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There are many alternatives estimators

» The OLS estimator is not the only estimator we can
construct. There are alternative estimators with some

desirable properties.
» Example: Using only the first two observations, suppose that
Xo # Xi1.

> Bis linear:
B=aYri+aY,

where

1
= d
c XX and ¢ = X X



Unbiasedness of B

» If Yi=a+BXi+ U and E (Uj| X, ..., X,) =0, then B is
unbiased:
PR CE 61
B Xo — X3
(Dc—f—ﬁXQ + Uz) — (OC—f—ﬁXl + Ul)
Xo — X1
,B(X2_X1) + U - U
XQ—Xl Xz—Xl
U — Up
= 5+X2—X1' and

- B U, — Uy
E(BXX) = prE (2]

E (Us| X1, Xo) — E (Uy| X1, Xo)
Xo — Xy

= B+
= B.
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An optimality criterion

» Among all linear and unbiased estimators, an estimator with

the smallest variance is called the Best Linear Unbiased
Estimator(BLUE).

» Note that the statement is conditional on X's:

» The estimators are unbiased conditionally on X's.
» The variance is conditional on X's.



Gauss-Markov Theorem

Suppose that
> Yi=a+BXi + U.
» E(Ui|Xy,..., X)) =0.
> E(U,-2|X1,...,X,,) =c2foralli=1,...,n
(homoskedasticity).
» Forall i #j, E(UiUi| X, ..., Xp) = 0.
Then, conditionally on X's, the OLS estimators are BLUE.
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Gauss-Markov Theorem

> We already know that the OLS estimator j3 is linear and
unbiased (conditionally on X's).

» Let B be any other estimator of 8 such that

» B is linear:
n
B=) cVi
i=1

where c's depend only on X's.
» B is unbiased:

EB =8,
where expectation is conditional on X's.

» We need to show that for any such B # B,

Var (B) > Var (ﬁ) ,

where the variance is conditional on X's.
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An outline of the proof

1. First, we are going to show that the ¢'s in B =Yr.qY;
satisfy Y ;¢ =0and 7 ; ¢ Xi = 1.

2. Using the results of Step 1, we will show that conditionally on
X's, Cov (B, ) = Var () .

3. Using the results of Step 2, we will show that conditionally on
X's, Var (B) > Var (B) .

4. Lastly, we will show that Var ([3) = Var (B) if and only if

A

p=p-



Proof: Step 1

» Since B=Y" ¢V,
n

B = Y ca+pXi+U)

i=1

n n n
= a) c+B) cXi+) U
a i=1 i—1

]

» Conditionally on X's,
EB = E (azn:c,-—i—ﬁzn:c;X;—i—Zn:c;U;)
i=1 i=1 i=1
n n n
= DCZC,'—F,BZC,'X,'—I-ZC,'EU,'
i=1 i=1 i=1

n n

= IXZC,'—F,BZC,'X,'.
i=1 i=1



Proof: Step 1

» From the linearity we have that, conditionally on X's,
~ n n
Eﬂ:aZci—kﬁZc,-X,-.
i=1 i=1
» From the unbiasedness we have that conditionally on X's,

B= EB:ocZCH-ﬁZCiXi-
i1 i1

» Since this has to be true for any & and B, it follows now that

n

ZC,' = 0,

i=1

iC;X/ = 1.
i=1



Proof: Step 2

» We have

n n n
B = ‘B+ZCIUI' with ZCIZO,ZC/X/:]__
i=1 i=1 i=1
Xi— X
N
Y1 (X — X)

n
B = ‘B—I—ZW,'U,', with w; =
i=1

» Conditionally on X's,

Cov (BB) = E[(B_ﬁ) (B‘ﬁ)]



Proof: Step 2

Cov (B.) = Lo cimi€ (UF) + 1o L aw (Uil)).

i=1j#£i

» Since E (U,2) = o2 for all i's:

i C,‘W,'E (U,z) = 0'2 i Ciw;.
i=1 j=

i=1
» Since E (U;U;) =0 for all i # j,
n
Z EC,'WJ'E (U,UJ) =0.
i=1j#£i
» Thus,
n
Cov (N, B) =0 Z Gw;.
i=1
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Proof: Step 2

Conditionally on X's:

Cov (B, B) :(TZZC,'W,' and w; = — Xi— X —
i=1 j=1 <)<J - X)
A n X — X
Cov (B.B) = o*Y —
=1 L1 (X —X)
o2 i _
= n — 0 C,‘ (XI - X)
j=1 (XJ ) i=1
0_2 n _n
= p —— ¢Xi— XY ¢
j=1 (X/ - X) i=1 i=1
2
o -
= — —— (1+X-0)
j=1 (Xj = X)
= Vear (,B) .
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Proof: Step 3

» We know now that for any linear and unbiased B

Cov (B, B) = Var (B)

> Let's consider Var (B

Var (B—B) =

» But since Var (B - B)

p):

Var (B) + Var (B) — 2Cov (B, B)
Var (B) + Var (B) — 2Var (B)
Var (B) — Var (B)

>0,

Var (B) — Var (,B) >0

or

Var (,B) > Var (B) .
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Proof: Step 4 (Uniqueness)

Suppose that Var (B) = Var (B)
» Then,

Var (B — B) = Var (B) — Var (B) = 0.

» Thus, B — B is not random or

~ A

B — B = constant.

» This constant also has to be zero because

EB = Ep+ constant
B + constant,

and in order for B to be unbiased

constant=0 or B = B
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