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» We have shown that the OLS estimator B has some desirable
properties:
> B is unbiased if the errors are strongly exogenous:
E(UIX)=0.
» If in addition the errors are homoskedastic then
Var (B) = s2/ Y, (X; — X)? is an unbiased estimator of the

conditional variance of the OLS estimator j.
» If in addition the errors are normally distributed (given X) then

T = (B -B)/ Var (ﬁ) has a t distribution which can be
used for hypotheses testing.
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> If the errors are only weakly exogenous:
E(XiU) =0,

the OLS estimator is in general biased.
» If the errors are heteroskedastic:

E (UFIXi) = h (X)),

the "usual" variance formula is invalid; we also do not have an
unbiased estimator for the variance in this case.

» If the errors are not normally distributed conditional on X
then T- and F-statistics do not have t and F distributions
under the null hypothesis.

» The asymptotic or large sample theory allows us to derive
approximate properties and distributions of estimators and
test statistics by assuming that the sample size n is very large.
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Convergence in probability and LLN

> Let 6, be a sequence of random variables indexed by the
sample size n. We say that 8, converges in probability if

lim P (|6, —0] >¢) =0 forall e > 0.

n—oo

» We denote this as 8, —, 8 or plim6@, = 0.

» An example of convergence in probability is a Law of Large
Numbers (LLN):
Let X1, Xo, ..., X, be a random sample such that E (X;) = u
foralli=1,...,n, and define X, = % ? 1 Xi. Then, under
certain conditions,
Xn —p U
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Markov's inequality

» Markov’'s inequality. Let W be a random variable. For ¢ > 0
and r > 0,
E|W]|"
P(|W|>e¢) < |€r|
» With r = 2, we have Chebyshev’s inequality. Suppose that
EX = u. Take W = X — u and apply Markov's inequality
with r = 2. For ¢ > 0,
E|X—p°
2
Var (X)
e

P(IX—pul>e) <

» Probability of observing an outlier (a large deviation of X
from its mean ) can be bounded by the variance.
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Proof of the LLN

Fix € > 0 and apply Markov's inequality with r = 2 :

1 n
E;Xf—u Zs)

P(I1Xo—pl =€) =P<

1 n
= - )| >
P n /; (Xi —p)| = 5)
1 n 2
< E (E Z/:l (XI - ]”l))
< 2
1 (¢ n
= o5 ([ LEX—w?+ LY EX—u) (X —p)
n%e2 \ & 5=
1 [ n
= 2.2 < Var (Xi)+ZZCOV (X,,)g))
e \i=1 i=1jFi
j
no? o2
= = — —0asn— oo forall e >0.
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Averaging and variance reduction

> Let Xi,..., X, be a sample and suppose that

E (Xi)
Var <X,>
Cov (Xj, X;)

pforalli=1,..., n,

c?foralli=1,...,
0 for all j # i.

» Consider the mean of the average:

“(127)

E (Xn)

1 n

SY E(X

ni=3

1 n

,ZV:

ni=3

)

Lou—
i = -



Averaging and variance reduction
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Var (X,) = Var (; ) X,-)
i=1
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Averaging and variance reduction

» Consider the variance of the average:

_ 12

Var (X,) = Var (n Y. X,-)
i=1

= iVar iX-

o =5

1 ( 3 Var (X;)—l—iZCov(Xi,)(j))

2
™ \iz1 =14
1 n 2 n
i=1 i=1j4i
1, 2
= — N0 = —
n? n

» The variance of the average approaches zero as n — oo if the
8/20



Convergence in probability: properties

> Slutsky’s Lemma. Suppose that 6, —, 0, and let g be a
function continuous at 6.



Convergence in probability: properties

> Slutsky’s Lemma. Suppose that 6, —, 0, and let g be a
function continuous at 0. Then,

g(0n) —pg(0).



Convergence in probability: properties

> Slutsky’s Lemma. Suppose that 6, —, 0, and let g be a
function continuous at 0. Then,

g(0n) —pg(0).

> 1f 0, —p 0, then 62 —, 62,



Convergence in probability: properties

> Slutsky’s Lemma. Suppose that 6, —, 0, and let g be a
function continuous at 0. Then,

g(0n) —pg(0).

> 1f 0, —p 0, then 62 —, 62,
» If 0, —p 6 and 0 #0, then 1/6, —, 1/6.



Convergence in probability: properties

> Slutsky’s Lemma. Suppose that 6, —, 0, and let g be a
function continuous at 0. Then,

g(0n) —pg(0).

