3

» We know now that for any linear and unbiased B

Cov (B [Ai) = Var (B) :

> Let's consider Var (B

Var (B—B) =

» But since Var (B - B)
%

or

p):

Var (B) + Var (B) — 2Cov (B, B)
Var (B) + Var (B) — 2Var (B)
Var (B) — Var (B) .

0,

B) >
ar (B) — Var (,B) >0

Var (B) > Var (B) .
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Proof: Step 4 (Uniqueness)

Suppose that Var (B) = Var (B)
» Then,

Var (B — B) = Var (B) — Var (B) = 0.

» Thus, B — B is not random or

~ A

B — B = constant.

» This constant also has to be zero because

EB = Ep+ constant
B + constant,

and in order for B to be unbiased

constant=0 or B = B

13/13



