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The importance of ¢?

» The variance of B depends on unknown 02 = EU?:

@ )= O
Var (B X1,..., Xp) = —— .

1 1 - 2

Yim1 (X —X)
» If U's were observable, we could estimate o by %Z?:l U2,
» Note that E (1Y 7, U?) =Lyr  EU? =1y" 02 =02
» However, such an estimator is infeasible.
» Instead, we have U’s:
U =Y —a-BX.

» A feasible estimator of 02 is

It turns out that ¢ is biased .
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An unbiased estimator of o2

» An unbiased estimator of 02 is:

1 no.
§* = 02,
n—2 %=
i=1

» For the unbiasedness of 5%, we will use the following
assumptions:
L Yi=a+pX + U,
E(Ui| X, Xn) =0 for all /s,
..... Xp) = 02 for all i's,
CE(UUIX, . Xn) = 0 for all i # .

A~ WN
m
<
L
2

/12



An unbiased estimator of o2

1 Ve
n—QI.; i

P
» In order to construct U;, first we need to estimate two
parameters « and 8 :
Uy =Y —a&—pX,

and s adjusts for the estimation of a and B by dividing by
n — 2 instead of n.
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An unbiased estimator of o2

2= L oyp
n—2&=""

» In order to construct U;, first we need to estimate two
parameters « and 8 :

Uy =Y —a&—pX,

and s adjusts for the estimation of a and B by dividing by
n — 2 instead of n.
» To show that Es?> = ¢ (unbiasedness), we need to show that

EY UF=(n—-2)c"
i=1

» We need to express U's using U's, since EUi2 =02,
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Expansion of U;

From
U, Y; — & — BX;, and
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we have
U = Yi— (Y —BX)-BX
= (Yi-Y)-B(Xi-X)
Next,
Yi a+ BXi + U,
Y = a+pBX+U,
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Expansion of U;

From
U, Y, — & — BX;, and
& = Y-BX
we have
U = Yi— (Y —BX)-BX
= (Y,—\_/)—B(X,—)_()
Next,

Y a+BXi+ U,

Y = a+BX+U, and
-Y ‘B(X/—)_()—i—U,'—U.
and (2),
= (U= 0) = (B-B) (X = X)



Expansion of Y7, U2
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Expansion of Y7, U?

From
0 = (Ui~ 0) — (B~ B) (X — X)
We have
02 = [(U-0)-(B-B) (X - X)]°
= U=+ (B=p)" (Xi—X)"~
~2(B—pB) (X = X) (U= 0)



Expansion of Y7, (/2

From R
Ui = ( )= (B—B)( )
We have
02 = [(U=0)=(B=-B) (x—X)]
= (U-07+ (B B)* (Xi— X)* -
—2(B—B) (Xi = X) (U= U).
Thus,

éa? = Y U0+ (BB Y (X

i=1

—_

2B Y (X~ %) (- D)
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Expansion of Y7, U?
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Expansion of Y7, (/2

n n n

Y02 = l(Uf—U)2+(f3—5)2_ (X = X)?

i=1 i=

We will show that
> BT (U= )] = (n—1)e?,
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Expansion of Y7, 2

n

i=1

We will show that

> E [27:1 (Ui — U)z] =

Y0 - i(u—-
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E[(B—B) X1 (X
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Expansion of Y7, (/2

i=1

~2(p—B) Y (X~ X) (Ui~ 0).

We will show that
~ E [2,-" (U= 0] = (0 -1)e”

> E[(B—B) Ly (X —X) (Ui = D)]

and therefore,

EZU2 1)o? +0° —20

VO = L0 (Bp)

:0"
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Expansion of Y7, (/2

i=1

~2(p-p).

We will show that

»E[z,-" (Ui~

- i(u—-

> E[(B—B) Tt (Xi = X) (Ui = U)] =0,

and therefore,

EEU2

0'

+ 02

—20% = (n—2) 02
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First,
Y (U—-0)? = Y. (U-0)U
i=1 i=1
= -0y U
i=1 i=1
n 1 n n
= Yuv-(=Yu])Yu
i=1 ni:1 i=1
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(U — U)° = (n—1)0?

n
!

EY

First,
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, (Ui —U)
Y. (U~ D)

8/12



2 = (n—1)0?

(U= U

n
!

EY
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» First, note that since conditionally on X's,

Ep =8,
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E(B—B)'Yr, (X —X)" =0

» First, note that since conditionally on X's,
Ep =B

we have that conditionally on X's,

E(p-p)° = E(B—EP)
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E(B—B) L, (X —X)* =0

» First, note that since conditionally on X's,
Ep =B

we have that conditionally on X's,
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» The conditional variance ofB given Xi,..., X, is
2
- o
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Yim1 (X —X)

/12



E(B—B) L, (X —X)* =0

» First, note that since conditionally on X's,
Ep =B

we have that conditionally on X's,

E(p-p)° = E(B-EP)

= Var (B) .
» The conditional variance ofB given Xi,..., X, is
N o2
O e %
> Thus,
E(B-p) Y (X —X) = o Y (X — X)
i=1 i1 (X — X)2 i=1



E(B—B) L, (X —X)* =0

» First, note that since conditionally on X's,
Ep =B

we have that conditionally on X's,

E(p-p)° = E(B-EP)

= Var (B) .
» The conditional variance ofB given Xi,..., X, is
N o2
O e %
> Thus,
E(B-p) Y (X —X) = o Y (X — X)
i=1 i1 (X — X)2 i=1



10/12



» First,
(Xi—X) (U= 0) =Y (X — X) Uj
i=1 i=1
> Next, _
§:h:1()g'_‘)()
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> Next,

» Thus,

Xi—X)(Ui—=U) =) (Xi—X) U
i=1 i=1
2 L (X —X)U,
pp Yt ()Q _‘}6)2
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» First,
(Xi — X) (U; — [7) = (Xi — §Z) U;
i=1 i=1

> Next, _

N Y (Xi—X) U

ﬁ o ﬁ — nl ( _) -

231:1 ()Q _‘)<)

» Thus,
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» First
D (X X) (Ui~ ) = Y (X — X) U
i=1 i=1
> Next, o ( )
N mo(X—X L/
ﬁ ﬁ E/:l (X X)
» Thus,
Z (Ui—0)
i=1
_ 2/ ( _X) U’ . X X\ U
Y (X = X)° ,;( )
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E(B-B)Yr,(X—X)(U—U)=c?

n

(B=B) Y (Xi=X)(U;— ) =

i=1

2
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Estimation of the variance of 3

» The variance of B (conditional on X's):

. 2
Var (B) =

o
(X — X)*
-1 (Xi — X)
It is unknown because 02 is unknown.
» The estimator of 02 :
1
n—2

n N 1 n
07
= n—2*

§2 =
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Estimation of the variance of 3

» The variance of B (conditional on X's):
2

A o
Var (IB) == - o <o
=1 (Xi = X)
It is unknown because 02 is unknown.

» The estimator of ¢2 :
2 1 n A2 - ]. n A 2

° :n—2ZU’  n-=2

i=1

i=1
> The estimator for the variance of B:

52

Ver B = S R

Y (Yi—a—pBXx)".
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Estimation of the variance of 3

» The variance of B (conditional on X's):

®) -
Var () = ——————.
(X - X)?
It is unknown because 02 is unknown.
» The estimator of 02 :
2= Lyl Y (via-px)
n—2%4~ ! n—2*4~ ! o
> The estimator for the variance of B:
2
— s
Var (ﬁ) — - o <o
Y1 (X = X)

» The standard errorof B:

E(B):\/@(B):\/Ul(j_x)z-
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