> If 0, —p 0, then 62 —, 6°.
» If 0, —p 6 and 0 #0, then 1/6, —, 1/6.

» Suppose that 8, —, 6 and A, —, A.



Convergence in probability: properties

> Slutsky’s Lemma. Suppose that 6, —, 0, and let g be a
function continuous at 0. Then,

g(0n) —pg(0).

> If 0, —p 0, then 62 —, 6°.
» If 0, —p 6 and 0 #0, then 1/6, —, 1/6.

» Suppose that 8, —, 6 and A, —, A.Then,
» 0+ Ay —=p 0+ A



Convergence in probability: properties

> Slutsky’s Lemma. Suppose that 6, —, 0, and let g be a
function continuous at 0. Then,

g(0n) —pg(0).

> If 0, —p 0, then 62 —, 6°.
» If 0, —p 6 and 0 #0, then 1/6, —, 1/6.
» Suppose that 8, —, 6 and A, —, A.Then,

» 0+ Ay —=p 0+ A
> O0pAn —p OA



Convergence in probability: properties

> Slutsky’s Lemma. Suppose that 6, —, 0, and let g be a
function continuous at 0. Then,

g(0n) —pg(0).

> If 0, —p 0, then 62 —, 6°.
» If 0, —p 6 and 0 #0, then 1/6, —, 1/6.

» Suppose that 8, —, 6 and A, —, A.Then,

» 0+ Ay —=p 0+ A
> OpAn —p OA.
» 0,/An —p 0/A provided that A # 0.
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Consistency

> Let B, be an estimator of B based on a sample of size n.

» We say that Bn is a consistent estimator of B if as n — oo,

A

:Bn —p ;B

» Consistency means that the probability of the event that the
distance between B and B exceeds € > 0 can be made
arbitrary small by increasing the sample size.
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Consistency of OLS

» Suppose that:

1. Thedata {(Y;, X;):i=1,..., n} are iid.
2. Y; =By + B Xi + Uj, where E (U;) = 0.
3. E(X;U;) = 0.

4. 0 < Var (X;) < .

> Let BO,n and Bl,n be the OLS estimators of B, and B,
respectively based on a sample of size n. Under Assumptions
1-4,

Bo.n —» Bo:

Bin —p B

> The key identifying assumption is Assumption 3:
Cov (X,', U,') =0.
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Proof of consistency

> Write
B ):7:1 ( _n) Y ,B + 771 (Xf - )_(,,) Ui
1, < = P c
! Zn ( Xn)2 :n:1 (Xi - Xn)2
_ ﬁ+% 1 (Xi = Xa) Ui
= B i )
Iyn (X = X,)?
» We will show that
1 n
n Z Ui —p 0,
ni:
1 n
=Y (X p Var (X;),
n/ 1
> Since Var (Xj) #0
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By the LLN,

fZXU—> (XiU;) =0,
Xn—>pE(X,-),

1 n
=Y Ui —p E(U;) =0.
mi=

1 o (1
:;’;X,-U,-—X,, <

n

n

i=1
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i=1 i=1 i=1
By the LLN,
1 n
- ZX,-U,- —, E(XiUj) =0,
ni3
X, —p E (X,') ,
1 n
=Y Ui —p E(U;) =0.
ni3
Hence
1Zn:(X )_()U 1i:XU X 1iU 0 (Xi)-0
- _ _ - _ - s 00—
nl:l 1 n 1 nl:l 1 1 n nl:l 1
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1 -
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n = n =
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» First
1y % )2 Lv-(yv2 o 2
—Z(X,-—X,,) = =Y (X?—2X, X+ X7)
ni= ni=
1 18
= Y X -2X%-Y X+ X2
ni= ni=
18 oo - 18 -
= Y X2 -2X, X, + X2 ==Y Xx?- X2
ni= ni=

> By the LLN, 177, X2 —, E (X?) and X, —, EX;.
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> First,
1 C 2 18, )
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= miz
1 1y
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niz i=1
1 ¢ . 1< _
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By the LLN, L Y7, X2 —, E (X?) and X, —, EX;.
> By Slutsky's Lemma, X2 —, (EX;)>.
» Thus,

1 . 1¢ ] ,
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Multiple regression

» Under similar conditions to 1-4, one can establish consistency
of OLS for the multiple linear regression model:

Yi=By+ B Xrit+...+ B Xk + U,

where EU; = 0.
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Multiple regression

» Under similar conditions to 1-4, one can establish consistency
of OLS for the multiple linear regression model:

Yi=By+ B Xrit+...+ B Xk + U,

where EU; = 0.
» The key assumption is that the errors and regressors are
uncorrelated:

E(X].,iUi) = ...= E(Xk,fUi) — O
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Omitted variables and the inconsistency of OLS

> Suppose that the true model has two regressors:

Yi = By + b1 X1,i + B X0, + Ui,
E (X1,;Uj) = E (X, U;) = 0.
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(X — Xl,n)2 (X1, — Xl,n)2
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Omitted variables and the inconsistency of OLS

B _ﬁ_+ﬁ%ELNMJ—Xm)&J Lyry (Xui— Xun) Ui
n M1 2 n — n — .
. Lyn (X — X1.0)° IYr (X — X1.0)°
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Omitted variables and the inconsistency of OLS

B, =B 4B Lyr (X — Xun) Xa,i Xy — Xin) Ui
10— P11t P2

Lyn  (Xui— Xun) Lyn (X — Xia)?

n n

n

» As before,

LY, (Xui—Xun) Ui Y0 XU — X100,
iye, (X — X, LR XE - X2,
0
P EX2, — (EX1,)
0
= Var (X1.)

—

=0.
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Omitted variables and the inconsistency of OLS

T (X — Xi,n) Xo,i n Iyi (X — Xun) Ui

1
B1 = /31 + 52 . - — .
" Iy (Xui— Xin) Ly (Xui— Xin)
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Omitted variables and the inconsistency of OLS

Py (X = X)) Xo ¥R (X — Xin) U

1
Bi,=PB1+B" = c :
a Ly (Xui— Xin) Ly (Xui— Xin)

» However,

Y (Xup = Xun) Xoi EXR X1 X, — X1,0 X
IR,
E (X1, X2,i) — (EX1,i) (EXa,7)
EX?, — (EX1,)°
_ Cov (X1,i, X2,i)
Var (X1,i)

p
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Omitted variables and the inconsistency of OLS

» We have,
,B _ ‘B +‘B 1 ZI 1 (Xll xl,n)X2,i + l I'7 (Xl i —)_(1',7) U,'
! 2 1 T (Xyi— )_<1,n)2 1 T (Xyi— )_(1,,,)2
COV (le,',le,') 0
e Pt b Var (X1,) Var (Xy;)

:.Bl+tB2 Var (Xl,i>

» Thus, ,81 , Is inconsistent unless:

1. B, = 0 (the model is correctly specified).
2. Cov (Xy,j, Xz ;) = 0 (the omitted variable is uncorrelated with
the included regressor).
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Omitted variables and the inconsistency of OLS

> In this example, the model contains two regressors:

Yi = By + B X1, + B Xo,i + Ui,
E (X1,;Uj) = E (X, Uj) = 0.

» However, since X3 is not controlled for, it goes into the error
term:

Y, = [30 +,31X1J + Vi, where
Vi = B,Xoi+ Ui
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Vi = B,Xoi+ Ui
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Omitted variables and the inconsistency of OLS

> In this example, the model contains two regressors:
Yi = By + B X1, + B Xo,i + Ui,
E(XL,‘U,') = E(XQV,‘U,‘) =0.

» However, since X3 is not controlled for, it goes into the error
term:

Y By + B, X1,i + Vi, where
Vi = B,Xoi+ Ui

» For consistency of Bl,n we need Cov (Xy,;, Vi) to be equal to
zero, however,
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> In this example, the model contains two regressors:

Yi = By + B X1,i + By Xo,i + U,
E(XL,‘U,') = E(XQV,‘U,‘) =0.

» However, since X3 is not controlled for, it goes into the error
term:

Y By + B, X1,i + Vi, where
Vi = B,Xoi+ Ui
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Omitted variables and the inconsistency of OLS

> In this example, the model contains two regressors:

Yi = By + B X1,i + By Xo,i + U,
E(XL,‘U,') = E(XQV,‘U,') =0.

» However, since X3 is not controlled for, it goes into the error
term:

Y By + B, X1,i + Vi, where
Vi = B,Xoi+ Ui

» For consistency of Bl , we need Cov (Xy,;, V;) to be equal to
zero, however,

Cov (X1, Vi) = Cov (Xy,i,ByXo,i + Ui)

Cov (Xu,i, B X2,i) + Cov (Xy,i, Uj)

/32 Cov (XL,‘, XQ’,’) +0

0, unless B, =0 or Cov (Xy,;, X2,/)) = 0.

RIS
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